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𝟐𝟐)  𝑳𝑳𝑳𝑳𝑳𝑳  𝒄𝒄𝟏𝟏 .  𝒄𝒄𝟐𝟐 =  (𝟏𝟏 +   𝒊𝒊)(𝟑𝟑 − 𝟐𝟐 𝒊𝒊 )

= (𝟑𝟑 + 𝟐𝟐) + (𝟑𝟑 − 𝟐𝟐 )𝒊𝒊  = 𝟓𝟓 + 𝒊𝒊  = 𝟓𝟓 − 𝒊𝒊  
 𝑹𝑹𝑹𝑹𝑹𝑹   𝒄𝒄𝟏𝟏 .  𝒄𝒄𝟐𝟐 = (𝟏𝟏 −  𝒊𝒊)(𝟑𝟑 + 𝟐𝟐 𝒊𝒊 )
= (𝟑𝟑 + 𝟐𝟐) + (−𝟑𝟑 + 𝟐𝟐 )𝒊𝒊 =  𝟓𝟓 − 𝒊𝒊   
∵  𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹        
∴    𝒄𝒄𝟏𝟏. 𝒄𝒄𝟐𝟐 =  𝒄𝒄𝟏𝟏. 𝒄𝒄𝟐𝟐

𝑳𝑳𝑳𝑳𝑳𝑳: ( 𝒄𝒄𝟏𝟏
  𝒄𝒄𝟐𝟐  ) = ( 𝟏𝟏 +   𝒊𝒊

𝟑𝟑 − 𝟐𝟐 𝒊𝒊  ) = ( 𝟏𝟏 +   𝒊𝒊
 𝟑𝟑 − 𝟐𝟐 𝒊𝒊   × 𝟑𝟑 + 𝟐𝟐 𝒊𝒊

𝟑𝟑 + 𝟐𝟐 𝒊𝒊)

= (
(𝟑𝟑 − 𝟐𝟐) + (𝟐𝟐 + 𝟑𝟑) 𝒊𝒊

𝟗𝟗 + 𝟒𝟒 )  =     𝟏𝟏   
𝟏𝟏𝟏𝟏 +    𝟓𝟓   

𝟏𝟏𝟏𝟏 𝒊𝒊 =     𝟏𝟏    
𝟏𝟏𝟏𝟏 −     𝟓𝟓    

𝟏𝟏𝟏𝟏 𝒊𝒊 

𝑹𝑹𝑹𝑹𝑹𝑹: ( 𝒄𝒄𝟏𝟏
  𝒄𝒄𝟐𝟐  ) =  ( 𝟏𝟏 −   𝒊𝒊

 𝟑𝟑 + 𝟐𝟐 𝒊𝒊  ) = ( 𝟏𝟏 −   𝒊𝒊
 𝟑𝟑 + 𝟐𝟐 𝒊𝒊  × 𝟑𝟑 − 𝟐𝟐 𝒊𝒊

𝟑𝟑 − 𝟐𝟐 𝒊𝒊   )

= (
(𝟑𝟑 − 𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐)

𝟏𝟏𝟏𝟏 ) =       𝟏𝟏     
𝟏𝟏𝟏𝟏 −     𝟓𝟓    

𝟏𝟏𝟏𝟏 𝒊𝒊

∵  𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹        ⟹          ∴    (𝒄𝒄𝟏𝟏 𝒄𝒄𝟐𝟐⁄ ) =  𝒄𝒄𝟏𝟏 𝒄𝒄𝟐𝟐  ⁄

𝒙𝒙−𝒚𝒚𝒚𝒚
𝟏𝟏+𝟓𝟓𝟓𝟓   𝟑𝟑−𝟐𝟐𝟐𝟐

𝒊𝒊  

 ∴   ( 𝒙𝒙 − 𝒚𝒚𝒚𝒚
𝟏𝟏 + 𝟓𝟓𝟓𝟓) =  𝟑𝟑 − 𝟐𝟐𝟐𝟐

𝒊𝒊  ⇒  𝒙𝒙 + 𝒚𝒚𝒚𝒚
𝟏𝟏 − 𝟓𝟓𝟓𝟓 =  𝟑𝟑 − 𝟐𝟐𝟐𝟐

𝒊𝒊    

        𝟑𝟑 − 𝟐𝟐𝟐𝟐   
𝒊𝒊 =    𝒙𝒙 + 𝒚𝒚𝒚𝒚   

𝟏𝟏 − 𝟓𝟓𝟓𝟓        ⟹    (𝒊𝒊)(𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟑𝟑 − 𝟐𝟐𝟐𝟐)(𝟏𝟏 − 𝟓𝟓𝟓𝟓)
          ⟹  𝒙𝒙𝒙𝒙 + 𝒚𝒚𝒊𝒊𝟐𝟐 = (𝟑𝟑 − 𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏)  ⟹   −𝒚𝒚 + 𝒙𝒙𝒙𝒙 = −𝟕𝟕 − 𝟏𝟏𝟏𝟏𝟏𝟏
−𝒚𝒚 = −𝟕𝟕     ⟹             ∴ 𝒚𝒚 = 𝟕𝟕       ,     𝒙𝒙 = −𝟏𝟏𝟏𝟏  

𝒙𝒙, 𝒚𝒚

𝒙𝒙 + 𝒚𝒚𝒚𝒚
𝒙𝒙 + 𝒚𝒚𝒚𝒚

(𝟐𝟐𝒙𝒙𝟐𝟐 − 𝟐𝟐) + (𝟒𝟒𝟒𝟒 + 𝒙𝒙)𝒊𝒊 = 𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒𝟒𝟒 − 𝟓𝟓𝒊𝒊𝟐𝟐  
𝒚𝒚 − 𝒊𝒊

𝒊𝒊𝟐𝟐𝒊𝒊𝟐𝟐 = −𝟏𝟏

(𝟐𝟐𝒙𝒙𝟐𝟐 − 𝟐𝟐) + (𝟓𝟓𝟓𝟓)𝒊𝒊 =
(𝒚𝒚 + 𝟓𝟓𝟓𝟓)(𝒚𝒚 − 𝒊𝒊)  

(𝒚𝒚 − 𝒊𝒊)   ⟹ (𝟐𝟐𝒙𝒙𝟐𝟐 − 𝟐𝟐) + (𝟓𝟓𝟓𝟓)𝒊𝒊 = (𝒚𝒚 + 𝟓𝟓𝟓𝟓)
𝟓𝟓𝟓𝟓 = 𝟓𝟓     ⟹      𝒙𝒙 = 𝟏𝟏  … … … … … … … (𝟏𝟏)  
                               𝟐𝟐𝒙𝒙𝟐𝟐 − 𝟐𝟐 = 𝒚𝒚  … … … … … … (𝟐𝟐)  
𝟐𝟐(𝟏𝟏)𝟐𝟐 − 𝟐𝟐 = 𝒚𝒚     ⟹          𝒚𝒚 = 𝟐𝟐 − 𝟐𝟐     ⟹       𝒚𝒚 = 𝟎𝟎  ,     𝒙𝒙 = 𝟏𝟏  

𝒙𝒙, 𝒚𝒚 (𝟐𝟐𝟐𝟐 + 𝒊𝒊)(𝒙𝒙 + 𝟐𝟐𝟐𝟐) = 𝒚𝒚𝟐𝟐+𝟒𝟒𝟒𝟒𝟒𝟒+𝟓𝟓
𝒚𝒚−𝒊𝒊  

 

𝒄𝒄𝟐𝟐 = 𝟑𝟑 − 𝟐𝟐 𝒊𝒊   , 𝒄𝒄𝟏𝟏 =  𝟏𝟏 +  𝒊𝒊  (𝒄𝒄𝟏𝟏 𝒄𝒄𝟐𝟐⁄ ) 

𝒙𝒙−𝒚𝒚𝒚𝒚
𝟏𝟏+𝟓𝟓𝟓𝟓   𝟑𝟑−𝟐𝟐𝟐𝟐

𝒊𝒊    𝒙𝒙 𝒚𝒚 𝑹𝑹 
 

𝒙𝒙, 𝒚𝒚

 

 

 

 

 

 

 

 

 

𝒙𝒙(𝒙𝒙 − 𝒊𝒊) + 𝒚𝒚 (𝒚𝒚 − 𝒊𝒊) +  𝒊𝒊 =  𝟏𝟏𝟏𝟏                  ⟹       𝒙𝒙𝟐𝟐 − 𝒙𝒙𝒙𝒙 + 𝒚𝒚𝟐𝟐  − 𝒚𝒚𝒚𝒚 + 𝒊𝒊 =  𝟏𝟏𝟏𝟏 
𝒙𝒙𝟐𝟐  +  𝒚𝒚𝟐𝟐 −  (𝒙𝒙 + 𝒚𝒚)𝒊𝒊 =  𝟏𝟏𝟏𝟏 − 𝒊𝒊                 ⟹       𝒙𝒙𝟐𝟐  +  𝒚𝒚𝟐𝟐  =  𝟏𝟏𝟏𝟏 … (𝟏𝟏) 
−(𝒙𝒙 + 𝒚𝒚) = −𝟏𝟏      ⟹        −𝒙𝒙 − 𝒚𝒚 = −𝟏𝟏 ⟹       𝒚𝒚 = 𝟏𝟏 − 𝒙𝒙 … (𝟐𝟐) 

(𝟐𝟐)(𝟏𝟏)   𝒙𝒙𝟐𝟐 + (𝟏𝟏 − 𝒙𝒙)𝟐𝟐  =  𝟏𝟏𝟏𝟏            ⟹     𝒙𝒙𝟐𝟐 +  𝟏𝟏 −  𝟐𝟐𝟐𝟐 +  𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟏𝟏 
 𝟐𝟐𝒙𝒙𝟐𝟐  − 𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏 = 𝟎𝟎  ]   ÷  𝟐𝟐       ⟹      𝒙𝒙𝟐𝟐 −  𝒙𝒙 −  𝟔𝟔 = 𝟎𝟎 
(𝒙𝒙 − 𝟑𝟑)(𝒙𝒙 + 𝟐𝟐) =  𝟎𝟎                       ⟹      𝒙𝒙 = 𝟑𝟑   𝒐𝒐𝒐𝒐   𝒙𝒙 = −𝟐𝟐 

𝒙𝒙      𝒙𝒙 = 𝟑𝟑 ⟹  𝒚𝒚 = −𝟐𝟐            𝒙𝒙 = −𝟐𝟐 ⟹  𝒚𝒚 = 𝟑𝟑
 

 𝒙𝒙
𝟑𝟑 + 𝟖𝟖𝒊𝒊𝟑𝟑

𝒙𝒙 + 𝟐𝟐𝟐𝟐 + 𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐𝒊𝒊𝟐𝟐

𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐 = (−𝟑𝟑𝟑𝟑 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑

 
(𝒙𝒙 + 𝟐𝟐𝟐𝟐)(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟒𝟒)

(𝒙𝒙 + 𝟐𝟐𝟐𝟐) +
(𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐)(𝒙𝒙 + 𝟐𝟐𝟐𝟐𝟐𝟐)

(𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐) = (−𝟑𝟑𝒙𝒙 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑
 (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟒𝟒) + (𝒙𝒙 + 𝟐𝟐𝟐𝟐𝟐𝟐) = (−𝟑𝟑𝟑𝟑 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑
𝒙𝒙𝟐𝟐 + 𝒙𝒙 − 𝟒𝟒 = −𝟑𝟑𝟑𝟑 − 𝟖𝟖     ⟹      𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒 = 𝟎𝟎  ⟹       (𝒙𝒙 + 𝟐𝟐)𝟐𝟐 = 𝟎𝟎   
𝒙𝒙 + 𝟐𝟐 = 𝟎𝟎   ⟹     𝒙𝒙 = −𝟐𝟐    ⟹   −𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 = −𝟑𝟑𝟑𝟑     ⟹      −𝟐𝟐𝟐𝟐 = −𝟓𝟓𝟓𝟓 

𝟒𝟒 = −𝟓𝟓𝟓𝟓     ⟹        𝒚𝒚 = −    𝟒𝟒    
𝟓𝟓

𝒄𝒄 (  𝟏𝟏−𝒊𝒊  
𝟏𝟏+𝒊𝒊 ) + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟏𝟏 + 𝟐𝟐𝟐𝟐)𝟐𝟐  

   (  𝟏𝟏 − 𝒊𝒊  
𝟏𝟏 + 𝒊𝒊 ×   𝟏𝟏 − 𝒊𝒊  

  𝟏𝟏 − 𝒊𝒊  ) + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟏𝟏 − 𝟒𝟒) + 𝟒𝟒𝟒𝟒   

   ⟹   (𝟏𝟏 − 𝟏𝟏) − 𝟐𝟐𝟐𝟐  
𝟐𝟐 + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒

  −𝒊𝒊 + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒        ⟹          (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝒊𝒊    
  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = −𝟑𝟑 + 𝟓𝟓𝟓𝟓         ⟹      ∴ 𝒙𝒙 = −𝟑𝟑      ;     𝒚𝒚 = 𝟓𝟓        
𝒅𝒅 )   𝟐𝟐 − 𝒊𝒊  

𝟏𝟏 + 𝒊𝒊 𝒙𝒙 +   𝟑𝟑 − 𝒊𝒊  
𝟐𝟐 + 𝒊𝒊 𝒚𝒚 =     𝟏𝟏   

𝒊𝒊   

      
(𝟐𝟐 − 𝒊𝒊 )(𝟏𝟏 − 𝒊𝒊) 
(𝟏𝟏 + 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊) 𝒙𝒙 +   (𝟑𝟑 − 𝒊𝒊)(𝟐𝟐 − 𝒊𝒊)  

(𝟐𝟐 + 𝒊𝒊)(𝟐𝟐 − 𝒊𝒊) 𝒚𝒚 =     𝟏𝟏   
𝒊𝒊  ×      𝟏𝟏   

−𝒊𝒊    

      
(𝟐𝟐 − 𝟏𝟏 ) + (−𝟐𝟐 − 𝟏𝟏)𝒊𝒊 

𝟏𝟏 + 𝟏𝟏 𝒙𝒙 +   (𝟔𝟔 − 𝟏𝟏) + (−𝟑𝟑 − 𝟐𝟐)𝒊𝒊  
𝟒𝟒 + 𝟏𝟏 𝒚𝒚 =    −𝒊𝒊   

𝟏𝟏    

       𝟏𝟏 − 𝟑𝟑𝟑𝟑 
𝟐𝟐 𝒙𝒙 +   𝟓𝟓 − 𝟓𝟓𝟓𝟓 

𝟓𝟓 𝒚𝒚 = 𝟎𝟎 − 𝒊𝒊   ⟹      (   𝟏𝟏   
𝟐𝟐 𝒙𝒙 −   𝟑𝟑  

𝟐𝟐 𝒙𝒙𝒙𝒙) + (𝒚𝒚 − 𝒚𝒚𝒚𝒚) = 𝟎𝟎 − 𝒊𝒊 

(  𝟏𝟏  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚) − (  𝟑𝟑  

𝟐𝟐 𝒙𝒙 + 𝒚𝒚) 𝒊𝒊 = 𝟎𝟎 − 𝒊𝒊 ⟹ ∴    𝟏𝟏  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚 = 𝟎𝟎 ⟹    𝒙𝒙 = −𝟐𝟐𝟐𝟐 … . . (𝟏𝟏)

     ∴ − (  𝟑𝟑  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚) = −𝟏𝟏   ⟹      𝟑𝟑   

𝟐𝟐 𝒙𝒙 + 𝒚𝒚 = 𝟏𝟏 … … … (𝟐𝟐)

   (  𝟑𝟑  
𝟐𝟐 ) (−𝟐𝟐𝟐𝟐) + 𝒚𝒚 = 𝟏𝟏   ⟹    −𝟑𝟑𝟑𝟑 + 𝒚𝒚 = 𝟏𝟏  ⟹ −𝟐𝟐𝟐𝟐 = 𝟏𝟏  ⟹   ∴ 𝒚𝒚 =  −𝟏𝟏  

𝟐𝟐   

   ∴ 𝒙𝒙 = −𝟐𝟐 (−𝟏𝟏   
𝟐𝟐 )    ⟹     𝒙𝒙 = 𝟏𝟏     (𝒚𝒚 = −    𝟏𝟏     

 𝟐𝟐   )

𝒂𝒂 ) 𝟏𝟏
(𝟐𝟐 − 𝒊𝒊)𝟐𝟐 − 𝟏𝟏

(𝟐𝟐 + 𝒊𝒊)𝟐𝟐 = 𝟖𝟖
𝟐𝟐𝟐𝟐 𝒊𝒊

𝑳𝑳𝑳𝑳𝑳𝑳: 𝟏𝟏
(𝟐𝟐 − 𝒊𝒊)𝟐𝟐 − 𝟏𝟏

(𝟐𝟐 + 𝒊𝒊)𝟐𝟐 = 𝟏𝟏
(𝟒𝟒 − 𝟏𝟏) − 𝟒𝟒𝟒𝟒 −  𝟏𝟏

(𝟒𝟒 − 𝟏𝟏) + 𝟒𝟒𝟒𝟒
=  𝟏𝟏

𝟑𝟑 − 𝟒𝟒𝟒𝟒 −  𝟏𝟏
𝟑𝟑 + 𝟒𝟒𝟒𝟒 =

(𝟑𝟑 + 𝟒𝟒𝟒𝟒)
(𝟑𝟑 − 𝟒𝟒𝟒𝟒)(𝟑𝟑 + 𝟒𝟒𝟒𝟒) −  

(𝟑𝟑 − 𝟒𝟒𝟒𝟒)
(𝟑𝟑 + 𝟒𝟒𝟒𝟒)(𝟑𝟑 − 𝟒𝟒𝟒𝟒)

= 𝟑𝟑 + 𝟒𝟒𝟒𝟒
𝟗𝟗 + 𝟏𝟏𝟏𝟏 − 𝟑𝟑 − 𝟒𝟒𝟒𝟒

𝟗𝟗 + 𝟏𝟏𝟏𝟏 =
(𝟑𝟑 − 𝟒𝟒𝟒𝟒) + (−𝟑𝟑 + 𝟒𝟒𝟒𝟒)

𝟐𝟐𝟐𝟐 = 𝟖𝟖
𝟐𝟐𝟐𝟐 𝒊𝒊 = 𝑹𝑹𝑹𝑹𝑹𝑹

𝒃𝒃 ) (𝟏𝟏−𝒊𝒊)𝟐𝟐

𝟏𝟏+𝒊𝒊 + (𝟏𝟏+𝒊𝒊)𝟐𝟐

𝟏𝟏−𝒊𝒊 = −𝟐𝟐

𝑳𝑳𝑳𝑳𝑳𝑳:
(𝟏𝟏 − 𝒊𝒊)𝟐𝟐

𝟏𝟏 + 𝒊𝒊 +
(𝟏𝟏 + 𝒊𝒊)𝟐𝟐

𝟏𝟏 − 𝒊𝒊 =    −𝟐𝟐𝟐𝟐      
(𝟏𝟏 + 𝒊𝒊) +       +𝟐𝟐𝟐𝟐      

(𝟏𝟏 − 𝒊𝒊) =
(−𝟐𝟐𝟐𝟐)(𝟏𝟏 − 𝒊𝒊) + (𝟐𝟐𝟐𝟐)(𝟏𝟏 + 𝒊𝒊)

(𝟏𝟏 + 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊)

                   = (−𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒊𝒊𝟐𝟐) + (𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒊𝒊𝟐𝟐)
(𝟏𝟏 + 𝟏𝟏) =    𝟒𝟒𝒊𝒊𝟐𝟐

𝟐𝟐 = 𝟐𝟐𝒊𝒊𝟐𝟐 =  −𝟐𝟐 = 𝑹𝑹𝑹𝑹𝑹𝑹         ;  𝒊𝒊𝟐𝟐 = −𝟏𝟏

𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹𝒙𝒙(𝒙𝒙 − 𝒊𝒊)  + 𝒚𝒚 (𝒚𝒚 − 𝒊𝒊)  +  𝒊𝒊 =  𝟏𝟏𝟏𝟏
 

 𝒙𝒙 , 𝒚𝒚 
 

 

𝒙𝒙𝟑𝟑−𝟖𝟖𝟖𝟖
𝒙𝒙+𝟐𝟐𝟐𝟐 + 𝒙𝒙𝟐𝟐+𝟒𝟒𝒚𝒚𝟐𝟐

𝒙𝒙−𝟐𝟐𝟐𝟐𝟐𝟐 = −𝟑𝟑𝒙𝒙 − 𝟑𝟑𝟑𝟑𝟑𝟑 − 𝟖𝟖𝒙𝒙, 𝒚𝒚 
 

1



 

𝒙𝒙(𝒙𝒙 − 𝒊𝒊) + 𝒚𝒚 (𝒚𝒚 − 𝒊𝒊) +  𝒊𝒊 =  𝟏𝟏𝟏𝟏                  ⟹       𝒙𝒙𝟐𝟐 − 𝒙𝒙𝒙𝒙 + 𝒚𝒚𝟐𝟐  − 𝒚𝒚𝒚𝒚 + 𝒊𝒊 =  𝟏𝟏𝟏𝟏 
𝒙𝒙𝟐𝟐  +  𝒚𝒚𝟐𝟐 −  (𝒙𝒙 + 𝒚𝒚)𝒊𝒊 =  𝟏𝟏𝟏𝟏 − 𝒊𝒊                 ⟹       𝒙𝒙𝟐𝟐  +  𝒚𝒚𝟐𝟐  =  𝟏𝟏𝟏𝟏 … (𝟏𝟏) 
−(𝒙𝒙 + 𝒚𝒚) = −𝟏𝟏      ⟹        −𝒙𝒙 − 𝒚𝒚 = −𝟏𝟏 ⟹       𝒚𝒚 = 𝟏𝟏 − 𝒙𝒙 … (𝟐𝟐) 

(𝟐𝟐)(𝟏𝟏)   𝒙𝒙𝟐𝟐 + (𝟏𝟏 − 𝒙𝒙)𝟐𝟐  =  𝟏𝟏𝟏𝟏            ⟹     𝒙𝒙𝟐𝟐 +  𝟏𝟏 −  𝟐𝟐𝟐𝟐 +  𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟏𝟏 
 𝟐𝟐𝒙𝒙𝟐𝟐  − 𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏 = 𝟎𝟎  ]   ÷  𝟐𝟐       ⟹      𝒙𝒙𝟐𝟐 −  𝒙𝒙 −  𝟔𝟔 = 𝟎𝟎 
(𝒙𝒙 − 𝟑𝟑)(𝒙𝒙 + 𝟐𝟐) =  𝟎𝟎                       ⟹      𝒙𝒙 = 𝟑𝟑   𝒐𝒐𝒐𝒐   𝒙𝒙 = −𝟐𝟐 

𝒙𝒙      𝒙𝒙 = 𝟑𝟑 ⟹  𝒚𝒚 = −𝟐𝟐            𝒙𝒙 = −𝟐𝟐 ⟹  𝒚𝒚 = 𝟑𝟑
 

 𝒙𝒙
𝟑𝟑 + 𝟖𝟖𝒊𝒊𝟑𝟑

𝒙𝒙 + 𝟐𝟐𝟐𝟐 + 𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐𝒊𝒊𝟐𝟐

𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐 = (−𝟑𝟑𝟑𝟑 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑

 
(𝒙𝒙 + 𝟐𝟐𝟐𝟐)(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟒𝟒)

(𝒙𝒙 + 𝟐𝟐𝟐𝟐) +
(𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐)(𝒙𝒙 + 𝟐𝟐𝟐𝟐𝟐𝟐)

(𝒙𝒙 − 𝟐𝟐𝟐𝟐𝟐𝟐) = (−𝟑𝟑𝒙𝒙 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑
 (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟒𝟒) + (𝒙𝒙 + 𝟐𝟐𝟐𝟐𝟐𝟐) = (−𝟑𝟑𝟑𝟑 − 𝟖𝟖) − 𝟑𝟑𝟑𝟑𝟑𝟑
𝒙𝒙𝟐𝟐 + 𝒙𝒙 − 𝟒𝟒 = −𝟑𝟑𝟑𝟑 − 𝟖𝟖     ⟹      𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒 = 𝟎𝟎  ⟹       (𝒙𝒙 + 𝟐𝟐)𝟐𝟐 = 𝟎𝟎   
𝒙𝒙 + 𝟐𝟐 = 𝟎𝟎   ⟹     𝒙𝒙 = −𝟐𝟐    ⟹   −𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 = −𝟑𝟑𝟑𝟑     ⟹      −𝟐𝟐𝟐𝟐 = −𝟓𝟓𝟓𝟓 

𝟒𝟒 = −𝟓𝟓𝟓𝟓     ⟹        𝒚𝒚 = −    𝟒𝟒    
𝟓𝟓

𝒄𝒄 (  𝟏𝟏−𝒊𝒊  
𝟏𝟏+𝒊𝒊 ) + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟏𝟏 + 𝟐𝟐𝟐𝟐)𝟐𝟐  

   (  𝟏𝟏 − 𝒊𝒊  
𝟏𝟏 + 𝒊𝒊 ×   𝟏𝟏 − 𝒊𝒊  

  𝟏𝟏 − 𝒊𝒊  ) + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟏𝟏 − 𝟒𝟒) + 𝟒𝟒𝟒𝟒   

   ⟹   (𝟏𝟏 − 𝟏𝟏) − 𝟐𝟐𝟐𝟐  
𝟐𝟐 + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒

  −𝒊𝒊 + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒        ⟹          (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = −𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝒊𝒊    
  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = −𝟑𝟑 + 𝟓𝟓𝟓𝟓         ⟹      ∴ 𝒙𝒙 = −𝟑𝟑      ;     𝒚𝒚 = 𝟓𝟓        
𝒅𝒅 )   𝟐𝟐 − 𝒊𝒊  

𝟏𝟏 + 𝒊𝒊 𝒙𝒙 +   𝟑𝟑 − 𝒊𝒊  
𝟐𝟐 + 𝒊𝒊 𝒚𝒚 =     𝟏𝟏   

𝒊𝒊   

      
(𝟐𝟐 − 𝒊𝒊 )(𝟏𝟏 − 𝒊𝒊) 
(𝟏𝟏 + 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊) 𝒙𝒙 +   (𝟑𝟑 − 𝒊𝒊)(𝟐𝟐 − 𝒊𝒊)  

(𝟐𝟐 + 𝒊𝒊)(𝟐𝟐 − 𝒊𝒊) 𝒚𝒚 =     𝟏𝟏   
𝒊𝒊  ×      𝟏𝟏   

−𝒊𝒊    

      
(𝟐𝟐 − 𝟏𝟏 ) + (−𝟐𝟐 − 𝟏𝟏)𝒊𝒊 

𝟏𝟏 + 𝟏𝟏 𝒙𝒙 +   (𝟔𝟔 − 𝟏𝟏) + (−𝟑𝟑 − 𝟐𝟐)𝒊𝒊  
𝟒𝟒 + 𝟏𝟏 𝒚𝒚 =    −𝒊𝒊   

𝟏𝟏    

       𝟏𝟏 − 𝟑𝟑𝟑𝟑 
𝟐𝟐 𝒙𝒙 +   𝟓𝟓 − 𝟓𝟓𝟓𝟓 

𝟓𝟓 𝒚𝒚 = 𝟎𝟎 − 𝒊𝒊   ⟹      (   𝟏𝟏   
𝟐𝟐 𝒙𝒙 −   𝟑𝟑  

𝟐𝟐 𝒙𝒙𝒙𝒙) + (𝒚𝒚 − 𝒚𝒚𝒚𝒚) = 𝟎𝟎 − 𝒊𝒊 

(  𝟏𝟏  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚) − (  𝟑𝟑  

𝟐𝟐 𝒙𝒙 + 𝒚𝒚) 𝒊𝒊 = 𝟎𝟎 − 𝒊𝒊 ⟹ ∴    𝟏𝟏  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚 = 𝟎𝟎 ⟹    𝒙𝒙 = −𝟐𝟐𝟐𝟐 … . . (𝟏𝟏)

     ∴ − (  𝟑𝟑  
𝟐𝟐 𝒙𝒙 + 𝒚𝒚) = −𝟏𝟏   ⟹      𝟑𝟑   

𝟐𝟐 𝒙𝒙 + 𝒚𝒚 = 𝟏𝟏 … … … (𝟐𝟐)

   (  𝟑𝟑  
𝟐𝟐 ) (−𝟐𝟐𝟐𝟐) + 𝒚𝒚 = 𝟏𝟏   ⟹    −𝟑𝟑𝟑𝟑 + 𝒚𝒚 = 𝟏𝟏  ⟹ −𝟐𝟐𝟐𝟐 = 𝟏𝟏  ⟹   ∴ 𝒚𝒚 =  −𝟏𝟏  

𝟐𝟐   

   ∴ 𝒙𝒙 = −𝟐𝟐 (−𝟏𝟏   
𝟐𝟐 )    ⟹     𝒙𝒙 = 𝟏𝟏     (𝒚𝒚 = −    𝟏𝟏     

 𝟐𝟐   )

𝒂𝒂 ) 𝟏𝟏
(𝟐𝟐 − 𝒊𝒊)𝟐𝟐 − 𝟏𝟏

(𝟐𝟐 + 𝒊𝒊)𝟐𝟐 = 𝟖𝟖
𝟐𝟐𝟐𝟐 𝒊𝒊

𝑳𝑳𝑳𝑳𝑳𝑳: 𝟏𝟏
(𝟐𝟐 − 𝒊𝒊)𝟐𝟐 − 𝟏𝟏

(𝟐𝟐 + 𝒊𝒊)𝟐𝟐 = 𝟏𝟏
(𝟒𝟒 − 𝟏𝟏) − 𝟒𝟒𝟒𝟒 −  𝟏𝟏

(𝟒𝟒 − 𝟏𝟏) + 𝟒𝟒𝟒𝟒
=  𝟏𝟏

𝟑𝟑 − 𝟒𝟒𝟒𝟒 −  𝟏𝟏
𝟑𝟑 + 𝟒𝟒𝟒𝟒 =

(𝟑𝟑 + 𝟒𝟒𝟒𝟒)
(𝟑𝟑 − 𝟒𝟒𝟒𝟒)(𝟑𝟑 + 𝟒𝟒𝟒𝟒) −  

(𝟑𝟑 − 𝟒𝟒𝟒𝟒)
(𝟑𝟑 + 𝟒𝟒𝟒𝟒)(𝟑𝟑 − 𝟒𝟒𝟒𝟒)

= 𝟑𝟑 + 𝟒𝟒𝟒𝟒
𝟗𝟗 + 𝟏𝟏𝟏𝟏 − 𝟑𝟑 − 𝟒𝟒𝟒𝟒

𝟗𝟗 + 𝟏𝟏𝟏𝟏 =
(𝟑𝟑 − 𝟒𝟒𝟒𝟒) + (−𝟑𝟑 + 𝟒𝟒𝟒𝟒)

𝟐𝟐𝟐𝟐 = 𝟖𝟖
𝟐𝟐𝟐𝟐 𝒊𝒊 = 𝑹𝑹𝑹𝑹𝑹𝑹

𝒃𝒃 ) (𝟏𝟏−𝒊𝒊)𝟐𝟐

𝟏𝟏+𝒊𝒊 + (𝟏𝟏+𝒊𝒊)𝟐𝟐

𝟏𝟏−𝒊𝒊 = −𝟐𝟐

𝑳𝑳𝑳𝑳𝑳𝑳:
(𝟏𝟏 − 𝒊𝒊)𝟐𝟐

𝟏𝟏 + 𝒊𝒊 +
(𝟏𝟏 + 𝒊𝒊)𝟐𝟐

𝟏𝟏 − 𝒊𝒊 =    −𝟐𝟐𝟐𝟐      
(𝟏𝟏 + 𝒊𝒊) +       +𝟐𝟐𝟐𝟐      

(𝟏𝟏 − 𝒊𝒊) =
(−𝟐𝟐𝟐𝟐)(𝟏𝟏 − 𝒊𝒊) + (𝟐𝟐𝟐𝟐)(𝟏𝟏 + 𝒊𝒊)

(𝟏𝟏 + 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊)

                   = (−𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒊𝒊𝟐𝟐) + (𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒊𝒊𝟐𝟐)
(𝟏𝟏 + 𝟏𝟏) =    𝟒𝟒𝒊𝒊𝟐𝟐

𝟐𝟐 = 𝟐𝟐𝒊𝒊𝟐𝟐 =  −𝟐𝟐 = 𝑹𝑹𝑹𝑹𝑹𝑹         ;  𝒊𝒊𝟐𝟐 = −𝟏𝟏

𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹𝒙𝒙(𝒙𝒙 − 𝒊𝒊)  + 𝒚𝒚 (𝒚𝒚 − 𝒊𝒊)  +  𝒊𝒊 =  𝟏𝟏𝟏𝟏
 

 𝒙𝒙 , 𝒚𝒚 
 

 

𝒙𝒙𝟑𝟑−𝟖𝟖𝟖𝟖
𝒙𝒙+𝟐𝟐𝟐𝟐 + 𝒙𝒙𝟐𝟐+𝟒𝟒𝒚𝒚𝟐𝟐

𝒙𝒙−𝟐𝟐𝟐𝟐𝟐𝟐 = −𝟑𝟑𝒙𝒙 − 𝟑𝟑𝟑𝟑𝟑𝟑 − 𝟖𝟖𝒙𝒙, 𝒚𝒚 
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[𝟏𝟏  𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏] (𝟏𝟏 + 𝟑𝟑𝟑𝟑 )𝟐𝟐 + (𝟑𝟑 − 𝟐𝟐𝟐𝟐 )𝟐𝟐[ 𝑨𝑨𝑨𝑨𝑨𝑨: −𝟑𝟑 − 𝟔𝟔𝟔𝟔 ]

[ 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏](𝟐𝟐 + 𝒙𝒙 𝒊𝒊 ) (−𝒙𝒙 +  𝒊𝒊 ) = 𝟗𝟗𝒚𝒚𝟐𝟐+𝟒𝟒𝟒𝟒
𝟑𝟑𝟑𝟑+𝟕𝟕𝟕𝟕   𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = ±𝟑𝟑 , 𝒚𝒚 = ∓𝟑𝟑]

[ 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹(𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐 𝒊𝒊 )𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐
𝟒𝟒+𝟑𝟑𝟑𝟑

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = ±𝟐𝟐 , 𝒚𝒚 = ∓𝟏𝟏]

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒙𝒙 = 𝟐𝟐 + 𝟑𝟑𝟑𝟑   , 𝒚𝒚 = 𝟑𝟑 − 𝒊𝒊 𝒙𝒙𝟐𝟐 + 𝟐𝟐𝒚𝒚𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏𝟏𝟏]

[𝟏𝟏 𝟐𝟐−) ضع[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐  +  𝒊𝒊 ) (𝟑𝟑 + 𝟐𝟐 𝒊𝒊 )     بالصيغة العادية للعدد المركب ثم  جد نظيره
 الضربي وبالصيغة العادية أيضاً 

[𝑨𝑨𝑨𝑨𝑨𝑨: −𝟖𝟖 − 𝒊𝒊]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒙𝒙 = 𝟑𝟑 + 𝟐𝟐𝟐𝟐   , 𝒚𝒚 = 𝟏𝟏 − 𝒊𝒊 𝒙𝒙 + 𝒚𝒚 =  𝒙𝒙 +  𝒚𝒚 [𝑨𝑨𝑨𝑨𝑨𝑨: −𝟏𝟏 − 𝟔𝟔√𝟑𝟑𝒊𝒊]

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] (𝟐𝟐 − √𝟑𝟑𝒊𝒊 )𝟐𝟐 + (𝟏𝟏 − √𝟑𝟑𝒊𝒊 )𝟐𝟐

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹(𝟐𝟐𝟐𝟐 +  𝒊𝒊 ) (𝒚𝒚 + 𝟐𝟐 𝒊𝒊 ) = 𝟐𝟐 + 𝟗𝟗𝟗𝟗   
[ 𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = 𝟏𝟏

𝟒𝟒 
, 𝒚𝒚 = 𝟖𝟖   𝒂𝒂𝒂𝒂𝒂𝒂    𝒙𝒙 = 𝟐𝟐 , 𝒚𝒚 = 𝟏𝟏

]

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]   𝟐𝟐+𝒊𝒊    
𝟑𝟑−𝒊𝒊   𝟓𝟓

  𝒙𝒙+𝒚𝒚𝒚𝒚       𝒙𝒙 𝒚𝒚 

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] (𝟏𝟏 + 𝒊𝒊 )𝟓𝟓 − (𝟏𝟏 − 𝒊𝒊 )𝟓𝟓[𝑨𝑨𝑨𝑨𝑨𝑨: −𝟖𝟖𝟖𝟖]

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏 − 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊𝟐𝟐)(𝟏𝟏 − 𝒊𝒊𝟑𝟑)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟒𝟒]

[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹    𝒚𝒚    
𝟏𝟏+𝒊𝒊 = 𝒙𝒙𝟐𝟐+𝟒𝟒

  𝒙𝒙+𝟐𝟐𝟐𝟐    
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = 𝟐𝟐     , 𝒚𝒚 = 𝟒𝟒]

[  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒄𝒄𝟏𝟏 = 𝟕𝟕 − 𝟒𝟒𝟒𝟒   , 𝒄𝒄𝟐𝟐 = 𝟐𝟐 − 𝟑𝟑𝟑𝟑 (  𝒄𝒄𝟏𝟏   
𝒄𝒄𝟐𝟐

)̅̅ ̅̅ ̅̅ ̅̅ =    𝒄𝒄𝟏𝟏 ̅̅ ̅̅ ̅̅
       𝒄𝒄𝟐𝟐  ̅̅ ̅̅ ̅̅      

[  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹𝟏𝟏−𝒊𝒊
𝟏𝟏+𝒊𝒊 + (𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (𝟏𝟏 + 𝒊𝒊)𝟐𝟐

[  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹𝟏𝟏𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏+𝟐𝟐𝟐𝟐 𝒙𝒙 + (𝟏𝟏 − 𝒊𝒊)𝟐𝟐𝒚𝒚 = 𝟏𝟏𝟏𝟏

[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚   𝟑𝟑+𝒊𝒊   
𝟐𝟐−𝒊𝒊 , 𝟔𝟔

  𝒙𝒙+𝒚𝒚𝒚𝒚    
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = 𝒚𝒚 = 𝟑𝟑]

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹(𝒙𝒙 + 𝟐𝟐𝟐𝟐)(𝒙𝒙 − 𝒊𝒊) = 𝟏𝟏𝟏𝟏𝟏𝟏+𝟗𝟗𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏+𝟑𝟑𝟑𝟑𝟑𝟑
[𝟑𝟑/𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐/𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙−𝒚𝒚𝒚𝒚   

𝟏𝟏+𝟓𝟓𝟓𝟓 , 𝟑𝟑−𝟐𝟐𝟐𝟐
  𝒊𝒊    𝒙𝒙, 𝒚𝒚[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = −𝟏𝟏𝟏𝟏 , 𝒚𝒚 = 𝟕𝟕]

[𝟏𝟏   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]  𝟏𝟏   
(𝟏𝟏+𝟐𝟐𝟐𝟐)𝟐𝟐 + 𝟏𝟏

  (𝟏𝟏−𝟐𝟐𝟐𝟐)𝟐𝟐   = −𝟔𝟔  
  𝟐𝟐𝟐𝟐    

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏+𝒊𝒊)𝟏𝟏𝟏𝟏

𝟏𝟏𝟏𝟏𝟏𝟏

 𝒂𝒂 + 𝒃𝒃𝒃𝒃 √𝒂𝒂 + 𝒃𝒃𝒃𝒃 = (𝒙𝒙 + 𝒚𝒚𝒚𝒚)

𝒂𝒂 + 𝒃𝒃𝒃𝒃 = (𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐         

𝒂𝒂 + 𝒃𝒃𝒃𝒃 = (𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐) + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐   
 𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐 = 𝒂𝒂    … … … … … … . (𝟏𝟏)   

          𝟐𝟐𝟐𝟐𝟐𝟐 = 𝒃𝒃         ⟹         𝒚𝒚 =    𝒃𝒃    
𝟐𝟐𝟐𝟐            … … … … … … … (𝟐𝟐)    

𝒙𝒙, 𝒚𝒚
 ∓ (𝒙𝒙 + 𝒚𝒚𝒚𝒚)

 

 

 

 

 

 

 

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √𝟖𝟖 + 𝟔𝟔𝟔𝟔      ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = 𝟖𝟖 + 𝟔𝟔𝒊𝒊                                                                                                                            
(𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐) + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =  𝟖𝟖 + 𝟔𝟔𝟔𝟔 

  𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐 = 𝟖𝟖      … … … … … … … (𝟏𝟏)

   𝟐𝟐𝟐𝟐𝟐𝟐 =  𝟔𝟔     ⟹      𝒚𝒚 =   𝟑𝟑  
𝒙𝒙  … … … … … . (𝟐𝟐)    

 𝒙𝒙𝟐𝟐 − (  𝟑𝟑  
𝒙𝒙 )

𝟐𝟐
= 𝟖𝟖 ⟹     𝒙𝒙𝟐𝟐 −   𝟗𝟗  

𝒙𝒙𝟐𝟐 = 𝟖𝟖  
 𝒙𝒙𝟒𝟒 − 𝟗𝟗 = 𝟖𝟖 𝒙𝒙𝟐𝟐     𝒙𝒙𝟐𝟐

 𝒙𝒙𝟒𝟒 − 𝟖𝟖 𝒙𝒙𝟐𝟐 − 𝟗𝟗 = 𝟎𝟎           ⟹         ( 𝒙𝒙𝟐𝟐 − 𝟗𝟗)( 𝒙𝒙𝟐𝟐 + 𝟏𝟏) = 𝟎𝟎         
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  ( 𝒙𝒙𝟐𝟐 − 𝟗𝟗) = 𝟎𝟎    ⟹    𝒙𝒙𝟐𝟐 = 𝟗𝟗   ⟹      𝒙𝒙 = ∓𝟑𝟑                                                                                                                 

               𝒚𝒚 =   𝟑𝟑  
   ∓𝟑𝟑               ⟹     𝒚𝒚 = ∓𝟏𝟏   

𝒐𝒐𝒐𝒐   ( 𝒙𝒙𝟐𝟐 + 𝟏𝟏) = 𝟎𝟎             ⟹      𝒙𝒙𝟐𝟐 = −𝟏𝟏  
  𝒄𝒄 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔    (𝟑𝟑 + 𝒊𝒊  , −𝟑𝟑 − 𝒊𝒊)    ∓(𝟑𝟑 + 𝒊𝒊)

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝒊𝒊
𝟏𝟏 + 𝒊𝒊                               ⟹        𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝒊𝒊

𝟏𝟏 + 𝒊𝒊 × 𝟏𝟏 − 𝒊𝒊
𝟏𝟏 − 𝒊𝒊

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝟓𝟓𝟓𝟓 − 𝒊𝒊 − 𝟏𝟏
𝟐𝟐             ⟹       𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟒𝟒 − 𝟔𝟔𝟔𝟔

𝟐𝟐 = 𝟐𝟐 − 𝟑𝟑𝟑𝟑
𝒄𝒄 + 𝒅𝒅𝒅𝒅 =  𝟐𝟐 − 𝟑𝟑𝟑𝟑            ⟹   𝒄𝒄 = 𝟐𝟐   ,   𝒅𝒅 = −𝟑𝟑     
𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟒𝟒(𝟐𝟐) − 𝟐𝟐(−𝟑𝟑)𝒊𝒊 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔   

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √𝟖𝟖 + 𝟔𝟔𝟔𝟔       ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = 𝟖𝟖 + 𝟔𝟔𝒊𝒊                                                                                                     

𝒛𝒛𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 + 𝒊𝒊 = 𝟎𝟎     ⟹      𝒂𝒂 = 𝟏𝟏,    𝒃𝒃 = −𝟑𝟑,     𝒄𝒄 = 𝟑𝟑 + 𝒊𝒊     

∵  𝒛𝒛 =  −𝒃𝒃 ± √𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒
𝟐𝟐𝟐𝟐        ⟹        𝒛𝒛 =  −(−𝟑𝟑) ± √(−𝟑𝟑)𝟐𝟐 − 𝟒𝟒(𝟏𝟏)(𝟑𝟑 + 𝒊𝒊)

𝟐𝟐(𝟏𝟏)              

 𝒛𝒛 =  𝟑𝟑 ± √𝟗𝟗 − (𝟏𝟏𝟏𝟏 + 𝟒𝟒𝟒𝟒)
𝟐𝟐     ⟹      𝒛𝒛 =  𝟑𝟑 ± √−𝟑𝟑 − 𝟒𝟒𝟒𝟒

𝟐𝟐 … … … (𝟏𝟏)   
√−𝟑𝟑 − 𝟒𝟒𝟒𝟒

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √−𝟑𝟑 − 𝟒𝟒𝟒𝟒    ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = −𝟑𝟑 − 𝟒𝟒𝟒𝟒   
(𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐) + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =  −𝟑𝟑 − 𝟒𝟒𝟒𝟒 

  𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐 = −𝟑𝟑      … … … … … … … (𝟏𝟏)

  𝟐𝟐𝟐𝟐𝟐𝟐 =  −𝟒𝟒  ⟹     𝒚𝒚 =  −𝟐𝟐   
𝒙𝒙  … … … … … . (𝟐𝟐)    

 𝒙𝒙𝟐𝟐 − ( −𝟐𝟐  
𝒙𝒙 )

𝟐𝟐
= −𝟑𝟑   ⟹    𝒙𝒙𝟐𝟐 −   𝟒𝟒  

𝒙𝒙𝟐𝟐 = −𝟑𝟑
 𝒙𝒙𝟒𝟒 − 𝟒𝟒 = −𝟑𝟑𝒙𝒙𝟐𝟐     𝒙𝒙𝟐𝟐

 𝒙𝒙𝟒𝟒 + 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟒𝟒 = 𝟎𝟎       ⟹         ( 𝒙𝒙𝟐𝟐 + 𝟒𝟒)( 𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎         
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  ( 𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎   ⟹    𝒙𝒙𝟐𝟐 = 𝟏𝟏    ⟹     𝒙𝒙 = ∓𝟏𝟏    

  𝒚𝒚 =  −𝟐𝟐  
∓𝟏𝟏    ⟹        𝒚𝒚 = ±𝟐𝟐  

𝒐𝒐𝒐𝒐   ( 𝒙𝒙𝟐𝟐 + 𝟒𝟒) = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐 = −𝟒𝟒 
  (−𝟑𝟑 − 𝟒𝟒𝟒𝟒 )   ∓(−𝟏𝟏 + 𝟐𝟐𝟐𝟐) 

   𝒛𝒛 =  𝟑𝟑 ± (𝟏𝟏 − 𝟐𝟐𝟐𝟐)
𝟐𝟐   ⟹     𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆     𝒛𝒛 =  𝟑𝟑 + (𝟏𝟏 − 𝟐𝟐𝟐𝟐)

𝟐𝟐  =  
(𝟒𝟒 − 𝟐𝟐𝟐𝟐)

𝟐𝟐 = 𝟐𝟐 − 𝒊𝒊     

𝒐𝒐𝒐𝒐       𝒛𝒛 = 𝟑𝟑 − (𝟏𝟏 − 𝟐𝟐𝟐𝟐)
𝟐𝟐  =  

(𝟐𝟐 + 𝟐𝟐𝟐𝟐)
𝟐𝟐 = 𝟏𝟏 + 𝒊𝒊         

{𝟐𝟐 − 𝒊𝒊  , 𝟏𝟏 + 𝒊𝒊   }

  𝒄𝒄 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔  
 

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓−𝒊𝒊
𝟏𝟏+𝒊𝒊𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐√𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐

𝒃𝒃 )  𝒛𝒛𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 + 𝒊𝒊 = 𝟎𝟎

3



 

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √𝟖𝟖 + 𝟔𝟔𝟔𝟔      ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = 𝟖𝟖 + 𝟔𝟔𝒊𝒊                                                                                                                            
(𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐) + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =  𝟖𝟖 + 𝟔𝟔𝟔𝟔 

  𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐 = 𝟖𝟖      … … … … … … … (𝟏𝟏)

   𝟐𝟐𝟐𝟐𝟐𝟐 =  𝟔𝟔     ⟹      𝒚𝒚 =   𝟑𝟑  
𝒙𝒙  … … … … … . (𝟐𝟐)    

 𝒙𝒙𝟐𝟐 − (  𝟑𝟑  
𝒙𝒙 )

𝟐𝟐
= 𝟖𝟖 ⟹     𝒙𝒙𝟐𝟐 −   𝟗𝟗  

𝒙𝒙𝟐𝟐 = 𝟖𝟖  
 𝒙𝒙𝟒𝟒 − 𝟗𝟗 = 𝟖𝟖 𝒙𝒙𝟐𝟐     𝒙𝒙𝟐𝟐

 𝒙𝒙𝟒𝟒 − 𝟖𝟖 𝒙𝒙𝟐𝟐 − 𝟗𝟗 = 𝟎𝟎           ⟹         ( 𝒙𝒙𝟐𝟐 − 𝟗𝟗)( 𝒙𝒙𝟐𝟐 + 𝟏𝟏) = 𝟎𝟎         
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  ( 𝒙𝒙𝟐𝟐 − 𝟗𝟗) = 𝟎𝟎    ⟹    𝒙𝒙𝟐𝟐 = 𝟗𝟗   ⟹      𝒙𝒙 = ∓𝟑𝟑                                                                                                                 

               𝒚𝒚 =   𝟑𝟑  
   ∓𝟑𝟑               ⟹     𝒚𝒚 = ∓𝟏𝟏   

𝒐𝒐𝒐𝒐   ( 𝒙𝒙𝟐𝟐 + 𝟏𝟏) = 𝟎𝟎             ⟹      𝒙𝒙𝟐𝟐 = −𝟏𝟏  
  𝒄𝒄 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔    (𝟑𝟑 + 𝒊𝒊  , −𝟑𝟑 − 𝒊𝒊)    ∓(𝟑𝟑 + 𝒊𝒊)

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝒊𝒊
𝟏𝟏 + 𝒊𝒊                               ⟹        𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝒊𝒊

𝟏𝟏 + 𝒊𝒊 × 𝟏𝟏 − 𝒊𝒊
𝟏𝟏 − 𝒊𝒊

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓 − 𝟓𝟓𝟓𝟓 − 𝒊𝒊 − 𝟏𝟏
𝟐𝟐             ⟹       𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟒𝟒 − 𝟔𝟔𝟔𝟔

𝟐𝟐 = 𝟐𝟐 − 𝟑𝟑𝟑𝟑
𝒄𝒄 + 𝒅𝒅𝒅𝒅 =  𝟐𝟐 − 𝟑𝟑𝟑𝟑            ⟹   𝒄𝒄 = 𝟐𝟐   ,   𝒅𝒅 = −𝟑𝟑     
𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟒𝟒(𝟐𝟐) − 𝟐𝟐(−𝟑𝟑)𝒊𝒊 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔   

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √𝟖𝟖 + 𝟔𝟔𝟔𝟔       ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = 𝟖𝟖 + 𝟔𝟔𝒊𝒊                                                                                                     

𝒛𝒛𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 + 𝒊𝒊 = 𝟎𝟎     ⟹      𝒂𝒂 = 𝟏𝟏,    𝒃𝒃 = −𝟑𝟑,     𝒄𝒄 = 𝟑𝟑 + 𝒊𝒊     

∵  𝒛𝒛 =  −𝒃𝒃 ± √𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒
𝟐𝟐𝟐𝟐        ⟹        𝒛𝒛 =  −(−𝟑𝟑) ± √(−𝟑𝟑)𝟐𝟐 − 𝟒𝟒(𝟏𝟏)(𝟑𝟑 + 𝒊𝒊)

𝟐𝟐(𝟏𝟏)              

 𝒛𝒛 =  𝟑𝟑 ± √𝟗𝟗 − (𝟏𝟏𝟏𝟏 + 𝟒𝟒𝟒𝟒)
𝟐𝟐     ⟹      𝒛𝒛 =  𝟑𝟑 ± √−𝟑𝟑 − 𝟒𝟒𝟒𝟒

𝟐𝟐 … … … (𝟏𝟏)   
√−𝟑𝟑 − 𝟒𝟒𝟒𝟒

  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √−𝟑𝟑 − 𝟒𝟒𝟒𝟒    ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = −𝟑𝟑 − 𝟒𝟒𝟒𝟒   
(𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐) + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =  −𝟑𝟑 − 𝟒𝟒𝟒𝟒 

  𝒙𝒙𝟐𝟐 − 𝒚𝒚𝟐𝟐 = −𝟑𝟑      … … … … … … … (𝟏𝟏)

  𝟐𝟐𝟐𝟐𝟐𝟐 =  −𝟒𝟒  ⟹     𝒚𝒚 =  −𝟐𝟐   
𝒙𝒙  … … … … … . (𝟐𝟐)    

 𝒙𝒙𝟐𝟐 − ( −𝟐𝟐  
𝒙𝒙 )

𝟐𝟐
= −𝟑𝟑   ⟹    𝒙𝒙𝟐𝟐 −   𝟒𝟒  

𝒙𝒙𝟐𝟐 = −𝟑𝟑
 𝒙𝒙𝟒𝟒 − 𝟒𝟒 = −𝟑𝟑𝒙𝒙𝟐𝟐     𝒙𝒙𝟐𝟐

 𝒙𝒙𝟒𝟒 + 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟒𝟒 = 𝟎𝟎       ⟹         ( 𝒙𝒙𝟐𝟐 + 𝟒𝟒)( 𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎         
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  ( 𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎   ⟹    𝒙𝒙𝟐𝟐 = 𝟏𝟏    ⟹     𝒙𝒙 = ∓𝟏𝟏    

  𝒚𝒚 =  −𝟐𝟐  
∓𝟏𝟏    ⟹        𝒚𝒚 = ±𝟐𝟐  

𝒐𝒐𝒐𝒐   ( 𝒙𝒙𝟐𝟐 + 𝟒𝟒) = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐 = −𝟒𝟒 
  (−𝟑𝟑 − 𝟒𝟒𝟒𝟒 )   ∓(−𝟏𝟏 + 𝟐𝟐𝟐𝟐) 

   𝒛𝒛 =  𝟑𝟑 ± (𝟏𝟏 − 𝟐𝟐𝟐𝟐)
𝟐𝟐   ⟹     𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆     𝒛𝒛 =  𝟑𝟑 + (𝟏𝟏 − 𝟐𝟐𝟐𝟐)

𝟐𝟐  =  
(𝟒𝟒 − 𝟐𝟐𝟐𝟐)

𝟐𝟐 = 𝟐𝟐 − 𝒊𝒊     

𝒐𝒐𝒐𝒐       𝒛𝒛 = 𝟑𝟑 − (𝟏𝟏 − 𝟐𝟐𝟐𝟐)
𝟐𝟐  =  

(𝟐𝟐 + 𝟐𝟐𝟐𝟐)
𝟐𝟐 = 𝟏𝟏 + 𝒊𝒊         

{𝟐𝟐 − 𝒊𝒊  , 𝟏𝟏 + 𝒊𝒊   }

  𝒄𝒄 = 𝟖𝟖 + 𝟔𝟔𝟔𝟔  
 

𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟓𝟓−𝒊𝒊
𝟏𝟏+𝒊𝒊𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐√𝟒𝟒𝟒𝟒 − 𝟐𝟐𝟐𝟐𝟐𝟐

𝒃𝒃 )  𝒛𝒛𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 + 𝒊𝒊 = 𝟎𝟎
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= (−𝟐𝟐 − 𝒊𝒊) + (−𝟐𝟐 + 𝒊𝒊) = −𝟒𝟒  
= (−𝟐𝟐 − 𝒊𝒊)(−𝟐𝟐 + 𝒊𝒊) = 𝟒𝟒 + 𝟏𝟏 = 𝟓𝟓 

𝒙𝒙𝟐𝟐 − (−𝟒𝟒)𝒙𝒙 + (𝟓𝟓) = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟓𝟓 = 𝟎𝟎              

= (𝟐𝟐 + 𝟐𝟐𝟐𝟐) + (−𝟐𝟐 − 𝟐𝟐𝟐𝟐) = 𝟎𝟎  
= (𝟐𝟐 + 𝟐𝟐𝟐𝟐)(−𝟐𝟐 − 𝟐𝟐𝟐𝟐) = (−𝟒𝟒 + 𝟒𝟒) + (−𝟒𝟒 − 𝟒𝟒)𝒊𝒊 = 𝟎𝟎 − 𝟖𝟖𝟖𝟖 = −𝟖𝟖𝟖𝟖 

  𝒙𝒙𝟐𝟐 − (𝟎𝟎)𝒙𝒙 + (−𝟖𝟖𝟖𝟖) = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐 − 𝟖𝟖𝟖𝟖 = 𝟎𝟎          

(𝟑𝟑 − 𝟒𝟒𝟒𝟒)
∵  𝑳𝑳 = 𝟑𝟑 − 𝟒𝟒𝟒𝟒        ⟹             𝑴𝑴 = 𝟑𝟑 + 𝟒𝟒𝟒𝟒  
∴  𝑳𝑳 + 𝑴𝑴 = (𝟑𝟑 − 𝟒𝟒𝟒𝟒 ) + (𝟑𝟑 + 𝟒𝟒𝟒𝟒) =   𝟔𝟔  
∴  𝑳𝑳 × 𝑴𝑴 = (𝟑𝟑 − 𝟒𝟒𝟒𝟒 )(𝟑𝟑 + 𝟒𝟒𝟒𝟒) = 𝟗𝟗 + 𝟏𝟏𝟏𝟏 = 𝟐𝟐𝟐𝟐  
    ∴ 𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟐𝟐𝟐𝟐 = 𝟎𝟎                  

 

𝑳𝑳 = 𝟐𝟐 − 𝟒𝟒𝟒𝟒𝑴𝑴 = 𝟐𝟐 + 𝟒𝟒𝟒𝟒

𝑳𝑳 + 𝑴𝑴 =
− (𝒙𝒙 ) 

𝒙𝒙𝟐𝟐             ⟹         (𝟐𝟐 − 𝟒𝟒𝟒𝟒) + (𝟐𝟐 − 𝟒𝟒𝟒𝟒) = −(−𝟏𝟏 − 𝒃𝒃)
𝟐𝟐  

𝟒𝟒 = 𝟏𝟏 + 𝒃𝒃
𝟐𝟐      ⟹  (𝟏𝟏 + 𝒃𝒃) = 𝟖𝟖    ⟹     𝒃𝒃 = 𝟖𝟖 − 𝟏𝟏     ⟹     𝒃𝒃 = 𝟕𝟕 

𝑳𝑳 × 𝑴𝑴 =
  

𝒙𝒙𝟐𝟐      ⟹    (𝟐𝟐 − 𝟒𝟒𝟒𝟒)(𝟐𝟐 + 𝟒𝟒𝟒𝟒) = 𝒄𝒄 − 𝟔𝟔
𝟐𝟐        ⟹    𝟐𝟐𝟐𝟐 = 𝒄𝒄 − 𝟔𝟔

𝟐𝟐    

𝒄𝒄 − 𝟔𝟔 = 𝟒𝟒𝟒𝟒    ⟹        𝒄𝒄 = 𝟒𝟒𝟒𝟒    

(𝒊𝒊)𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹𝑳𝑳 = 𝒂𝒂 + 𝟐𝟐𝟐𝟐𝑴𝑴 = 𝒂𝒂 − 𝟐𝟐𝟐𝟐

𝑳𝑳 + 𝑴𝑴 =
− (𝒙𝒙 ) 

𝒙𝒙𝟐𝟐 ⟹   (𝒂𝒂 + 𝟐𝟐𝟐𝟐) + (𝒂𝒂 − 𝟐𝟐𝟐𝟐) = −(−𝒃𝒃)
𝟏𝟏 ⟹ 𝒃𝒃 = 𝟐𝟐𝟐𝟐 … … . . (𝟏𝟏) 

 

𝒙𝒙𝟐𝟐 − (   ) 𝒙𝒙 + (   ) = 𝟎𝟎  

(−𝟐𝟐 − 𝒊𝒊 , −𝟐𝟐 + 𝒊𝒊)

 

±(𝟐𝟐 + 𝟐𝟐𝟐𝟐)
 

 

(𝟑𝟑 − 𝟒𝟒𝟒𝟒) 

 

              
𝒙𝒙𝟐𝟐 =

        ;       𝒙𝒙 − 
𝒙𝒙𝟐𝟐 =       

(𝟐𝟐 − 𝟒𝟒𝟒𝟒)𝟐𝟐𝒙𝒙𝟐𝟐 − 𝒙𝒙 − 𝒃𝒃𝒃𝒃 + 𝒄𝒄 − 𝟔𝟔 = 𝟎𝟎𝐛𝐛, 𝐜𝐜 ∈ 𝑹𝑹 
 

(𝒂𝒂 + 𝟐𝟐𝟐𝟐)𝒙𝒙𝟐𝟐 − 𝒃𝒃𝒃𝒃 + 𝟏𝟏𝟏𝟏 = 𝟎𝟎𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹
 

 

𝑳𝑳 × 𝑴𝑴 =
  

𝒙𝒙𝟐𝟐   ⟹    (𝒂𝒂 + 𝟐𝟐𝟐𝟐)(𝒂𝒂 − 𝟐𝟐𝟐𝟐) = 𝟏𝟏𝟏𝟏
𝟏𝟏     ⟹  𝒂𝒂𝟐𝟐 + 𝟒𝟒 = 𝟏𝟏𝟏𝟏      

 𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏 − 𝟒𝟒     ⟹      𝒂𝒂𝟐𝟐 = 𝟗𝟗   ⟹    ∴  𝒂𝒂 = ∓𝟑𝟑    ⟹ 𝒃𝒃 = 𝟐𝟐𝟐𝟐 ⟹  𝐛𝐛 = ∓𝟔𝟔

∵       (𝟑𝟑 + 𝒊𝒊)(𝑳𝑳)(𝒎𝒎 = 𝟑𝟑 + 𝒊𝒊)

      
  

𝑥𝑥2 =          ;       
𝑥𝑥 − 

𝑥𝑥2 =       

 ∵  𝒙𝒙𝟐𝟐 − (𝒂𝒂)𝒙𝒙 + (𝟓𝟓 + 𝟓𝟓𝟓𝟓) = 𝟎𝟎                           ∴  (𝟑𝟑 + 𝒊𝒊) × 𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓
𝟏𝟏

 𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓
𝟑𝟑 + 𝒊𝒊    ⟹   𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓

𝟑𝟑 + 𝒊𝒊  ×  𝟑𝟑 − 𝒊𝒊
𝟑𝟑 − 𝒊𝒊 =

(𝟏𝟏𝟏𝟏 + 𝟓𝟓) + (𝟏𝟏𝟏𝟏 − 𝟓𝟓)𝒊𝒊
𝟗𝟗 + 𝟏𝟏

 𝟐𝟐𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏      ⟹      𝑳𝑳 = 𝟐𝟐 + 𝒊𝒊

∴ (𝟑𝟑 + 𝒊𝒊) + 𝑳𝑳 = −(−𝒂𝒂)
     𝟏𝟏        ⟹       𝒂𝒂 = (𝟑𝟑 + 𝒊𝒊) + (𝟐𝟐 + 𝒊𝒊)     ⟹   ∴ 𝒂𝒂 = 𝟓𝟓 + 𝟐𝟐𝟐𝟐        

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒄𝒄, 𝒅𝒅 ∈ 𝑹𝑹(𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟕𝟕−𝟒𝟒𝟒𝟒
𝟐𝟐+𝒊𝒊 )√𝟐𝟐𝟐𝟐 − 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨: ± ( 𝟑𝟑

√𝟐𝟐
+ 𝟏𝟏

√𝟐𝟐
𝒊𝒊)]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏𝟏𝟏+𝟐𝟐𝟐𝟐
𝟏𝟏+𝒊𝒊 )[𝑨𝑨𝑨𝑨𝑨𝑨: ±(𝟑𝟑 − 𝒊𝒊)]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](−𝟏𝟏 + 𝟕𝟕𝟕𝟕)(𝟏𝟏 + 𝒊𝒊)[𝑨𝑨𝑨𝑨𝑨𝑨: ±(𝟏𝟏 + 𝟑𝟑𝟑𝟑)]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟑𝟑 + 𝒊𝒊)(𝒙𝒙𝟐𝟐 − 𝒂𝒂𝒂𝒂 + (𝟓𝟓 + 𝟓𝟓𝟓𝟓) = 𝟎𝟎)[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒂𝒂 = 𝟓𝟓 + 𝟐𝟐𝟐𝟐  ;     (𝟐𝟐 + 𝒊𝒊)]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟐𝟐 + 𝟒𝟒𝟒𝟒)(𝟐𝟐𝒙𝒙𝟐𝟐 − 𝒙𝒙 − 𝒃𝒃𝒃𝒃 + 𝒄𝒄 − 𝟔𝟔 = 𝟎𝟎)
𝒃𝒃, 𝒄𝒄 ∈ 𝑹𝑹    

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]ℂ𝒁𝒁𝟐𝟐 + 𝟐𝟐𝟐𝟐(𝟑𝟑 − 𝟐𝟐𝟐𝟐) = 𝟑𝟑𝟑𝟑
[𝟐𝟐   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

(√ 𝟑𝟑 − 𝒊𝒊)𝟐𝟐 

    [𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐𝒁𝒁𝟏𝟏 + 𝒁𝒁𝟐𝟐 = 𝟒𝟒  , 𝒁𝒁𝟏𝟏 × 𝒁𝒁𝟐𝟐 = 𝟐𝟐𝟐𝟐  
𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐

𝟑𝟑 + 𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐 − (𝟒𝟒 − 𝟐𝟐𝟐𝟐)𝒙𝒙 + 𝒂𝒂 = 𝟎𝟎𝒂𝒂 ∈ 𝑪𝑪

𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝒙𝒙𝒙𝒙 + 𝒌𝒌 −   𝟖𝟖  
𝟗𝟗   𝒊𝒊 = 𝟎𝟎𝒌𝒌

(𝟑𝟑
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𝑳𝑳 × 𝑴𝑴 =
  

𝒙𝒙𝟐𝟐   ⟹    (𝒂𝒂 + 𝟐𝟐𝟐𝟐)(𝒂𝒂 − 𝟐𝟐𝟐𝟐) = 𝟏𝟏𝟏𝟏
𝟏𝟏     ⟹  𝒂𝒂𝟐𝟐 + 𝟒𝟒 = 𝟏𝟏𝟏𝟏      

 𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏 − 𝟒𝟒     ⟹      𝒂𝒂𝟐𝟐 = 𝟗𝟗   ⟹    ∴  𝒂𝒂 = ∓𝟑𝟑    ⟹ 𝒃𝒃 = 𝟐𝟐𝟐𝟐 ⟹  𝐛𝐛 = ∓𝟔𝟔

∵       (𝟑𝟑 + 𝒊𝒊)(𝑳𝑳)(𝒎𝒎 = 𝟑𝟑 + 𝒊𝒊)

      
  

𝑥𝑥2 =          ;       
𝑥𝑥 − 

𝑥𝑥2 =       

 ∵  𝒙𝒙𝟐𝟐 − (𝒂𝒂)𝒙𝒙 + (𝟓𝟓 + 𝟓𝟓𝟓𝟓) = 𝟎𝟎                           ∴  (𝟑𝟑 + 𝒊𝒊) × 𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓
𝟏𝟏

 𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓
𝟑𝟑 + 𝒊𝒊    ⟹   𝑳𝑳 = 𝟓𝟓 + 𝟓𝟓𝟓𝟓

𝟑𝟑 + 𝒊𝒊  ×  𝟑𝟑 − 𝒊𝒊
𝟑𝟑 − 𝒊𝒊 =

(𝟏𝟏𝟏𝟏 + 𝟓𝟓) + (𝟏𝟏𝟏𝟏 − 𝟓𝟓)𝒊𝒊
𝟗𝟗 + 𝟏𝟏

 𝟐𝟐𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏      ⟹      𝑳𝑳 = 𝟐𝟐 + 𝒊𝒊

∴ (𝟑𝟑 + 𝒊𝒊) + 𝑳𝑳 = −(−𝒂𝒂)
     𝟏𝟏        ⟹       𝒂𝒂 = (𝟑𝟑 + 𝒊𝒊) + (𝟐𝟐 + 𝒊𝒊)     ⟹   ∴ 𝒂𝒂 = 𝟓𝟓 + 𝟐𝟐𝟐𝟐        

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒄𝒄, 𝒅𝒅 ∈ 𝑹𝑹(𝒄𝒄 + 𝒅𝒅𝒅𝒅 = 𝟕𝟕−𝟒𝟒𝟒𝟒
𝟐𝟐+𝒊𝒊 )√𝟐𝟐𝟐𝟐 − 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨: ± ( 𝟑𝟑

√𝟐𝟐
+ 𝟏𝟏

√𝟐𝟐
𝒊𝒊)]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏𝟏𝟏+𝟐𝟐𝟐𝟐
𝟏𝟏+𝒊𝒊 )[𝑨𝑨𝑨𝑨𝑨𝑨: ±(𝟑𝟑 − 𝒊𝒊)]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](−𝟏𝟏 + 𝟕𝟕𝟕𝟕)(𝟏𝟏 + 𝒊𝒊)[𝑨𝑨𝑨𝑨𝑨𝑨: ±(𝟏𝟏 + 𝟑𝟑𝟑𝟑)]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟑𝟑 + 𝒊𝒊)(𝒙𝒙𝟐𝟐 − 𝒂𝒂𝒂𝒂 + (𝟓𝟓 + 𝟓𝟓𝟓𝟓) = 𝟎𝟎)[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒂𝒂 = 𝟓𝟓 + 𝟐𝟐𝟐𝟐  ;     (𝟐𝟐 + 𝒊𝒊)]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟐𝟐 + 𝟒𝟒𝟒𝟒)(𝟐𝟐𝒙𝒙𝟐𝟐 − 𝒙𝒙 − 𝒃𝒃𝒃𝒃 + 𝒄𝒄 − 𝟔𝟔 = 𝟎𝟎)
𝒃𝒃, 𝒄𝒄 ∈ 𝑹𝑹    

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]ℂ𝒁𝒁𝟐𝟐 + 𝟐𝟐𝟐𝟐(𝟑𝟑 − 𝟐𝟐𝟐𝟐) = 𝟑𝟑𝟑𝟑
[𝟐𝟐   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

(√ 𝟑𝟑 − 𝒊𝒊)𝟐𝟐 

    [𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐𝒁𝒁𝟏𝟏 + 𝒁𝒁𝟐𝟐 = 𝟒𝟒  , 𝒁𝒁𝟏𝟏 × 𝒁𝒁𝟐𝟐 = 𝟐𝟐𝟐𝟐  
𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐𝒁𝒁𝟏𝟏, 𝒁𝒁𝟐𝟐

𝟑𝟑 + 𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐 − (𝟒𝟒 − 𝟐𝟐𝟐𝟐)𝒙𝒙 + 𝒂𝒂 = 𝟎𝟎𝒂𝒂 ∈ 𝑪𝑪

𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝒙𝒙𝒙𝒙 + 𝒌𝒌 −   𝟖𝟖  
𝟗𝟗   𝒊𝒊 = 𝟎𝟎𝒌𝒌

(𝟑𝟑
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𝑳𝑳𝑳𝑳𝑳𝑳:     𝟐𝟐(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟓𝟓 − 𝟐𝟐) = 𝟐𝟐(𝝎𝝎 + 𝝎𝝎𝟐𝟐 − 𝟐𝟐) = 𝟐𝟐(−𝟏𝟏 − 𝟐𝟐) = 𝟐𝟐(−𝟑𝟑) = −𝟔𝟔  

𝑹𝑹𝑹𝑹𝑹𝑹:      𝟑𝟑(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟕𝟕 − 𝟏𝟏) = 𝟑𝟑(𝝎𝝎𝟐𝟐 + 𝝎𝝎 − 𝟏𝟏) = 𝟑𝟑(−𝟏𝟏 − 𝟏𝟏) = 𝟑𝟑(−𝟐𝟐) = −𝟔𝟔  

∵ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹         ⟹          ∴   𝟐𝟐(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟓𝟓 − 𝟐𝟐) = 𝟑𝟑(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟕𝟕 − 𝟏𝟏)     

𝑳𝑳𝑳𝑳𝑳𝑳:  ( 𝟏𝟏
 𝟏𝟏 + 𝒊𝒊 − 𝟏𝟏

 𝟏𝟏 − 𝒊𝒊 )
𝟏𝟏𝟏𝟏𝟏𝟏

= (
(𝟏𝟏 − 𝒊𝒊) − (𝟏𝟏 + 𝒊𝒊)
 (𝟏𝟏 + 𝒊𝒊) (𝟏𝟏 − 𝒊𝒊) )

𝟏𝟏𝟏𝟏𝟏𝟏
= (𝟏𝟏 − 𝒊𝒊 − 𝟏𝟏 − 𝒊𝒊

 𝟏𝟏 + 𝟏𝟏 )
𝟏𝟏𝟏𝟏𝟏𝟏

= (   −𝟐𝟐𝟐𝟐     
 𝟐𝟐 )

𝟏𝟏𝟏𝟏𝟏𝟏
= 𝒊𝒊𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟏𝟏  

𝑹𝑹𝑹𝑹𝑹𝑹:   −𝟏𝟏 
𝟖𝟖 (𝟏𝟏 −   𝟏𝟏  

𝝎𝝎𝟐𝟐 +   𝟏𝟏  
𝝎𝝎 )

𝟑𝟑
= −𝟏𝟏 

𝟖𝟖 (𝟏𝟏 −  𝝎𝝎𝟑𝟑

𝝎𝝎𝟐𝟐 +  𝝎𝝎𝟑𝟑

𝝎𝝎 )
𝟑𝟑

= −𝟏𝟏 
𝟖𝟖 (𝟏𝟏 − 𝝎𝝎 + 𝝎𝝎𝟐𝟐)𝟑𝟑

=  −𝟏𝟏 
𝟖𝟖 (−𝝎𝝎 + 𝝎𝝎𝟐𝟐 + 𝟏𝟏)𝟑𝟑 = −𝟏𝟏 

𝟖𝟖 (−𝝎𝝎 − 𝝎𝝎)𝟑𝟑 = −𝟏𝟏 
𝟖𝟖 (−𝟐𝟐𝟐𝟐)𝟑𝟑 = −𝟏𝟏 

𝟖𝟖 (−𝟖𝟖𝝎𝝎𝟑𝟑) = 𝟏𝟏   

∵ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹     ⟹   ∴  ( 𝟏𝟏
 𝟏𝟏 + 𝒊𝒊 − 𝟏𝟏

 𝟏𝟏 − 𝒊𝒊 )
𝟏𝟏𝟏𝟏𝟏𝟏

= −𝟏𝟏 
𝟖𝟖 (𝟏𝟏 −   𝟏𝟏  

𝝎𝝎𝟐𝟐 +   𝟏𝟏  
𝝎𝝎 )

𝟑𝟑
     

(𝟑𝟑𝝎𝝎𝟗𝟗𝟗𝟗 + 𝟓𝟓
𝝎𝝎𝟐𝟐 + 𝟒𝟒

𝝎𝝎)
𝟔𝟔

= (𝟑𝟑𝝎𝝎𝟑𝟑(𝟑𝟑𝟑𝟑) + 𝟓𝟓 × 𝝎𝝎𝟑𝟑

𝝎𝝎𝟐𝟐 + 𝟒𝟒 × 𝝎𝝎𝟑𝟑

𝝎𝝎 )
𝟔𝟔

= (𝟑𝟑(𝟏𝟏) + 𝟓𝟓𝟓𝟓 + 𝟒𝟒𝝎𝝎𝟐𝟐)𝟔𝟔

= (𝟑𝟑 + 𝟓𝟓𝟓𝟓 + 𝟒𝟒(−𝟏𝟏 − 𝝎𝝎))𝟔𝟔 =  (𝟑𝟑 + 𝟓𝟓𝟓𝟓 − 𝟒𝟒 − 𝟒𝟒𝟒𝟒)𝟔𝟔 = (−𝟏𝟏 + 𝝎𝝎)𝟔𝟔

= ((−𝟏𝟏 + 𝝎𝝎)𝟐𝟐)𝟑𝟑 = (𝟏𝟏 − 𝟐𝟐𝟐𝟐 + 𝝎𝝎𝟐𝟐)𝟑𝟑 =  (𝟏𝟏 + 𝝎𝝎𝟐𝟐 − 𝟐𝟐𝟐𝟐)𝟑𝟑 = (−𝟑𝟑𝟑𝟑)𝟑𝟑 = −𝟐𝟐𝟐𝟐 

𝟕𝟕 + 𝒊𝒊𝒊𝒊 + 𝒊𝒊𝝎𝝎𝟐𝟐

𝟏𝟏 − 𝒊𝒊𝒊𝒊 − 𝒊𝒊𝝎𝝎𝟐𝟐 = 𝟕𝟕 + 𝒊𝒊(𝝎𝝎 + 𝝎𝝎𝟐𝟐)
𝟏𝟏 − 𝒊𝒊(𝝎𝝎 + 𝝎𝝎𝟐𝟐) = 𝟕𝟕 − 𝒊𝒊

𝟏𝟏 + 𝒊𝒊 ×  𝟏𝟏 − 𝒊𝒊
𝟏𝟏 − 𝒊𝒊 =

(𝟕𝟕 − 𝒊𝒊)(𝟏𝟏 − 𝒊𝒊)
𝟏𝟏 + 𝟏𝟏

=
(𝟕𝟕 − 𝟏𝟏) + (−𝟕𝟕 − 𝟏𝟏)𝒊𝒊

𝟐𝟐 = 𝟑𝟑 − 𝟒𝟒𝟒𝟒    
  𝒙𝒙 + 𝒚𝒚𝒚𝒚 = √𝟑𝟑 − 𝟒𝟒𝟒𝟒    ( 𝒙𝒙 + 𝒚𝒚𝒚𝒚)𝟐𝟐 = 𝟑𝟑 − 𝟒𝟒𝟒𝟒  

(𝒏𝒏)𝝎𝝎𝟑𝟑𝟑𝟑 = 𝟏𝟏    ;    𝝎𝝎𝟑𝟑𝒏𝒏+𝒓𝒓 = 𝝎𝝎𝒓𝒓      ; 𝒓𝒓 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐

 

(𝝎𝝎)𝟑𝟑

 

(𝝎𝝎𝟐𝟐, 𝝎𝝎, 𝟏𝟏)
(𝒂𝒂𝒂𝒂 + 𝒂𝒂𝒂𝒂𝟐𝟐 = −𝒂𝒂)(𝒂𝒂 + 𝒂𝒂𝝎𝝎𝟐𝟐 = −𝒂𝒂𝒂𝒂)(𝒂𝒂 + 𝒂𝒂𝒂𝒂 = −𝒂𝒂𝝎𝝎𝟐𝟐)(−𝒂𝒂𝒂𝒂 − 𝒂𝒂𝒂𝒂𝟐𝟐 = 𝒂𝒂)∀𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹

−𝟒𝟒𝟒𝟒 − 𝟒𝟒𝟒𝟒𝟐𝟐 = 𝟒𝟒   ,   𝟖𝟖𝟖𝟖 + 𝟖𝟖𝟖𝟖𝟐𝟐 = −𝟖𝟖   ,    − 𝟑𝟑 − 𝟑𝟑𝟑𝟑𝟐𝟐 = 𝟑𝟑𝟑𝟑
 

𝟐𝟐(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟓𝟓 − 𝟐𝟐) = 𝟑𝟑(𝝎𝝎𝟏𝟏𝟏𝟏 + 𝝎𝝎𝟕𝟕 − 𝟏𝟏) 

( 𝟏𝟏
 𝟏𝟏+𝒊𝒊 − 𝟏𝟏

 𝟏𝟏−𝒊𝒊 )
𝟏𝟏𝟏𝟏𝟏𝟏

= −𝟏𝟏 
𝟖𝟖 (𝟏𝟏 −   𝟏𝟏  

𝝎𝝎𝟐𝟐 +   𝟏𝟏  
𝝎𝝎 )

𝟑𝟑

 

(𝟑𝟑𝝎𝝎𝟗𝟗𝟗𝟗 + 𝟓𝟓
𝝎𝝎𝟐𝟐 + 𝟒𝟒

𝝎𝝎)
𝟔𝟔

 

𝟕𝟕+𝒊𝒊𝒊𝒊+𝒊𝒊𝝎𝝎𝟐𝟐

𝟏𝟏−𝒊𝒊𝒊𝒊−𝒊𝒊𝝎𝝎𝟐𝟐
 

 

𝝎𝝎𝟑𝟑

 

(   𝟑𝟑 − 𝟐𝟐𝝎𝝎𝟐𝟐   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −    𝟓𝟓 − 𝟒𝟒𝝎𝝎   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

      ⟹   (   𝟑𝟑 × 𝝎𝝎𝟑𝟑 − 𝟐𝟐𝝎𝝎𝟐𝟐   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −    𝟓𝟓 × 𝝎𝝎𝟑𝟑 − 𝟒𝟒𝝎𝝎   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

  

 (  𝝎𝝎𝟐𝟐 (𝟑𝟑𝝎𝝎 − 𝟐𝟐)   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −   𝝎𝝎 (𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒)   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

 =   (  𝝎𝝎𝟐𝟐 − 𝝎𝝎)𝟒𝟒   =    ((  𝝎𝝎𝟐𝟐 − 𝝎𝝎)𝟐𝟐)
𝟐𝟐

    

(𝝎𝝎 − 𝟐𝟐𝝎𝝎𝟑𝟑 + 𝝎𝝎𝟐𝟐)𝟐𝟐  =  (𝝎𝝎 + 𝝎𝝎𝟐𝟐 − 𝟐𝟐)𝟐𝟐 =  (−𝟏𝟏 − 𝟐𝟐)𝟐𝟐  =  (−𝟑𝟑)𝟐𝟐 = 𝟗𝟗     

𝒃𝒃 ) 𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐  , 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎    

   𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐 + 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎 = 𝝎𝝎(𝟐𝟐 − 𝝎𝝎) + 𝝎𝝎𝟐𝟐(𝟐𝟐 − 𝝎𝝎𝟐𝟐)
(𝟐𝟐 − 𝝎𝝎𝟐𝟐)(𝟐𝟐 − 𝝎𝝎)

                     = 𝟐𝟐𝟐𝟐 − 𝝎𝝎𝟐𝟐 + 𝟐𝟐𝝎𝝎𝟐𝟐 − 𝝎𝝎
𝟒𝟒 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟏𝟏 = 𝟐𝟐(𝝎𝝎 + 𝝎𝝎𝟐𝟐) − (𝝎𝝎𝟐𝟐 + 𝝎𝝎)

𝟓𝟓 − 𝟐𝟐(𝝎𝝎 − 𝝎𝝎𝟐𝟐) = −𝟐𝟐 + 𝟏𝟏
𝟓𝟓 + 𝟐𝟐  =  −𝟏𝟏  

𝟕𝟕  

     𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐 × 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎 = 𝝎𝝎𝟑𝟑

(𝟐𝟐 − 𝝎𝝎𝟐𝟐)(𝟐𝟐 − 𝝎𝝎) = 𝟏𝟏
𝟒𝟒 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟏𝟏

                    = 𝟏𝟏
𝟓𝟓 − 𝟐𝟐(𝝎𝝎 − 𝝎𝝎𝟐𝟐) = 𝟏𝟏

𝟓𝟓 + 𝟐𝟐  =      𝟏𝟏    
𝟕𝟕

 ∴ 𝒙𝒙𝟐𝟐 +   𝟏𝟏  
𝟕𝟕 𝒙𝒙 +   𝟏𝟏  

𝟕𝟕 = 𝟎𝟎         

  𝒂𝒂) [ 𝟏𝟏
𝟐𝟐 + 𝝎𝝎 − 𝟏𝟏

𝟐𝟐 + 𝝎𝝎𝟐𝟐]
𝟐𝟐

= −𝟏𝟏 
𝟑𝟑

    𝑳𝑳𝑳𝑳𝑳𝑳:  ( 𝟏𝟏
𝟐𝟐 + 𝝎𝝎 − 𝟏𝟏

𝟐𝟐 + 𝝎𝝎𝟐𝟐)
𝟐𝟐

= ((𝟐𝟐 + 𝝎𝝎𝟐𝟐) − (𝟐𝟐 + 𝝎𝝎)
 (𝟐𝟐 + 𝝎𝝎) (𝟐𝟐 + 𝝎𝝎𝟐𝟐) )

𝟐𝟐

= ( 𝝎𝝎𝟐𝟐 − 𝝎𝝎
 𝟒𝟒 + 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝟏𝟏 )

𝟐𝟐

           = ( 𝝎𝝎𝟐𝟐 − 𝝎𝝎
 𝟓𝟓 + 𝟐𝟐(𝝎𝝎𝟐𝟐 + 𝝎𝝎) )

𝟐𝟐
= (𝝎𝝎𝟐𝟐 − 𝝎𝝎

 𝟓𝟓 − 𝟐𝟐 )
𝟐𝟐

= 𝝎𝝎𝟒𝟒 − 𝟐𝟐𝝎𝝎𝟑𝟑 + 𝝎𝝎𝟐𝟐

 𝟗𝟗 =  −𝟐𝟐 + 𝝎𝝎 + 𝝎𝝎𝟐𝟐

 𝟗𝟗 

          =  −𝟐𝟐 + (−𝟏𝟏)
 𝟗𝟗 =  −𝟑𝟑

 𝟗𝟗 = −𝟏𝟏
   𝟑𝟑   = 𝑹𝑹𝑹𝑹𝑹𝑹

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟑𝟑
  𝟏𝟏−𝝎𝝎   ,

𝟑𝟑
  𝟏𝟏−𝝎𝝎𝟐𝟐  

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 = 𝟎𝟎]

    [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏 − 𝝎𝝎𝟐𝟐𝒊𝒊) , (𝟏𝟏 − 𝝎𝝎𝝎𝝎)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙𝟐𝟐 − (𝟐𝟐 + 𝒊𝒊)𝒙𝒙 + 𝒊𝒊 = 𝟎𝟎]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
(𝟓𝟓𝝎𝝎𝟐𝟐𝒊𝒊−𝟏𝟏

𝟓𝟓+𝒊𝒊𝒊𝒊 )
𝟔𝟔

= −𝟏𝟏
[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

(𝟑𝟑𝝎𝝎𝟗𝟗𝟗𝟗 + 𝟓𝟓
𝝎𝝎𝟓𝟓 + 𝟒𝟒

𝝎𝝎𝟒𝟒)
𝟔𝟔

𝒏𝒏 ∈ 𝒁𝒁
[𝑨𝑨𝑨𝑨𝑨𝑨:  − 𝟐𝟐𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(𝟑𝟑𝝎𝝎𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟓𝟓

𝝎𝝎𝟏𝟏𝟏𝟏 + 𝟒𝟒
𝝎𝝎𝟏𝟏𝟏𝟏)

𝟔𝟔
𝒏𝒏 ∈ 𝒁𝒁

[𝑨𝑨𝑨𝑨𝑨𝑨:  − 𝟐𝟐𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚(𝒙𝒙 + 𝒚𝒚𝒚𝒚)(𝟏𝟏 − √−𝟑𝟑) = −𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = 𝟏𝟏
𝟐𝟐 , 𝒚𝒚 = √𝟑𝟑

𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(𝟓𝟓 − 𝟓𝟓

𝝎𝝎𝟐𝟐+𝟏𝟏 +    𝟑𝟑   
𝝎𝝎𝟐𝟐 )

𝟔𝟔
= 𝟔𝟔𝟔𝟔

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚(𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (√𝝎𝝎 + 𝝎𝝎𝟏𝟏𝟏𝟏 + √𝝎𝝎 + 𝝎𝝎𝟑𝟑𝟑𝟑 )𝟐𝟐 − 𝟑𝟑+𝒊𝒊
𝟏𝟏+𝒊𝒊  

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = −𝟔𝟔   , 𝒚𝒚 = 𝟏𝟏   ]

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(√  𝟐𝟐  

𝝎𝝎 + 𝟑𝟑√𝟐𝟐𝝎𝝎 + √  𝟐𝟐  )
𝟐𝟐

(  𝟏𝟏  
𝝎𝝎 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] (𝟐𝟐 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐)𝟐𝟐 , (𝟐𝟐𝟐𝟐 + 𝟐𝟐𝝎𝝎𝟐𝟐 − 𝟏𝟏)𝟐𝟐

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹(𝒙𝒙 + 𝒚𝒚𝒚𝒚)(𝟐𝟐 + 𝒊𝒊) = 𝟏𝟏
(𝟏𝟏+𝝎𝝎 )𝟐𝟐 +  𝟏𝟏

(𝟏𝟏+𝝎𝝎𝟐𝟐 )𝟐𝟐 

[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝟐𝟐+𝝎𝝎𝝎𝝎+𝝎𝝎𝟐𝟐𝒊𝒊
𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊
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(   𝟑𝟑 − 𝟐𝟐𝝎𝝎𝟐𝟐   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −    𝟓𝟓 − 𝟒𝟒𝝎𝝎   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

      ⟹   (   𝟑𝟑 × 𝝎𝝎𝟑𝟑 − 𝟐𝟐𝝎𝝎𝟐𝟐   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −    𝟓𝟓 × 𝝎𝝎𝟑𝟑 − 𝟒𝟒𝝎𝝎   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

  

 (  𝝎𝝎𝟐𝟐 (𝟑𝟑𝝎𝝎 − 𝟐𝟐)   
𝟑𝟑𝝎𝝎 − 𝟐𝟐 −   𝝎𝝎 (𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒)   

𝟓𝟓𝝎𝝎𝟐𝟐 − 𝟒𝟒 )
𝟒𝟒

 =   (  𝝎𝝎𝟐𝟐 − 𝝎𝝎)𝟒𝟒   =    ((  𝝎𝝎𝟐𝟐 − 𝝎𝝎)𝟐𝟐)
𝟐𝟐

    

(𝝎𝝎 − 𝟐𝟐𝝎𝝎𝟑𝟑 + 𝝎𝝎𝟐𝟐)𝟐𝟐  =  (𝝎𝝎 + 𝝎𝝎𝟐𝟐 − 𝟐𝟐)𝟐𝟐 =  (−𝟏𝟏 − 𝟐𝟐)𝟐𝟐  =  (−𝟑𝟑)𝟐𝟐 = 𝟗𝟗     

𝒃𝒃 ) 𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐  , 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎    

   𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐 + 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎 = 𝝎𝝎(𝟐𝟐 − 𝝎𝝎) + 𝝎𝝎𝟐𝟐(𝟐𝟐 − 𝝎𝝎𝟐𝟐)
(𝟐𝟐 − 𝝎𝝎𝟐𝟐)(𝟐𝟐 − 𝝎𝝎)

                     = 𝟐𝟐𝟐𝟐 − 𝝎𝝎𝟐𝟐 + 𝟐𝟐𝝎𝝎𝟐𝟐 − 𝝎𝝎
𝟒𝟒 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟏𝟏 = 𝟐𝟐(𝝎𝝎 + 𝝎𝝎𝟐𝟐) − (𝝎𝝎𝟐𝟐 + 𝝎𝝎)

𝟓𝟓 − 𝟐𝟐(𝝎𝝎 − 𝝎𝝎𝟐𝟐) = −𝟐𝟐 + 𝟏𝟏
𝟓𝟓 + 𝟐𝟐  =  −𝟏𝟏  

𝟕𝟕  

     𝝎𝝎
𝟐𝟐 − 𝝎𝝎𝟐𝟐 × 𝝎𝝎𝟐𝟐

𝟐𝟐 − 𝝎𝝎 = 𝝎𝝎𝟑𝟑

(𝟐𝟐 − 𝝎𝝎𝟐𝟐)(𝟐𝟐 − 𝝎𝝎) = 𝟏𝟏
𝟒𝟒 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟏𝟏

                    = 𝟏𝟏
𝟓𝟓 − 𝟐𝟐(𝝎𝝎 − 𝝎𝝎𝟐𝟐) = 𝟏𝟏

𝟓𝟓 + 𝟐𝟐  =      𝟏𝟏    
𝟕𝟕

 ∴ 𝒙𝒙𝟐𝟐 +   𝟏𝟏  
𝟕𝟕 𝒙𝒙 +   𝟏𝟏  

𝟕𝟕 = 𝟎𝟎         

  𝒂𝒂) [ 𝟏𝟏
𝟐𝟐 + 𝝎𝝎 − 𝟏𝟏

𝟐𝟐 + 𝝎𝝎𝟐𝟐]
𝟐𝟐

= −𝟏𝟏 
𝟑𝟑

    𝑳𝑳𝑳𝑳𝑳𝑳:  ( 𝟏𝟏
𝟐𝟐 + 𝝎𝝎 − 𝟏𝟏

𝟐𝟐 + 𝝎𝝎𝟐𝟐)
𝟐𝟐

= ((𝟐𝟐 + 𝝎𝝎𝟐𝟐) − (𝟐𝟐 + 𝝎𝝎)
 (𝟐𝟐 + 𝝎𝝎) (𝟐𝟐 + 𝝎𝝎𝟐𝟐) )

𝟐𝟐

= ( 𝝎𝝎𝟐𝟐 − 𝝎𝝎
 𝟒𝟒 + 𝟐𝟐𝝎𝝎𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝟏𝟏 )

𝟐𝟐

           = ( 𝝎𝝎𝟐𝟐 − 𝝎𝝎
 𝟓𝟓 + 𝟐𝟐(𝝎𝝎𝟐𝟐 + 𝝎𝝎) )

𝟐𝟐
= (𝝎𝝎𝟐𝟐 − 𝝎𝝎

 𝟓𝟓 − 𝟐𝟐 )
𝟐𝟐

= 𝝎𝝎𝟒𝟒 − 𝟐𝟐𝝎𝝎𝟑𝟑 + 𝝎𝝎𝟐𝟐

 𝟗𝟗 =  −𝟐𝟐 + 𝝎𝝎 + 𝝎𝝎𝟐𝟐

 𝟗𝟗 

          =  −𝟐𝟐 + (−𝟏𝟏)
 𝟗𝟗 =  −𝟑𝟑

 𝟗𝟗 = −𝟏𝟏
   𝟑𝟑   = 𝑹𝑹𝑹𝑹𝑹𝑹

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟑𝟑
  𝟏𝟏−𝝎𝝎   ,

𝟑𝟑
  𝟏𝟏−𝝎𝝎𝟐𝟐  

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟑𝟑 = 𝟎𝟎]

    [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏 − 𝝎𝝎𝟐𝟐𝒊𝒊) , (𝟏𝟏 − 𝝎𝝎𝝎𝝎)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙𝟐𝟐 − (𝟐𝟐 + 𝒊𝒊)𝒙𝒙 + 𝒊𝒊 = 𝟎𝟎]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
(𝟓𝟓𝝎𝝎𝟐𝟐𝒊𝒊−𝟏𝟏

𝟓𝟓+𝒊𝒊𝒊𝒊 )
𝟔𝟔

= −𝟏𝟏
[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

(𝟑𝟑𝝎𝝎𝟗𝟗𝟗𝟗 + 𝟓𝟓
𝝎𝝎𝟓𝟓 + 𝟒𝟒

𝝎𝝎𝟒𝟒)
𝟔𝟔

𝒏𝒏 ∈ 𝒁𝒁
[𝑨𝑨𝑨𝑨𝑨𝑨:  − 𝟐𝟐𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(𝟑𝟑𝝎𝝎𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟓𝟓

𝝎𝝎𝟏𝟏𝟏𝟏 + 𝟒𝟒
𝝎𝝎𝟏𝟏𝟏𝟏)

𝟔𝟔
𝒏𝒏 ∈ 𝒁𝒁

[𝑨𝑨𝑨𝑨𝑨𝑨:  − 𝟐𝟐𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚(𝒙𝒙 + 𝒚𝒚𝒚𝒚)(𝟏𝟏 − √−𝟑𝟑) = −𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = 𝟏𝟏
𝟐𝟐 , 𝒚𝒚 = √𝟑𝟑

𝟐𝟐 ]

[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(𝟓𝟓 − 𝟓𝟓

𝝎𝝎𝟐𝟐+𝟏𝟏 +    𝟑𝟑   
𝝎𝝎𝟐𝟐 )

𝟔𝟔
= 𝟔𝟔𝟔𝟔

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚(𝒙𝒙 + 𝒚𝒚𝒚𝒚) = (√𝝎𝝎 + 𝝎𝝎𝟏𝟏𝟏𝟏 + √𝝎𝝎 + 𝝎𝝎𝟑𝟑𝟑𝟑 )𝟐𝟐 − 𝟑𝟑+𝒊𝒊
𝟏𝟏+𝒊𝒊  

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙 = −𝟔𝟔   , 𝒚𝒚 = 𝟏𝟏   ]

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 
(√  𝟐𝟐  

𝝎𝝎 + 𝟑𝟑√𝟐𝟐𝝎𝝎 + √  𝟐𝟐  )
𝟐𝟐

(  𝟏𝟏  
𝝎𝝎 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)

[𝟏𝟏  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] (𝟐𝟐 − 𝟐𝟐𝟐𝟐 − 𝟐𝟐𝝎𝝎𝟐𝟐)𝟐𝟐 , (𝟐𝟐𝟐𝟐 + 𝟐𝟐𝝎𝝎𝟐𝟐 − 𝟏𝟏)𝟐𝟐

[𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝒙𝒙, 𝒚𝒚 ∈ 𝑹𝑹(𝒙𝒙 + 𝒚𝒚𝒚𝒚)(𝟐𝟐 + 𝒊𝒊) = 𝟏𝟏
(𝟏𝟏+𝝎𝝎 )𝟐𝟐 +  𝟏𝟏

(𝟏𝟏+𝝎𝝎𝟐𝟐 )𝟐𝟐 

[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐] 𝟐𝟐+𝝎𝝎𝝎𝝎+𝝎𝝎𝟐𝟐𝒊𝒊
𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊
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𝜽𝜽 (𝜽𝜽 = 𝒂𝒂𝒂𝒂𝒂𝒂(𝒛𝒛))

• (𝜽𝜽)[𝒔𝒔𝒔𝒔𝒔𝒔  , 𝒄𝒄𝒄𝒄𝒄𝒄]

𝒎𝒎𝒎𝒎𝒎𝒎(𝒛𝒛) = ‖𝒛𝒛‖ = 𝒓𝒓 = √𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = √𝟏𝟏 + 𝟑𝟑 = 𝟐𝟐    

𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 = 𝒚𝒚
‖𝒛𝒛‖      ⟹    𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 = −√𝟑𝟑

𝟐𝟐        ;       𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 = 𝒙𝒙
‖𝒛𝒛‖    ⟹      𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 =   𝟏𝟏  

𝟐𝟐   

• ( 𝐬𝐬𝐬𝐬𝐬𝐬 − , 𝐜𝐜𝐜𝐜𝐜𝐜 +)𝜽𝜽
( 𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 = √𝟑𝟑

𝟐𝟐   , 𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 =   𝟏𝟏  
𝟐𝟐 )

𝟔𝟔𝟔𝟔 = 𝝅𝝅
𝟑𝟑 

𝜽𝜽 = (𝟐𝟐𝟐𝟐−𝟏𝟏)𝝅𝝅
𝒏𝒏   

∴ 𝐚𝐚𝐚𝐚𝐚𝐚 (𝒛𝒛) =
(𝟐𝟐(𝟑𝟑) − 𝟏𝟏)𝝅𝝅

𝟑𝟑 =   𝟓𝟓𝟓𝟓  
𝟑𝟑

𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 =   𝒙𝒙  
𝒓𝒓 = 𝒙𝒙

‖𝒛𝒛‖ 𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 =   𝒚𝒚  
𝒓𝒓 = 𝒚𝒚

‖𝒛𝒛‖ 

𝑹𝑹(𝒛𝒛) = 𝒙𝒙 = 𝒓𝒓 𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 … … . (𝟏𝟏)  ;      𝑰𝑰(𝒛𝒛) = 𝒚𝒚 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 … … … … (𝟐𝟐) 

𝑟𝑟 = ‖𝑧𝑧‖ = √𝑥𝑥2 + 𝑦𝑦2  

  

 

 

𝒊𝒊 

𝟏𝟏 

  𝟑𝟑𝝅𝝅  
𝟐𝟐  

  𝝅𝝅  
𝟐𝟐  

𝟎𝟎 𝝅𝝅 

−𝒊𝒊 

                           

 

 

 

 

 

                   

𝜽𝜽 =   𝝅𝝅  
𝒏𝒏  

𝜽𝜽 =
(𝟐𝟐𝟐𝟐 − 𝟏𝟏)𝝅𝝅

𝒏𝒏  𝜽𝜽 =
(𝒏𝒏 + 𝟏𝟏)𝝅𝝅

𝒏𝒏  

𝜽𝜽 =
(𝒏𝒏 − 𝟏𝟏)𝝅𝝅

𝒏𝒏  ( 𝒄𝒄 
𝟏𝟏  ,

𝒔𝒔
  𝟎𝟎 ) 

  𝟑𝟑𝟑𝟑  
𝟐𝟐  

𝝅𝝅 

   𝝅𝝅  
𝟐𝟐  

𝟎𝟎 

(𝒄𝒄 
𝟎𝟎 , 𝒔𝒔

𝟏𝟏 ) 

( 𝒄𝒄 
−𝟏𝟏 , 𝒔𝒔

𝟎𝟎 ) 

(𝒄𝒄 
𝟎𝟎 , 𝒔𝒔

−𝟏𝟏 ) 

𝒄𝒄𝒄𝒄𝒄𝒄 − , 𝒔𝒔𝒔𝒔𝒔𝒔 +                                           𝒄𝒄𝒄𝒄𝒄𝒄 + , 𝒔𝒔𝒔𝒔𝒔𝒔

 

𝒓𝒓𝒛𝒛(𝒎𝒎𝒎𝒎𝒎𝒎 𝒛𝒛)𝒛𝒛𝒛𝒛‖𝒛𝒛‖

 

[𝜽𝜽 =   𝝅𝝅  
𝒏𝒏 ]

[𝜽𝜽 = (𝒏𝒏−𝟏𝟏)𝝅𝝅
𝒏𝒏 ][𝜽𝜽 = (𝒏𝒏+𝟏𝟏)𝝅𝝅

𝒏𝒏 ][𝜽𝜽 = (𝟐𝟐𝟐𝟐−𝟏𝟏)𝝅𝝅
𝒏𝒏 ]

 

𝟎𝟎 ≤ 𝛉𝛉 < 𝟐𝟐𝟐𝟐

𝒛𝒛 = 𝟏𝟏 − √𝟑𝟑 𝒊𝒊  𝒛𝒛
 
 

 

• 𝒂𝒂 ∈ 𝑹𝑹
𝒂𝒂 = 𝒂𝒂 × 𝟏𝟏 = 𝒂𝒂(𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟎𝟎)        −𝒂𝒂 = 𝒂𝒂 × (−𝟏𝟏) = 𝒂𝒂(𝐜𝐜𝐜𝐜𝐜𝐜 𝛑𝛑 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝛑𝛑)
𝒂𝒂𝒂𝒂 = 𝒂𝒂 × 𝒊𝒊 = 𝒂𝒂 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 
𝟐𝟐  )    −𝒂𝒂𝒂𝒂 = 𝒂𝒂 × (−𝒊𝒊) = 𝒂𝒂 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝝅𝝅 
𝟐𝟐  )

• 

 𝟔𝟔𝟔𝟔 = 𝟔𝟔𝟔𝟔 × 𝟏𝟏 = 𝟔𝟔𝟔𝟔(𝒄𝒄𝒄𝒄𝒄𝒄 𝟎𝟎 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎)                  − 𝟖𝟖 = 𝟖𝟖 × (−𝟏𝟏) = 𝟖𝟖(𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅)
  𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟐𝟐𝟐𝟐 × 𝒊𝒊 = 𝟐𝟐𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 

𝟐𝟐  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 
𝟐𝟐  ) 

−𝟏𝟏𝟏𝟏𝒊𝒊 = 𝟏𝟏𝟏𝟏 × (−𝒊𝒊) = 𝟏𝟏𝟏𝟏 (𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 
𝟐𝟐  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑 

𝟐𝟐  ) 

𝒛𝒛 = 𝟏𝟏 + 𝒊𝒊   ⟹  𝒎𝒎𝒎𝒎𝒎𝒎(𝒛𝒛) = √𝟐𝟐  ;   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 =   𝟏𝟏  
 √𝟐𝟐 

  , 𝒄𝒄𝒄𝒄𝒄𝒄   𝟏𝟏  
 √𝟐𝟐 

 ⟹ ∴ 𝒂𝒂𝒂𝒂𝒂𝒂(𝒛𝒛) =    𝝅𝝅   
𝟒𝟒

𝒛𝒛 = √𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 

𝟒𝟒  )              

(𝟏𝟏 + 𝒊𝒊)𝟏𝟏𝟏𝟏 = 𝒛𝒛𝟏𝟏𝟏𝟏 = [√𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄   𝝅𝝅   
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅  

𝟒𝟒  )]
𝟏𝟏𝟏𝟏

    

                  = ((√𝟐𝟐)𝟐𝟐)
𝟓𝟓

   √𝟐𝟐  (𝒄𝒄𝒄𝒄𝒄𝒄    𝝅𝝅  
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅   

𝟒𝟒  )
𝟏𝟏𝟏𝟏

                  = (𝟐𝟐)𝟓𝟓 √𝟐𝟐  (𝒄𝒄𝒄𝒄𝒄𝒄  𝟏𝟏𝟏𝟏𝟏𝟏  
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔  𝟏𝟏𝟏𝟏𝟏𝟏   

𝟒𝟒  )     𝟏𝟏 𝟏𝟏𝟏𝟏  
𝟒𝟒 =   𝟑𝟑𝟑𝟑  

𝟒𝟒   

                  = (𝟑𝟑𝟑𝟑)(√𝟐𝟐) (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 
𝟒𝟒  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 

𝟒𝟒  )           𝟑𝟑𝟑𝟑 
𝟒𝟒    

                  = 𝟑𝟑𝟑𝟑(√ 𝟐𝟐 ) ( −𝟏𝟏
   √𝟐𝟐    

+ 𝟏𝟏
   √𝟐𝟐    

𝒊𝒊) = 𝟑𝟑𝟑𝟑(√ 𝟐𝟐 ) ( 𝟏𝟏
  √𝟐𝟐  

) (−𝟏𝟏 + 𝒊𝒊)
                  = (𝟑𝟑𝟑𝟑)(−𝟏𝟏 + 𝒊𝒊) = −𝟑𝟑𝟑𝟑 + 𝟑𝟑𝟑𝟑𝟑𝟑  

𝒃𝒃 )(√𝟑𝟑 + 𝒊𝒊)−𝟗𝟗

𝒛𝒛 = √𝟑𝟑 + 𝒊𝒊   ⟹   𝒎𝒎𝒎𝒎𝒎𝒎(𝒛𝒛) = 𝟐𝟐  ;   𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 =  𝟏𝟏  
𝟐𝟐   , 𝐜𝐜𝐜𝐜𝐜𝐜  √𝟑𝟑 

𝟐𝟐    ⟹  ∴ 𝒂𝒂𝒂𝒂𝒂𝒂(𝒛𝒛) =   𝝅𝝅  
𝟔𝟔

 𝒛𝒛 = 𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜     𝝅𝝅    
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬    𝝅𝝅    

𝟔𝟔  )              

(√𝟑𝟑 + 𝒊𝒊)−𝟗𝟗 = 𝒛𝒛−𝟗𝟗 = [𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 

𝟔𝟔  )]
−𝟗𝟗

= (𝟐𝟐)−𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 

𝟔𝟔  )
−𝟗𝟗

    

= (𝟐𝟐)−𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟗𝟗𝟗𝟗 
𝟔𝟔  − 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟗𝟗𝟗𝟗 

𝟔𝟔  ) = 𝟏𝟏
𝟐𝟐𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 

𝟐𝟐  − 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 
𝟐𝟐  )

= 𝟏𝟏
𝟓𝟓𝟓𝟓𝟓𝟓 ( 𝟎𝟎 − (−𝟏𝟏) 𝒊𝒊 )  = 𝟏𝟏

𝟓𝟓𝟓𝟓𝟓𝟓 (𝒊𝒊)  = 𝟏𝟏
𝟓𝟓𝟓𝟓𝟓𝟓 𝒊𝒊

𝒂𝒂 )
(𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)𝟓𝟓

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑)𝟑𝟑 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟏𝟏𝟏𝟏𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄 𝟗𝟗𝟗𝟗 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟗𝟗𝟗𝟗) =

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝟏𝟏𝟏𝟏

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝟗𝟗     

                                                 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝒏𝒏𝒏𝒏      ∶ 𝜽𝜽  فأن  ∈ 𝑹𝑹, 𝒏𝒏 ∈ 𝑵𝑵 لكل   

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)−𝟏𝟏 = 𝒄𝒄𝒄𝒄𝒄𝒄(−𝜽𝜽) + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔(−𝜽𝜽) = (𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)   

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)−𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝒏𝒏𝒏𝒏      

(𝟏𝟏 + 𝒊𝒊)𝟏𝟏𝟏𝟏
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• 𝒂𝒂 ∈ 𝑹𝑹
𝒂𝒂 = 𝒂𝒂 × 𝟏𝟏 = 𝒂𝒂(𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟎𝟎)        −𝒂𝒂 = 𝒂𝒂 × (−𝟏𝟏) = 𝒂𝒂(𝐜𝐜𝐜𝐜𝐜𝐜 𝛑𝛑 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝛑𝛑)
𝒂𝒂𝒂𝒂 = 𝒂𝒂 × 𝒊𝒊 = 𝒂𝒂 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 
𝟐𝟐  )    −𝒂𝒂𝒂𝒂 = 𝒂𝒂 × (−𝒊𝒊) = 𝒂𝒂 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝝅𝝅 
𝟐𝟐  )

• 

 𝟔𝟔𝟔𝟔 = 𝟔𝟔𝟔𝟔 × 𝟏𝟏 = 𝟔𝟔𝟔𝟔(𝒄𝒄𝒄𝒄𝒄𝒄 𝟎𝟎 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎)                  − 𝟖𝟖 = 𝟖𝟖 × (−𝟏𝟏) = 𝟖𝟖(𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅)
  𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟐𝟐𝟐𝟐 × 𝒊𝒊 = 𝟐𝟐𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 

𝟐𝟐  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 
𝟐𝟐  ) 

−𝟏𝟏𝟏𝟏𝒊𝒊 = 𝟏𝟏𝟏𝟏 × (−𝒊𝒊) = 𝟏𝟏𝟏𝟏 (𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 
𝟐𝟐  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑 

𝟐𝟐  ) 

𝒛𝒛 = 𝟏𝟏 + 𝒊𝒊   ⟹  𝒎𝒎𝒎𝒎𝒎𝒎(𝒛𝒛) = √𝟐𝟐  ;   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 =   𝟏𝟏  
 √𝟐𝟐 

  , 𝒄𝒄𝒄𝒄𝒄𝒄   𝟏𝟏  
 √𝟐𝟐 

 ⟹ ∴ 𝒂𝒂𝒂𝒂𝒂𝒂(𝒛𝒛) =    𝝅𝝅   
𝟒𝟒

𝒛𝒛 = √𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 

𝟒𝟒  )              

(𝟏𝟏 + 𝒊𝒊)𝟏𝟏𝟏𝟏 = 𝒛𝒛𝟏𝟏𝟏𝟏 = [√𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄   𝝅𝝅   
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅  

𝟒𝟒  )]
𝟏𝟏𝟏𝟏

    

                  = ((√𝟐𝟐)𝟐𝟐)
𝟓𝟓

   √𝟐𝟐  (𝒄𝒄𝒄𝒄𝒄𝒄    𝝅𝝅  
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅   

𝟒𝟒  )
𝟏𝟏𝟏𝟏

                  = (𝟐𝟐)𝟓𝟓 √𝟐𝟐  (𝒄𝒄𝒄𝒄𝒄𝒄  𝟏𝟏𝟏𝟏𝟏𝟏  
𝟒𝟒  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔  𝟏𝟏𝟏𝟏𝟏𝟏   

𝟒𝟒  )     𝟏𝟏 𝟏𝟏𝟏𝟏  
𝟒𝟒 =   𝟑𝟑𝟑𝟑  

𝟒𝟒   

                  = (𝟑𝟑𝟑𝟑)(√𝟐𝟐) (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 
𝟒𝟒  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 

𝟒𝟒  )           𝟑𝟑𝟑𝟑 
𝟒𝟒    

                  = 𝟑𝟑𝟑𝟑(√ 𝟐𝟐 ) ( −𝟏𝟏
   √𝟐𝟐    

+ 𝟏𝟏
   √𝟐𝟐    

𝒊𝒊) = 𝟑𝟑𝟑𝟑(√ 𝟐𝟐 ) ( 𝟏𝟏
  √𝟐𝟐  

) (−𝟏𝟏 + 𝒊𝒊)
                  = (𝟑𝟑𝟑𝟑)(−𝟏𝟏 + 𝒊𝒊) = −𝟑𝟑𝟑𝟑 + 𝟑𝟑𝟑𝟑𝟑𝟑  

𝒃𝒃 )(√𝟑𝟑 + 𝒊𝒊)−𝟗𝟗

𝒛𝒛 = √𝟑𝟑 + 𝒊𝒊   ⟹   𝒎𝒎𝒎𝒎𝒎𝒎(𝒛𝒛) = 𝟐𝟐  ;   𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 =  𝟏𝟏  
𝟐𝟐   , 𝐜𝐜𝐜𝐜𝐜𝐜  √𝟑𝟑 

𝟐𝟐    ⟹  ∴ 𝒂𝒂𝒂𝒂𝒂𝒂(𝒛𝒛) =   𝝅𝝅  
𝟔𝟔

 𝒛𝒛 = 𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜     𝝅𝝅    
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬    𝝅𝝅    

𝟔𝟔  )              

(√𝟑𝟑 + 𝒊𝒊)−𝟗𝟗 = 𝒛𝒛−𝟗𝟗 = [𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 

𝟔𝟔  )]
−𝟗𝟗

= (𝟐𝟐)−𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 

𝟔𝟔  )
−𝟗𝟗

    

= (𝟐𝟐)−𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟗𝟗𝟗𝟗 
𝟔𝟔  − 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟗𝟗𝟗𝟗 

𝟔𝟔  ) = 𝟏𝟏
𝟐𝟐𝟗𝟗 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 

𝟐𝟐  − 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 
𝟐𝟐  )

= 𝟏𝟏
𝟓𝟓𝟓𝟓𝟓𝟓 ( 𝟎𝟎 − (−𝟏𝟏) 𝒊𝒊 )  = 𝟏𝟏

𝟓𝟓𝟓𝟓𝟓𝟓 (𝒊𝒊)  = 𝟏𝟏
𝟓𝟓𝟓𝟓𝟓𝟓 𝒊𝒊

𝒂𝒂 )
(𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)𝟓𝟓

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑)𝟑𝟑 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟏𝟏𝟏𝟏𝟏𝟏
(𝒄𝒄𝒄𝒄𝒄𝒄 𝟗𝟗𝟗𝟗 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟗𝟗𝟗𝟗) =

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝟏𝟏𝟏𝟏

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝟗𝟗     

                                                 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝒏𝒏𝒏𝒏      ∶ 𝜽𝜽  فأن  ∈ 𝑹𝑹, 𝒏𝒏 ∈ 𝑵𝑵 لكل   

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)−𝟏𝟏 = 𝒄𝒄𝒄𝒄𝒄𝒄(−𝜽𝜽) + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔(−𝜽𝜽) = (𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)   

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)−𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝒏𝒏𝒏𝒏      

(𝟏𝟏 + 𝒊𝒊)𝟏𝟏𝟏𝟏
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      ( 𝟏𝟏
𝟏𝟏 − √  𝟑𝟑   𝒊𝒊 

)
𝟒𝟒

=  𝟏𝟏
(𝟏𝟏 − √  𝟑𝟑   𝒊𝒊)𝟒𝟒 

=  (𝟏𝟏 − √  𝟑𝟑   𝒊𝒊)−𝟒𝟒                 

𝒍𝒍𝒍𝒍𝒍𝒍      𝒁𝒁 = √𝟐𝟐𝟐𝟐𝟐𝟐𝟑𝟑 = (𝟐𝟐𝟐𝟐𝟐𝟐)
𝟏𝟏
𝟑𝟑    = (𝟐𝟐𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 
𝟐𝟐  ))

𝟏𝟏
𝟑𝟑

                 = √𝟐𝟐𝟐𝟐𝟑𝟑  (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 
𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 

𝟐𝟐  )
𝟏𝟏
𝟑𝟑

                 = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜
𝝅𝝅 
𝟐𝟐 +𝟐𝟐𝟐𝟐𝟐𝟐

𝟑𝟑  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬
𝝅𝝅 
𝟐𝟐 +𝟐𝟐𝟐𝟐𝟐𝟐

𝟑𝟑  )             ; 𝒌𝒌 = 𝟎𝟎 , 𝟏𝟏 , 𝟐𝟐

                 = 𝟑𝟑 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅+𝟒𝟒𝟒𝟒𝟒𝟒
𝟔𝟔  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅+𝟒𝟒𝟒𝟒𝟒𝟒

𝟔𝟔  )             ; 𝒌𝒌 = 𝟎𝟎 , 𝟏𝟏 , 𝟐𝟐
𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟎𝟎    ⟹        𝒁𝒁𝟏𝟏 = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅+𝟒𝟒(𝟎𝟎)𝝅𝝅

𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅+𝟒𝟒(𝟎𝟎)𝝅𝝅
𝟔𝟔  )

= 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜   𝛑𝛑   
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬   𝛑𝛑  

𝟔𝟔  ) = 𝟑𝟑 (  √𝟑𝟑  
𝟐𝟐 +     𝟏𝟏    

𝟐𝟐 𝒊𝒊 ) =   𝟑𝟑√𝟑𝟑  
𝟐𝟐 +   𝟑𝟑  

𝟐𝟐 𝒊𝒊   
 𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟏𝟏   ⟹     𝒁𝒁𝟐𝟐 = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅+𝟒𝟒(𝟏𝟏)𝝅𝝅

𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅+𝟒𝟒(𝟏𝟏)𝝅𝝅
𝟔𝟔  )

= 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜   𝟓𝟓𝟓𝟓  
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬   𝟓𝟓𝟓𝟓  

𝟔𝟔  ) = 𝟑𝟑 (−   √𝟑𝟑  
𝟐𝟐 +    𝟏𝟏   

𝟐𝟐 𝒊𝒊 ) = −   𝟑𝟑√𝟑𝟑   
𝟐𝟐 +   𝟑𝟑  

𝟐𝟐 𝒊𝒊  
 𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟐𝟐  ⟹    𝒁𝒁𝟑𝟑 = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅+𝟒𝟒(𝟐𝟐)𝝅𝝅

𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅+𝟒𝟒(𝟐𝟐)𝝅𝝅
𝟔𝟔  )

                                       = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟗𝟗𝟗𝟗
𝟔𝟔  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟗𝟗𝟗𝟗

𝟔𝟔  )
                                       = 𝟑𝟑 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑

𝟐𝟐  + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑
𝟐𝟐  ) = 𝟑𝟑 (𝟎𝟎 + (−𝟏𝟏)𝒊𝒊 ) = −𝟑𝟑𝟑𝟑  

 𝒁𝒁 = {𝟑𝟑√𝟑𝟑
𝟐𝟐 + 𝟑𝟑

𝟐𝟐 𝒊𝒊  , − 𝟑𝟑√𝟑𝟑
𝟐𝟐 + 𝟑𝟑

𝟐𝟐 𝒊𝒊 , −𝟑𝟑𝟑𝟑  }       ∴  

[𝒁𝒁 = √𝟑𝟑 + 𝒊𝒊](𝒁𝒁)

𝒛𝒛 = √𝟑𝟑 + 𝒊𝒊   ⟹   ‖𝒛𝒛‖ = √𝟑𝟑 + 𝟏𝟏 = 𝟐𝟐  ;   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 =   𝟏𝟏  
  𝟐𝟐    , 𝒄𝒄𝒄𝒄𝒄𝒄  √ 𝟑𝟑  

   𝟐𝟐    ⟹  ∴ 𝜽𝜽 =   𝝅𝝅  
   𝟔𝟔   

∴ 𝒛𝒛 = 𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄    𝝅𝝅   
𝟔𝟔  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅    

𝟔𝟔  )              

𝒛𝒛𝟐𝟐 = [𝟐𝟐 (𝒄𝒄𝒄𝒄𝒄𝒄     𝝅𝝅    
𝟔𝟔  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔     𝝅𝝅    

𝟔𝟔  )]
𝟐𝟐

= 𝟒𝟒 (𝒄𝒄𝒄𝒄𝒄𝒄     𝟐𝟐𝟐𝟐     
𝟔𝟔  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝟐𝟐𝟐𝟐    

𝟔𝟔  )

= 𝟒𝟒 (𝒄𝒄𝒄𝒄𝒄𝒄     𝝅𝝅    
𝟑𝟑  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔     𝝅𝝅     

𝟑𝟑  )

(𝒛𝒛𝟐𝟐)
𝟏𝟏 
𝟓𝟓 = [𝟒𝟒 (𝒄𝒄𝒄𝒄𝒄𝒄   𝝅𝝅  

𝟑𝟑  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔   𝝅𝝅   
𝟑𝟑  )]

𝟏𝟏
𝟓𝟓 = (𝟒𝟒)

𝟏𝟏
𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄

𝝅𝝅 
𝟑𝟑 +𝟐𝟐𝟐𝟐𝟐𝟐

𝟓𝟓  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔
𝝅𝝅 
𝟑𝟑 +𝟐𝟐𝟐𝟐𝟐𝟐

𝟓𝟓  )
;   𝒌𝒌 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, 𝟒𝟒

∴ 𝒁𝒁
𝟐𝟐
𝟓𝟓 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄

𝝅𝝅 
𝟑𝟑 + 𝟐𝟐𝟐𝟐𝟐𝟐

𝟓𝟓  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔
𝝅𝝅 
𝟑𝟑 + 𝟐𝟐𝟐𝟐𝟐𝟐

𝟓𝟓  ) ;                𝒌𝒌 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, 𝟒𝟒

( 𝟏𝟏
𝟏𝟏−√  𝟑𝟑   𝒊𝒊 )

𝟒𝟒

 

√𝒁𝒁𝒏𝒏 = (𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)
𝟏𝟏
𝒏𝒏 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝟐𝟐𝟐𝟐𝟐𝟐

𝒏𝒏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 + 𝟐𝟐𝟐𝟐𝟐𝟐
𝒏𝒏  ;  ∀𝜽𝜽 ∈ 𝑹𝑹;     𝒏𝒏 ∈ ℚ   

𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺  𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕              𝒌𝒌 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, … , (𝒏𝒏 − 𝟏𝟏) 

(𝟐𝟐𝟐𝟐𝟐𝟐)

 

     (𝒂𝒂 + 𝒃𝒃𝒃𝒃)
𝒎𝒎
𝒏𝒏    ⟹   ((𝒂𝒂 + 𝒃𝒃𝒃𝒃)𝒎𝒎)

  𝟏𝟏  
𝒏𝒏       ;        (𝒂𝒂 + 𝒃𝒃𝒃𝒃)

−𝒎𝒎
𝒏𝒏    ⟹   ((𝒂𝒂 + 𝒃𝒃𝒃𝒃)−𝒎𝒎)

  𝟏𝟏  
𝒏𝒏

(√𝟑𝟑 + 𝒊𝒊)
𝟐𝟐
𝟓𝟓

 

 

∴    𝒁𝒁
𝟐𝟐
𝟓𝟓 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔𝟔𝟔𝟔𝟔

𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔𝟔𝟔𝟔𝟔
𝟏𝟏𝟏𝟏  ) ;                 𝒌𝒌 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, 𝟒𝟒

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟎𝟎  ⟹       𝒁𝒁𝟏𝟏 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟎𝟎)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟎𝟎)𝝅𝝅

𝟏𝟏𝟏𝟏  )

  = √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝝅𝝅    
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅    

𝟏𝟏𝟏𝟏 )

 𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟏𝟏   ⟹    𝒁𝒁𝟐𝟐 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟏𝟏)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟏𝟏)𝝅𝝅

𝟏𝟏𝟏𝟏  )

= √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄  𝟕𝟕𝟕𝟕 
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔  𝟕𝟕 

𝟏𝟏𝟏𝟏)

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟐𝟐    ⟹     𝒁𝒁𝟑𝟑 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟐𝟐)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟐𝟐)𝝅𝝅

𝟏𝟏𝟏𝟏  )

= √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝟏𝟏𝟏𝟏𝟏𝟏    
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝟏𝟏𝟏𝟏𝟏𝟏   

𝟏𝟏𝟏𝟏 )

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟑𝟑    ⟹   𝒁𝒁𝟒𝟒 = √ 𝟒𝟒 𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟑𝟑)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟑𝟑)𝝅𝝅

𝟏𝟏𝟏𝟏  )

 = √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝟏𝟏𝟏𝟏𝟏𝟏   
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝟏𝟏𝟏𝟏𝟏𝟏   

𝟏𝟏𝟏𝟏 ) 

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟒𝟒  ⟹ 𝒁𝒁𝟓𝟓 = √𝟒𝟒𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟒𝟒)𝝅𝝅
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟒𝟒)𝝅𝝅

𝟏𝟏𝟏𝟏 )

= √𝟒𝟒𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄  𝟓𝟓𝟓𝟓 
𝟑𝟑 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 

𝟑𝟑 )

   ∴ (𝐳𝐳𝟐𝟐)
𝟏𝟏
𝟓𝟓 = 𝐙𝐙𝟏𝟏, 𝐙𝐙𝟐𝟐 , 𝐙𝐙𝟑𝟑, 𝐙𝐙𝟒𝟒, 𝐙𝐙𝟓𝟓      

    [ ]
𝟏𝟏) (𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅

𝟑𝟑 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅
𝟔𝟔)

−𝟓𝟓
       𝟐𝟐) (𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓

𝟒𝟒 + 𝒊𝒊 𝒄𝒄𝒄𝒄𝒄𝒄 𝟕𝟕𝟕𝟕
𝟒𝟒 )

−𝟕𝟕
  

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]  (𝟐𝟐√𝟑𝟑 − 𝟐𝟐𝟐𝟐)
  [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟐𝟐√𝟑𝟑 − 𝟐𝟐𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟒𝟒 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟏𝟏𝟏𝟏𝟏𝟏 

𝟔𝟔 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟏𝟏𝟏𝟏𝟏𝟏 
𝟔𝟔 )]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓)𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑)𝟑𝟑 

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒁𝒁 = −𝟐𝟐 − 𝟐𝟐𝟐𝟐𝒁𝒁[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟐𝟐√𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟓𝟓𝟓𝟓 
𝟒𝟒 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓 

𝟒𝟒 )]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
( √𝟑𝟑 + 𝒊𝒊)−𝟗𝟗[𝑨𝑨𝑨𝑨𝑨𝑨: (𝟐𝟐)−𝟗𝟗𝒊𝒊 =  𝟏𝟏

𝟓𝟓𝟓𝟓𝟓𝟓 𝒊𝒊]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
√( √𝟑𝟑 + 𝒊𝒊)𝟐𝟐𝟓𝟓

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏)
[𝟏𝟏   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟐𝟐)

(  𝟓𝟓𝟓𝟓  
𝟑𝟑 )

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟏𝟏−𝟑𝟑𝒊𝒊𝟐𝟐

  𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊   
[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟖𝟖𝟖𝟖)
[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]     𝟏𝟏+𝝎𝝎𝝎𝝎+𝝎𝝎𝟐𝟐𝒊𝒊     

  𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊  
[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

( √𝟑𝟑 + 𝒊𝒊)
−𝟑𝟑  

𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: ± (− 𝟏𝟏 
𝟒𝟒 + 𝟏𝟏 

𝟒𝟒 𝒊𝒊)   ]
[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](−𝟏𝟏 + √ 𝟑𝟑  𝒊𝒊  )

[𝟏𝟏 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒙𝒙 ∈ ℂ[𝒙𝒙𝟒𝟒 + 𝟏𝟏𝟏𝟏 = 𝟎𝟎]
[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟏𝟏

 (𝟏𝟏+√ 𝟑𝟑  𝒊𝒊)𝟒𝟒
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∴    𝒁𝒁
𝟐𝟐
𝟓𝟓 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔𝟔𝟔𝟔𝟔

𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔𝟔𝟔𝟔𝟔
𝟏𝟏𝟏𝟏  ) ;                 𝒌𝒌 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐, 𝟑𝟑, 𝟒𝟒

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟎𝟎  ⟹       𝒁𝒁𝟏𝟏 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟎𝟎)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟎𝟎)𝝅𝝅

𝟏𝟏𝟏𝟏  )

  = √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝝅𝝅    
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝝅𝝅    

𝟏𝟏𝟏𝟏 )

 𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟏𝟏   ⟹    𝒁𝒁𝟐𝟐 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟏𝟏)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟏𝟏)𝝅𝝅

𝟏𝟏𝟏𝟏  )

= √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄  𝟕𝟕𝟕𝟕 
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔  𝟕𝟕 

𝟏𝟏𝟏𝟏)

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟐𝟐    ⟹     𝒁𝒁𝟑𝟑 = √ 𝟒𝟒  𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟐𝟐)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟐𝟐)𝝅𝝅

𝟏𝟏𝟏𝟏  )

= √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝟏𝟏𝟏𝟏𝟏𝟏    
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝟏𝟏𝟏𝟏𝟏𝟏   

𝟏𝟏𝟏𝟏 )

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟑𝟑    ⟹   𝒁𝒁𝟒𝟒 = √ 𝟒𝟒 𝟓𝟓  (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟑𝟑)𝝅𝝅
𝟏𝟏𝟏𝟏  + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟑𝟑)𝝅𝝅

𝟏𝟏𝟏𝟏  )

 = √ 𝟒𝟒  𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄    𝟏𝟏𝟏𝟏𝟏𝟏   
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔    𝟏𝟏𝟏𝟏𝟏𝟏   

𝟏𝟏𝟏𝟏 ) 

𝒊𝒊𝒊𝒊  𝒌𝒌 = 𝟒𝟒  ⟹ 𝒁𝒁𝟓𝟓 = √𝟒𝟒𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄 𝝅𝝅 + 𝟔𝟔(𝟒𝟒)𝝅𝝅
𝟏𝟏𝟏𝟏 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 + 𝟔𝟔(𝟒𝟒)𝝅𝝅

𝟏𝟏𝟏𝟏 )

= √𝟒𝟒𝟓𝟓 (𝒄𝒄𝒄𝒄𝒄𝒄  𝟓𝟓𝟓𝟓 
𝟑𝟑 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 

𝟑𝟑 )

   ∴ (𝐳𝐳𝟐𝟐)
𝟏𝟏
𝟓𝟓 = 𝐙𝐙𝟏𝟏, 𝐙𝐙𝟐𝟐 , 𝐙𝐙𝟑𝟑, 𝐙𝐙𝟒𝟒, 𝐙𝐙𝟓𝟓      

    [ ]
𝟏𝟏) (𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅

𝟑𝟑 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅
𝟔𝟔)

−𝟓𝟓
       𝟐𝟐) (𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓

𝟒𝟒 + 𝒊𝒊 𝒄𝒄𝒄𝒄𝒄𝒄 𝟕𝟕𝟕𝟕
𝟒𝟒 )

−𝟕𝟕
  

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]  (𝟐𝟐√𝟑𝟑 − 𝟐𝟐𝟐𝟐)
  [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟐𝟐√𝟑𝟑 − 𝟐𝟐𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟒𝟒 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟏𝟏𝟏𝟏𝟏𝟏 

𝟔𝟔 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟏𝟏𝟏𝟏𝟏𝟏 
𝟔𝟔 )]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓)𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑)𝟑𝟑 

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒁𝒁 = −𝟐𝟐 − 𝟐𝟐𝟐𝟐𝒁𝒁[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟐𝟐√𝟐𝟐 (𝐜𝐜𝐜𝐜𝐜𝐜 𝟓𝟓𝟓𝟓 
𝟒𝟒 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓 

𝟒𝟒 )]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
( √𝟑𝟑 + 𝒊𝒊)−𝟗𝟗[𝑨𝑨𝑨𝑨𝑨𝑨: (𝟐𝟐)−𝟗𝟗𝒊𝒊 =  𝟏𝟏

𝟓𝟓𝟓𝟓𝟓𝟓 𝒊𝒊]

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]
√( √𝟑𝟑 + 𝒊𝒊)𝟐𝟐𝟓𝟓

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏)
[𝟏𝟏   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟐𝟐)

(  𝟓𝟓𝟓𝟓  
𝟑𝟑 )

[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟏𝟏−𝟑𝟑𝒊𝒊𝟐𝟐

  𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊   
[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝟖𝟖𝟖𝟖)
[𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]     𝟏𝟏+𝝎𝝎𝝎𝝎+𝝎𝝎𝟐𝟐𝒊𝒊     

  𝟏𝟏−𝝎𝝎𝝎𝝎−𝝎𝝎𝟐𝟐𝒊𝒊  
[ 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]

( √𝟑𝟑 + 𝒊𝒊)
−𝟑𝟑  

𝟐𝟐[𝑨𝑨𝑨𝑨𝑨𝑨: ± (− 𝟏𝟏 
𝟒𝟒 + 𝟏𝟏 

𝟒𝟒 𝒊𝒊)   ]
[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](−𝟏𝟏 + √ 𝟑𝟑  𝒊𝒊  )

[𝟏𝟏 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝒙𝒙 ∈ ℂ[𝒙𝒙𝟒𝟒 + 𝟏𝟏𝟏𝟏 = 𝟎𝟎]
[𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐]𝟏𝟏

 (𝟏𝟏+√ 𝟑𝟑  𝒊𝒊)𝟒𝟒
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[𝟐𝟐 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐][𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑
𝟖𝟖 + 𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑

𝟖𝟖    ]
−𝟒𝟒

(𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)𝟒𝟒 [(𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓)𝟐𝟐

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑)𝟐𝟐]
    [𝟑𝟑 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐][   𝒙𝒙𝟑𝟑

    𝟑𝟑    − 𝟗𝟗𝟗𝟗 = 𝟎𝟎]
[𝟑𝟑 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐](𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)𝟑𝟑

(𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓+𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓) ∗ (𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽)  = 𝟏𝟏 

𝑸𝑸 𝟐𝟐 ∶ − 𝑰𝑰𝑰𝑰  𝒁𝒁 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝒊𝒊 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 , 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 ∶                                (𝟏𝟏) 𝒁𝒁 +   𝟏𝟏  
𝒁𝒁 = 𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽    

(𝟐𝟐) 𝒁𝒁 −   𝟏𝟏  
𝒁𝒁 = 𝟐𝟐𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽     (𝟑𝟑) 𝒁𝒁𝒏𝒏 +   𝟏𝟏  

𝒁𝒁𝒏𝒏 = 𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏        (𝟒𝟒) 𝒁𝒁𝒏𝒏 −   𝟏𝟏  
𝒁𝒁𝒏𝒏 = 𝟐𝟐𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒏𝒏𝒏𝒏 

(𝟓𝟓) 𝒁𝒁(𝟏𝟏 + 𝒁̅𝒁) = 𝟏𝟏 + 𝒁𝒁        (𝟔𝟔)   𝟏𝟏 − 𝒁𝒁𝟐𝟐  
𝒁𝒁𝟐𝟐 + 𝟏𝟏 = −𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝜽𝜽       (𝟕𝟕)   𝒁𝒁𝒏𝒏   

𝟏𝟏 + 𝒁𝒁𝟐𝟐𝟐𝟐 =   𝟏𝟏  
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝒏𝒏𝒏𝒏   

 

 

 

 

 

𝑭𝑭 ∈ 𝒀𝒀+𝑭𝑭 ∈ 𝑿𝑿+

• 

𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒
• 

𝑭𝑭(𝟎𝟎, 𝒑𝒑)
• 

𝒚𝒚 = −𝒑𝒑

• 

𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒
• 

𝑭𝑭(𝒑𝒑, 𝟎𝟎)
• 

𝒙𝒙 = −𝒑𝒑
𝑭𝑭 ∈ 𝒀𝒀−𝑭𝑭 ∈ 𝑿𝑿−

• 

𝒙𝒙𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒
• 

𝑭𝑭(𝟎𝟎, −𝒑𝒑)
• 

𝒚𝒚 = 𝒑𝒑

• 

𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒
• 

𝑭𝑭(−𝒑𝒑, 𝟎𝟎)
• 

𝒙𝒙 = 𝒑𝒑
• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

 

 

(𝒙𝒙𝟐𝟐)𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎𝟑𝟑
𝒙𝒙𝟐𝟐 = 𝟖𝟖𝟖𝟖𝟖𝟖
𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒         ⟹ 𝟒𝟒𝟒𝟒 = 𝟖𝟖 ⟹ 𝒑𝒑 =   𝟖𝟖  

𝟒𝟒 ⟹ ∴  𝒑𝒑 = 𝟐𝟐                 𝑭𝑭 ∈ 𝒚𝒚+      
∴ 𝑭𝑭(𝟎𝟎 , 𝟐𝟐)             ;       𝒚𝒚 = −𝟐𝟐    

∵ 𝑭𝑭(𝑷𝑷 , 𝟎𝟎)  ⟹   𝑭𝑭(𝟑𝟑 , 𝟎𝟎)  ⟹   𝑷𝑷 = 𝟑𝟑          𝑭𝑭 ∈ 𝒙𝒙+    
𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏   

  𝟐𝟐𝟐𝟐 − 𝟔𝟔 = 𝟎𝟎  ⟹ 𝟐𝟐𝟐𝟐 = 𝟔𝟔  ⟹ 𝒙𝒙 = 𝟑𝟑   ⟹   𝑷𝑷 = 𝟑𝟑  
𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒 

∴ 𝒚𝒚𝟐𝟐 = −𝟏𝟏𝟏𝟏𝟏𝟏 

𝑭𝑭(√𝟑𝟑, 𝟎𝟎)𝑴𝑴(𝒙𝒙, 𝒚𝒚)𝑸𝑸(−√𝟑𝟑, 𝒚𝒚)𝑴𝑴
𝑫𝑫  ⃡  𝑴𝑴𝑴𝑴 = 𝑴𝑴𝑴𝑴

∵  𝑴𝑴𝑴𝑴 = 𝑴𝑴𝑴𝑴  ⟹  ∴ √(𝒙𝒙 − √𝟑𝟑)𝟐𝟐 + (𝒚𝒚 − 𝟎𝟎)𝟐𝟐 = √(𝒙𝒙 + √𝟑𝟑)𝟐𝟐 + (𝒚𝒚 − 𝒚𝒚)𝟐𝟐  

  ⟹ √𝒙𝒙𝟐𝟐 − 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝒚𝒚𝟐𝟐 = √𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝟎𝟎   
  ⟹ 𝒙𝒙𝟐𝟐 − 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝒚𝒚𝟐𝟐 =  𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑
  ⟹ 𝒚𝒚𝟐𝟐 =  𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 − 𝟑𝟑

𝒚𝒚𝟐𝟐 =  𝟒𝟒𝟒𝟒𝟒𝟒(𝟐𝟐, 𝟒𝟒)
(𝟒𝟒)𝟐𝟐 =  𝟒𝟒𝟒𝟒(𝟐𝟐)         ⟹         𝟏𝟏𝟏𝟏 = 𝟖𝟖 𝒑𝒑         ⟹      𝒑𝒑 = 𝟐𝟐     
𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒                ⟹          𝒚𝒚𝟐𝟐 = 𝟒𝟒(𝟐𝟐)𝒙𝒙   ⟹       𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖  

 𝒚𝒚 = −𝟓𝟓  
𝒑𝒑 = 𝟓𝟓 ⟹ 𝑭𝑭(𝟎𝟎, 𝟓𝟓)

∴ 𝒙𝒙𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐
∴ 𝒙𝒙𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐   

𝒙𝒙 = 𝟑𝟑  
𝒑𝒑 = 𝟑𝟑 ⟹ 𝑭𝑭(−𝟑𝟑, 𝟎𝟎)

∵ 𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒
∴ 𝒚𝒚𝟐𝟐 = −𝟏𝟏𝟏𝟏𝟏𝟏     

𝒚𝒚𝟐𝟐 =  𝟒𝟒𝟒𝟒𝟒𝟒 (𝟏𝟏, 𝟑𝟑)

⟹ ∴ 𝒚𝒚𝟐𝟐 =  𝟒𝟒√𝟑𝟑𝒙𝒙 

𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎
 

(𝐀𝐀)(𝟑𝟑 , 𝟎𝟎)(𝐁𝐁)(𝟐𝟐𝟐𝟐 − 𝟔𝟔 = 𝟎𝟎)

 

(√𝟑𝟑, 𝟎𝟎)
 

 

(𝟐𝟐, 𝟒𝟒), (𝟐𝟐, −𝟒𝟒)  
 

(𝟑𝟑, −𝟓𝟓)
 

 

(𝟏𝟏, −𝟑𝟑), (𝟏𝟏, 𝟑𝟑)
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(𝒙𝒙𝟐𝟐)𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎𝟑𝟑
𝒙𝒙𝟐𝟐 = 𝟖𝟖𝟖𝟖𝟖𝟖
𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒         ⟹ 𝟒𝟒𝟒𝟒 = 𝟖𝟖 ⟹ 𝒑𝒑 =   𝟖𝟖  

𝟒𝟒 ⟹ ∴  𝒑𝒑 = 𝟐𝟐                 𝑭𝑭 ∈ 𝒚𝒚+      
∴ 𝑭𝑭(𝟎𝟎 , 𝟐𝟐)             ;       𝒚𝒚 = −𝟐𝟐    

∵ 𝑭𝑭(𝑷𝑷 , 𝟎𝟎)  ⟹   𝑭𝑭(𝟑𝟑 , 𝟎𝟎)  ⟹   𝑷𝑷 = 𝟑𝟑          𝑭𝑭 ∈ 𝒙𝒙+    
𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏   

  𝟐𝟐𝟐𝟐 − 𝟔𝟔 = 𝟎𝟎  ⟹ 𝟐𝟐𝟐𝟐 = 𝟔𝟔  ⟹ 𝒙𝒙 = 𝟑𝟑   ⟹   𝑷𝑷 = 𝟑𝟑  
𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒 

∴ 𝒚𝒚𝟐𝟐 = −𝟏𝟏𝟏𝟏𝟏𝟏 

𝑭𝑭(√𝟑𝟑, 𝟎𝟎)𝑴𝑴(𝒙𝒙, 𝒚𝒚)𝑸𝑸(−√𝟑𝟑, 𝒚𝒚)𝑴𝑴
𝑫𝑫  ⃡  𝑴𝑴𝑴𝑴 = 𝑴𝑴𝑴𝑴

∵  𝑴𝑴𝑴𝑴 = 𝑴𝑴𝑴𝑴  ⟹  ∴ √(𝒙𝒙 − √𝟑𝟑)𝟐𝟐 + (𝒚𝒚 − 𝟎𝟎)𝟐𝟐 = √(𝒙𝒙 + √𝟑𝟑)𝟐𝟐 + (𝒚𝒚 − 𝒚𝒚)𝟐𝟐  

  ⟹ √𝒙𝒙𝟐𝟐 − 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝒚𝒚𝟐𝟐 = √𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝟎𝟎   
  ⟹ 𝒙𝒙𝟐𝟐 − 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 + 𝒚𝒚𝟐𝟐 =  𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑
  ⟹ 𝒚𝒚𝟐𝟐 =  𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟐𝟐 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟐𝟐√𝟑𝟑𝒙𝒙 + 𝟑𝟑 − 𝟑𝟑

𝒚𝒚𝟐𝟐 =  𝟒𝟒𝟒𝟒𝟒𝟒(𝟐𝟐, 𝟒𝟒)
(𝟒𝟒)𝟐𝟐 =  𝟒𝟒𝟒𝟒(𝟐𝟐)         ⟹         𝟏𝟏𝟏𝟏 = 𝟖𝟖 𝒑𝒑         ⟹      𝒑𝒑 = 𝟐𝟐     
𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒                ⟹          𝒚𝒚𝟐𝟐 = 𝟒𝟒(𝟐𝟐)𝒙𝒙   ⟹       𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖  

 𝒚𝒚 = −𝟓𝟓  
𝒑𝒑 = 𝟓𝟓 ⟹ 𝑭𝑭(𝟎𝟎, 𝟓𝟓)

∴ 𝒙𝒙𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐
∴ 𝒙𝒙𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐   

𝒙𝒙 = 𝟑𝟑  
𝒑𝒑 = 𝟑𝟑 ⟹ 𝑭𝑭(−𝟑𝟑, 𝟎𝟎)

∵ 𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒
∴ 𝒚𝒚𝟐𝟐 = −𝟏𝟏𝟏𝟏𝟏𝟏     

𝒚𝒚𝟐𝟐 =  𝟒𝟒𝟒𝟒𝟒𝟒 (𝟏𝟏, 𝟑𝟑)

⟹ ∴ 𝒚𝒚𝟐𝟐 =  𝟒𝟒√𝟑𝟑𝒙𝒙 

𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎
 

(𝐀𝐀)(𝟑𝟑 , 𝟎𝟎)(𝐁𝐁)(𝟐𝟐𝟐𝟐 − 𝟔𝟔 = 𝟎𝟎)

 

(√𝟑𝟑, 𝟎𝟎)
 

 

(𝟐𝟐, 𝟒𝟒), (𝟐𝟐, −𝟒𝟒)  
 

(𝟑𝟑, −𝟓𝟓)
 

 

(𝟏𝟏, −𝟑𝟑), (𝟏𝟏, 𝟑𝟑)
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(𝟑𝟑)𝟐𝟐 =  𝟒𝟒𝟒𝟒(𝟏𝟏)        ⟹        𝟗𝟗 = 𝟒𝟒 𝒑𝒑     ⟹    𝒑𝒑 =   𝟗𝟗  
𝟒𝟒      

𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒  ⟹  𝒚𝒚𝟐𝟐 = 𝟒𝟒 (  𝟗𝟗  
𝟒𝟒 ) 𝒙𝒙   ⟹  𝒚𝒚𝟐𝟐 = 𝟗𝟗𝟗𝟗                   

(−𝟐𝟐 , 𝟓𝟓)
 𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒  ⟹ (𝟓𝟓)𝟐𝟐 = −𝟒𝟒𝟒𝟒(−𝟐𝟐)
𝟐𝟐𝟐𝟐 = 𝟖𝟖𝟖𝟖       ⟹ 𝒑𝒑 =   𝟐𝟐𝟐𝟐  

𝟖𝟖

∵ 𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒 ⟹ ∴ 𝒚𝒚𝟐𝟐 = −𝟐𝟐𝟐𝟐  
𝟐𝟐 𝒙𝒙

(−𝟐𝟐 , 𝟓𝟓)
𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒  ⟹  (−𝟐𝟐)𝟐𝟐 = 𝟒𝟒𝟒𝟒(𝟓𝟓)     
𝟒𝟒 = 𝟐𝟐𝟐𝟐𝟐𝟐    ⟹ 𝒑𝒑 =   𝟏𝟏  

𝟓𝟓                                                

∵ 𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒 ⟹ ∴ 𝒙𝒙𝟐𝟐 =   𝟒𝟒  
𝟓𝟓 𝒚𝒚                             

(𝒚𝒚 − 𝒌𝒌)𝟐𝟐 = 𝟒𝟒𝒑𝒑(𝒙𝒙 − 𝒉𝒉)
𝒉𝒉 = 𝟐𝟐  , 𝒌𝒌 = −𝟏𝟏     ⟹   ∴  (𝒉𝒉 , 𝒌𝒌) =  (𝟐𝟐, −𝟏𝟏)  
𝒑𝒑 = 𝟏𝟏 ⟹  ∵  𝑭𝑭(𝒉𝒉 + 𝒑𝒑 , 𝒌𝒌)                ∴  𝑭𝑭(𝟐𝟐 + 𝟏𝟏, −𝟏𝟏) ⟹ 𝑭𝑭(𝟑𝟑, −𝟏𝟏)     
∵ 𝒚𝒚 = 𝒌𝒌    ⟹ ∴ 𝒚𝒚 = −𝟏𝟏                      
∵ 𝒙𝒙 = 𝒉𝒉 − 𝒑𝒑        ⟹      ∴ 𝒙𝒙 = 𝟐𝟐 − 𝟏𝟏            𝒙𝒙 = 𝟏𝟏    

𝒙𝒙𝟒𝟒
𝒚𝒚 + 𝟒𝟒 = 𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒 
𝒚𝒚 + 𝟒𝟒 = 𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒                𝒚𝒚 + 𝟒𝟒 = (𝒙𝒙 + 𝟐𝟐)𝟐𝟐

(𝒙𝒙 + 𝟐𝟐)𝟐𝟐 = (𝒚𝒚 + 𝟒𝟒)                                                                                                                    

(𝒙𝒙 − 𝒉𝒉)𝟐𝟐 = 𝟒𝟒𝟒𝟒 (𝒚𝒚 − 𝒌𝒌)               𝟒𝟒𝟒𝟒 = 𝟏𝟏 ⟹  𝒑𝒑 =    𝟏𝟏   
𝟒𝟒       

 𝒉𝒉 = −𝟐𝟐 ,   𝒌𝒌 = −𝟒𝟒                     ∴  (𝒉𝒉 , 𝒌𝒌) =  (−𝟐𝟐, −𝟒𝟒)   

 ∵  𝑭𝑭(𝒉𝒉 , 𝒌𝒌 + 𝒑𝒑)                        ⟹ ∴  𝑭𝑭 (−𝟐𝟐, −𝟒𝟒 +    𝟏𝟏   
𝟒𝟒 )      ⟹     𝑭𝑭 (𝟑𝟑, −𝟑𝟑    𝟑𝟑    

𝟒𝟒 )                                                         
∵ 𝒙𝒙 = 𝒉𝒉               ⟹ ∴ 𝒙𝒙 = −𝟐𝟐

∵ 𝒚𝒚 = 𝒌𝒌 − 𝒑𝒑       ⟹     ∴ 𝒚𝒚 = −𝟒𝟒 −   𝟏𝟏  
𝟒𝟒  ⟹   𝒚𝒚 = −𝟒𝟒   𝟏𝟏  

𝟒𝟒   

𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 = −𝟖𝟖𝟖𝟖 + 𝟕𝟕  
𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏 = −𝟖𝟖𝟖𝟖 + 𝟕𝟕 + 𝟏𝟏                  (𝒙𝒙 − 𝟏𝟏)𝟐𝟐 = −𝟖𝟖𝟖𝟖 + 𝟖𝟖

(𝒙𝒙 − 𝟏𝟏)𝟐𝟐 = −𝟖𝟖(𝒚𝒚 − 𝟏𝟏)     (𝒙𝒙 − 𝒉𝒉)𝟐𝟐 = −𝟒𝟒𝟒𝟒(𝒚𝒚 − 𝒌𝒌)

 

(−𝟐𝟐 , 𝟓𝟓)

 

 

𝑶𝑶(𝒉𝒉, 𝒌𝒌)

(𝒚𝒚 + 𝟏𝟏)𝟐𝟐 = 𝟒𝟒(𝒙𝒙 − 𝟐𝟐)
 

𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒

𝒙𝒙𝟐𝟐 + 𝟖𝟖𝟖𝟖 − 𝟐𝟐𝟐𝟐 = 𝟕𝟕 

 

 

 

  𝒉𝒉 = 𝟏𝟏   ,     𝒌𝒌 = 𝟏𝟏       ⟹      ∴  (𝒉𝒉 , 𝒌𝒌) =  (𝟏𝟏, 𝟏𝟏)   
𝟒𝟒𝟒𝟒 = 𝟖𝟖 ⟹  𝒑𝒑 = 𝟐𝟐  ∵  𝑭𝑭(𝒉𝒉 , 𝒌𝒌 − 𝒑𝒑)
∴  𝑭𝑭(𝟏𝟏  , 𝟏𝟏 − 𝟐𝟐) = 𝑭𝑭(𝟏𝟏, −𝟏𝟏)
∵ 𝒙𝒙 = 𝒉𝒉    ⟹ ∴ 𝒙𝒙 = 𝟏𝟏   
∵ 𝒚𝒚 = 𝒌𝒌 + 𝒑𝒑                                            
∴ 𝒚𝒚 = 𝟏𝟏 + 𝟐𝟐              𝒚𝒚 = 𝟑𝟑            

𝑭𝑭𝟏𝟏(𝒄𝒄, 𝟎𝟎), 𝑭𝑭𝟐𝟐(−𝒄𝒄, 𝟎𝟎)𝑭𝑭𝟏𝟏(𝟎𝟎, 𝒄𝒄), 𝑭𝑭𝟐𝟐(𝟎𝟎, −𝒄𝒄)

𝒗𝒗𝟏𝟏(𝒂𝒂, 𝟎𝟎), 𝒗𝒗𝟐𝟐(−𝒂𝒂, 𝟎𝟎)𝒗𝒗𝟏𝟏(𝟎𝟎, 𝒂𝒂), 𝒗𝒗𝟐𝟐(𝟎𝟎, −𝒂𝒂)

(𝟎𝟎, 𝒃𝒃), (𝟎𝟎, −𝒃𝒃)(𝒃𝒃, 𝟎𝟎), (−𝒃𝒃, 𝟎𝟎)

𝒙𝒙𝟐𝟐

𝒂𝒂𝟐𝟐 + 𝒚𝒚𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏              𝒙𝒙𝟐𝟐

𝒃𝒃𝟐𝟐 + 𝒚𝒚𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏       

𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐      ;      𝒄𝒄, 𝒂𝒂, 𝒃𝒃 > 𝟎𝟎     𝑎𝑎𝑎𝑎𝑎𝑎   𝒂𝒂 > 𝒃𝒃

𝟐𝟐𝟐𝟐 = 𝟔𝟔 ⟹ 𝒄𝒄 = 𝟑𝟑  ⟹   𝒄𝒄𝟐𝟐 = 𝟗𝟗   
𝟐𝟐𝟐𝟐 − 𝟐𝟐𝟐𝟐 = 𝟐𝟐    ÷ 𝟐𝟐 ⟹ 𝒂𝒂 − 𝒃𝒃 = 𝟏𝟏 
𝒂𝒂 = 𝟏𝟏 + 𝒃𝒃 … … … (𝟏𝟏)    ⟹  ∵  𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     ⟹     𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗 … … (𝟐𝟐)
(𝟏𝟏 + 𝒃𝒃)𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗      ⟹    𝟏𝟏 + 𝟐𝟐𝟐𝟐 + 𝒃𝒃𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗 
𝟐𝟐𝟐𝟐 + 𝟏𝟏 = 𝟗𝟗  ⟹  𝟐𝟐𝟐𝟐 = 𝟗𝟗 − 𝟏𝟏     ⟹         𝒃𝒃 = 𝟒𝟒 ⟹ 𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏
𝒂𝒂 = 𝟏𝟏 + 𝒃𝒃 ⟹     𝒂𝒂 = 𝟏𝟏 + 𝟒𝟒 = 𝟓𝟓    ⟹ ∴  𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐

∴    𝒙𝒙𝟐𝟐 
𝟐𝟐𝟐𝟐 +   𝒚𝒚𝟐𝟐 

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏 𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒
𝟒𝟒𝟒𝟒 = 𝟏𝟏𝟏𝟏 ⟹ 𝒑𝒑 = 𝟑𝟑 ⟹ 𝑭𝑭(𝟑𝟑 , 𝟎𝟎)
𝑪𝑪− = 𝐩𝐩 = 𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟗𝟗    𝒂𝒂𝒂𝒂𝒂𝒂   𝑭𝑭 ∈ 𝒙𝒙    
𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹ 𝒃𝒃 = 𝟓𝟓  ⟹ 𝒃𝒃𝟐𝟐 = 𝟐𝟐𝟐𝟐 
∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐      ⟹     ∴ 𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐 + 𝟗𝟗  ⟹ 𝒂𝒂𝟐𝟐 = 𝟑𝟑𝟑𝟑

∴    𝒙𝒙𝟐𝟐 
𝟑𝟑𝟑𝟑  +   𝒚𝒚𝟐𝟐 

𝟐𝟐𝟐𝟐  = 𝟏𝟏     

 القطع الناقص -ثانياً:

 
  𝒄𝒄  
𝒂𝒂  𝒆𝒆 =   𝒄𝒄  

𝒂𝒂  

(𝟔𝟔)
(𝟐𝟐)

 

∝𝟐𝟐𝒂𝒂 − 𝟐𝟐𝒃𝒃 =∝

𝑪𝑪− = 𝐩𝐩

𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎
(𝟏𝟏𝟏𝟏)

 

 

𝒚𝒚 = 𝟎𝟎 (𝒂𝒂)(𝒃𝒃)
𝒙𝒙 = 𝟎𝟎 (𝒂𝒂)(𝒃𝒃)

 (𝒂𝒂) (𝒃𝒃)
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  𝒉𝒉 = 𝟏𝟏   ,     𝒌𝒌 = 𝟏𝟏       ⟹      ∴  (𝒉𝒉 , 𝒌𝒌) =  (𝟏𝟏, 𝟏𝟏)   
𝟒𝟒𝟒𝟒 = 𝟖𝟖 ⟹  𝒑𝒑 = 𝟐𝟐  ∵  𝑭𝑭(𝒉𝒉 , 𝒌𝒌 − 𝒑𝒑)
∴  𝑭𝑭(𝟏𝟏  , 𝟏𝟏 − 𝟐𝟐) = 𝑭𝑭(𝟏𝟏, −𝟏𝟏)
∵ 𝒙𝒙 = 𝒉𝒉    ⟹ ∴ 𝒙𝒙 = 𝟏𝟏   
∵ 𝒚𝒚 = 𝒌𝒌 + 𝒑𝒑                                            
∴ 𝒚𝒚 = 𝟏𝟏 + 𝟐𝟐              𝒚𝒚 = 𝟑𝟑            

𝑭𝑭𝟏𝟏(𝒄𝒄, 𝟎𝟎), 𝑭𝑭𝟐𝟐(−𝒄𝒄, 𝟎𝟎)𝑭𝑭𝟏𝟏(𝟎𝟎, 𝒄𝒄), 𝑭𝑭𝟐𝟐(𝟎𝟎, −𝒄𝒄)

𝒗𝒗𝟏𝟏(𝒂𝒂, 𝟎𝟎), 𝒗𝒗𝟐𝟐(−𝒂𝒂, 𝟎𝟎)𝒗𝒗𝟏𝟏(𝟎𝟎, 𝒂𝒂), 𝒗𝒗𝟐𝟐(𝟎𝟎, −𝒂𝒂)

(𝟎𝟎, 𝒃𝒃), (𝟎𝟎, −𝒃𝒃)(𝒃𝒃, 𝟎𝟎), (−𝒃𝒃, 𝟎𝟎)

𝒙𝒙𝟐𝟐

𝒂𝒂𝟐𝟐 + 𝒚𝒚𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏              𝒙𝒙𝟐𝟐

𝒃𝒃𝟐𝟐 + 𝒚𝒚𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏       

𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐      ;      𝒄𝒄, 𝒂𝒂, 𝒃𝒃 > 𝟎𝟎     𝑎𝑎𝑎𝑎𝑎𝑎   𝒂𝒂 > 𝒃𝒃

𝟐𝟐𝟐𝟐 = 𝟔𝟔 ⟹ 𝒄𝒄 = 𝟑𝟑  ⟹   𝒄𝒄𝟐𝟐 = 𝟗𝟗   
𝟐𝟐𝟐𝟐 − 𝟐𝟐𝟐𝟐 = 𝟐𝟐    ÷ 𝟐𝟐 ⟹ 𝒂𝒂 − 𝒃𝒃 = 𝟏𝟏 
𝒂𝒂 = 𝟏𝟏 + 𝒃𝒃 … … … (𝟏𝟏)    ⟹  ∵  𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     ⟹     𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗 … … (𝟐𝟐)
(𝟏𝟏 + 𝒃𝒃)𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗      ⟹    𝟏𝟏 + 𝟐𝟐𝟐𝟐 + 𝒃𝒃𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗 
𝟐𝟐𝟐𝟐 + 𝟏𝟏 = 𝟗𝟗  ⟹  𝟐𝟐𝟐𝟐 = 𝟗𝟗 − 𝟏𝟏     ⟹         𝒃𝒃 = 𝟒𝟒 ⟹ 𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏
𝒂𝒂 = 𝟏𝟏 + 𝒃𝒃 ⟹     𝒂𝒂 = 𝟏𝟏 + 𝟒𝟒 = 𝟓𝟓    ⟹ ∴  𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐

∴    𝒙𝒙𝟐𝟐 
𝟐𝟐𝟐𝟐 +   𝒚𝒚𝟐𝟐 

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏 𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒𝟒𝟒
𝟒𝟒𝟒𝟒 = 𝟏𝟏𝟏𝟏 ⟹ 𝒑𝒑 = 𝟑𝟑 ⟹ 𝑭𝑭(𝟑𝟑 , 𝟎𝟎)
𝑪𝑪− = 𝐩𝐩 = 𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟗𝟗    𝒂𝒂𝒂𝒂𝒂𝒂   𝑭𝑭 ∈ 𝒙𝒙    
𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹ 𝒃𝒃 = 𝟓𝟓  ⟹ 𝒃𝒃𝟐𝟐 = 𝟐𝟐𝟐𝟐 
∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐      ⟹     ∴ 𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐 + 𝟗𝟗  ⟹ 𝒂𝒂𝟐𝟐 = 𝟑𝟑𝟑𝟑

∴    𝒙𝒙𝟐𝟐 
𝟑𝟑𝟑𝟑  +   𝒚𝒚𝟐𝟐 

𝟐𝟐𝟐𝟐  = 𝟏𝟏     

 القطع الناقص -ثانياً:

 
  𝒄𝒄  
𝒂𝒂  𝒆𝒆 =   𝒄𝒄  

𝒂𝒂  

(𝟔𝟔)
(𝟐𝟐)

 

∝𝟐𝟐𝒂𝒂 − 𝟐𝟐𝒃𝒃 =∝

𝑪𝑪− = 𝐩𝐩

𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎
(𝟏𝟏𝟏𝟏)

 

 

𝒚𝒚 = 𝟎𝟎 (𝒂𝒂)(𝒃𝒃)
𝒙𝒙 = 𝟎𝟎 (𝒂𝒂)(𝒃𝒃)

 (𝒂𝒂) (𝒃𝒃)
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𝟓𝟓𝟓𝟓 + 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏
𝒚𝒚 = 𝟎𝟎 ⟸

     𝟓𝟓𝟓𝟓 = 𝟏𝟏𝟏𝟏 ⟹  𝒙𝒙 = 𝟐𝟐 ⟹  (𝟐𝟐, 𝟎𝟎)
𝒙𝒙 = 𝟎𝟎 ⟸

    𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹  𝒚𝒚 = 𝟓𝟓 ⟹  (𝟎𝟎, 𝟓𝟓)
∴

∴ 𝒂𝒂 = 𝟓𝟓 ⟹ 𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐                ∴  𝒃𝒃 = 𝟐𝟐 ⟹ 𝒃𝒃𝟐𝟐 = 𝟒𝟒  

     𝒙𝒙
𝟐𝟐  

𝟒𝟒 +    𝒚𝒚𝟐𝟐  
𝟐𝟐𝟐𝟐 = 𝟏𝟏         

𝒙𝒙 = −𝟐𝟐𝒙𝒙 =
−𝟐𝟐𝒚𝒚

𝒚𝒚𝟐𝟐 = −𝟖𝟖𝟖𝟖 ⟹  𝒚𝒚𝟐𝟐 = −𝟖𝟖(−𝟐𝟐)   ⟹   𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹ 𝒚𝒚 = ±𝟒𝟒 ⟹ (−𝟐𝟐 , ±𝟒𝟒) 
(−𝟐𝟐 , ±𝟒𝟒)

   𝒙𝒙𝟐𝟐  
𝒂𝒂𝟐𝟐 +    𝒚𝒚𝟐𝟐  

𝒃𝒃𝟐𝟐 = 𝟏𝟏         ⟹           𝟒𝟒  
𝒂𝒂𝟐𝟐 +   𝟏𝟏𝟏𝟏 

𝒃𝒃𝟐𝟐 = 𝟏𝟏 … … … (𝟏𝟏)  

𝟐𝟐𝟐𝟐 = 𝟐𝟐(𝟐𝟐𝟐𝟐)   ⟹   𝒂𝒂 = 𝟐𝟐𝟐𝟐 ⟹  𝒂𝒂𝟐𝟐 = 𝟒𝟒𝒃𝒃𝟐𝟐 … … … … … . . (𝟐𝟐)  
     𝟒𝟒     

𝟒𝟒𝒃𝒃𝟐𝟐 +     𝟏𝟏𝟏𝟏   
𝒃𝒃𝟐𝟐 = 𝟏𝟏          ⟹        𝟏𝟏𝟏𝟏    

𝒃𝒃𝟐𝟐 = 𝟏𝟏  ⟹   𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏 
  𝒂𝒂𝟐𝟐 = 𝟒𝟒𝒃𝒃𝟐𝟐 = 𝟔𝟔𝟔𝟔

   𝒙𝒙𝟐𝟐  
𝟔𝟔𝟔𝟔 +    𝒚𝒚𝟐𝟐  

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

𝒚𝒚𝟐𝟐 = −𝟐𝟐𝟐𝟐𝟐𝟐 𝒚𝒚𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒 

𝒑𝒑 =  𝟐𝟐 
𝟒𝟒 ⟹ 𝒑𝒑 = 𝟔𝟔 ⟹ 𝑭𝑭(−𝟔𝟔, 𝟎𝟎)   ⟹         𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏  

𝟐𝟐𝟐𝟐− = 𝟐𝟐𝟐𝟐      
𝟐𝟐𝒄𝒄 = 𝟏𝟏𝟏𝟏  ⟹   𝒄𝒄 = 𝟔𝟔
𝑭𝑭(±𝟔𝟔, 𝟎𝟎)   ⟹  𝒄𝒄𝟐𝟐 = 𝟑𝟑𝟑𝟑      ∴ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     … … . (𝟏𝟏)
𝑨𝑨 = 𝒂𝒂𝒂𝒂𝒂𝒂 ⟹ 𝒂𝒂𝒂𝒂𝒂𝒂 = 𝟖𝟖𝟖𝟖𝟖𝟖      ⟹    𝒂𝒂 =   𝟖𝟖𝟖𝟖𝟖𝟖  

𝒃𝒃𝒃𝒃  ⟹ 𝒂𝒂𝟐𝟐 =   𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔  
𝒃𝒃𝟐𝟐 … … . . (𝟐𝟐)

(𝟐𝟐)(𝟏𝟏)  𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔  
𝒃𝒃𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑

𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 − 𝒃𝒃𝟒𝟒 = 𝟑𝟑𝟑𝟑𝒃𝒃𝟐𝟐       ⟹     𝒃𝒃𝟒𝟒 + 𝟑𝟑𝟑𝟑𝒃𝒃𝟐𝟐 − 𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 = 𝟎𝟎
(𝒃𝒃𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏)(𝒃𝒃𝟐𝟐 − 𝟔𝟔𝟔𝟔) = 𝟎𝟎             𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 𝒃𝒃𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎    

 𝒐𝒐𝒐𝒐  𝒃𝒃𝟐𝟐 − 𝟔𝟔𝟔𝟔 = 𝟎𝟎 ⟹   𝒃𝒃𝟐𝟐 = 𝟔𝟔𝟔𝟔      ⟹     𝒃𝒃 = 𝟖𝟖  ⟹       𝒂𝒂𝟐𝟐 =   𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔  
𝒃𝒃𝟐𝟐     

  𝒂𝒂𝟐𝟐 =   𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔  
𝟔𝟔𝟔𝟔 ⟹     𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏  

     𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏𝟏𝟏 +    𝒚𝒚𝟐𝟐  

𝟔𝟔𝟔𝟔 = 𝟏𝟏     

(𝟐𝟐, 𝟎𝟎) 

(𝟎𝟎, 𝟓𝟓) 

𝟓𝟓𝟓𝟓 + 𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏 = 𝟎𝟎

𝒚𝒚𝟐𝟐 + 𝟖𝟖𝟖𝟖 = 𝟎𝟎

جد معادلة القطع الناقص الذي بؤرتاه على المحور السينات ويكون البعد بين بؤرتيه مساوياً 
𝒚𝒚𝟐𝟐للبعد بين بؤرة القطع المكافئ  + 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎

 

∆𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑷𝑷 =   𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐           
𝒃𝒃𝒃𝒃𝒃𝒃   𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 = 𝟐𝟐𝟐𝟐       𝒂𝒂𝒂𝒂𝒂𝒂    𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐    
 𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐      ⟹         𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 = 𝟐𝟐𝟐𝟐 

÷𝟐𝟐 
⇒ ∴  𝒄𝒄 + 𝒂𝒂 = 𝟏𝟏𝟏𝟏 

𝒃𝒃𝒃𝒃𝒃𝒃    𝒄𝒄 = 𝟓𝟓 ⟹  𝟓𝟓 + 𝒂𝒂 = 𝟏𝟏𝟏𝟏    ⟹   𝒂𝒂 = 𝟏𝟏𝟏𝟏 − 𝟓𝟓 ⟹ 𝒂𝒂 = 𝟖𝟖 ⟹ 𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔   
∴ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹    𝟐𝟐𝟐𝟐 = 𝟔𝟔𝟔𝟔 − 𝒃𝒃𝟐𝟐  ⟹ 𝒃𝒃𝟐𝟐 = 𝟔𝟔𝟔𝟔 − 𝟐𝟐𝟐𝟐   ⟹ 𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑  

   𝒙𝒙𝟐𝟐  
𝟔𝟔𝟔𝟔 +    𝒚𝒚

𝟐𝟐  
𝟑𝟑𝟑𝟑 = 𝟏𝟏       

    ⟸     𝒚𝒚 = 𝟎𝟎      𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹   𝒙𝒙 = 𝟔𝟔  ⟹ (𝟔𝟔, 𝟎𝟎)    
(𝟔𝟔, 𝟎𝟎)   𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒂𝒂 = 𝟔𝟔     𝒐𝒐𝒐𝒐      𝒃𝒃 = 𝟔𝟔          

𝒂𝒂𝒂𝒂𝒂𝒂 = 𝟐𝟐𝟐𝟐𝟐𝟐  ⟹    𝒂𝒂𝒂𝒂 = 𝟐𝟐𝟐𝟐           ⟹          𝒃𝒃 =     𝟐𝟐𝟐𝟐   𝒂𝒂        𝒐𝒐𝒐𝒐     𝒂𝒂 =     𝟐𝟐𝟐𝟐   𝒃𝒃  

𝒊𝒊𝒊𝒊

{
 
 
 
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒂𝒂 = 𝟔𝟔     ⟹   𝒃𝒃 =  𝟐𝟐𝟐𝟐 𝟔𝟔        ⟹     𝒃𝒃 = 𝟒𝟒 ⟹  𝒂𝒂 > 𝒃𝒃          

𝒐𝒐𝒐𝒐        𝒃𝒃 = 𝟔𝟔       ⟹      𝒂𝒂 =  𝟐𝟐𝟐𝟐 𝟔𝟔        ⟹   𝒂𝒂 = 𝟒𝟒 ⟹ 𝒂𝒂 < 𝒃𝒃     
  

  

   𝒙𝒙𝟐𝟐  
𝟑𝟑𝟑𝟑 +    𝒚𝒚

𝟐𝟐  
𝟏𝟏𝟏𝟏 = 𝟏𝟏       

𝒙𝒙𝟐𝟐 = −𝟏𝟏𝟏𝟏 

𝒑𝒑 =    𝟏𝟏𝟏𝟏   𝟒𝟒     ⟹   𝒑𝒑 = 𝟑𝟑             𝑭𝑭(𝟎𝟎, −𝟑𝟑)   ⟹ 𝒚𝒚 = 𝟑𝟑  
𝟐𝟐𝟐𝟐 = 𝟔𝟔 ⟹ 𝒄𝒄 = 𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟗𝟗

𝒑𝒑 = 𝟑𝟑 ∈ 𝒚𝒚 ⟹ {
𝒑𝒑 = 𝟑𝟑 = 𝒂𝒂−               
𝒑𝒑 = 𝟑𝟑 = 𝒃𝒃−                

   

𝒂𝒂𝒄𝒄𝒃𝒃
∴   𝒃𝒃 = 𝟑𝟑  ⟹ 𝒃𝒃𝟐𝟐 = 𝟗𝟗 ∈ 𝒚𝒚        ⟹      𝒄𝒄𝟐𝟐  =  𝒂𝒂𝟐𝟐 − 𝒃𝒃 𝟐𝟐   
  𝟗𝟗 =  𝒂𝒂𝟐𝟐 − 𝟗𝟗          ⟹      𝒂𝒂𝟐𝟐  =  𝟗𝟗 +  𝟗𝟗 =  𝟏𝟏𝟏𝟏 ∈ 𝒙𝒙 

   𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏 +    𝒚𝒚

𝟐𝟐  
𝟗𝟗 = 𝟏𝟏       

𝑸𝑸𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑸𝑸∝
𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑸𝑸 + 𝑭𝑭𝟐𝟐𝑸𝑸 =∝  ⟹       𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 =∝

𝑭𝑭𝟏𝟏(𝟓𝟓 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟓𝟓 , 𝟎𝟎)𝑷𝑷(𝒙𝒙 , 𝒚𝒚)
𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑷𝑷(𝟐𝟐𝟐𝟐) 

 

𝟐𝟐𝟐𝟐 + 𝟑𝟑𝟑𝟑 = 𝟏𝟏𝟏𝟏 
𝟐𝟐𝟐𝟐 𝝅𝝅

 

𝒂𝒂− = 𝐩𝐩𝒃𝒃− = 𝐩𝐩
𝒂𝒂− = 𝐩𝐩𝒃𝒃− = 𝐩𝐩

𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎
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∆𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑷𝑷 =   𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐           
𝒃𝒃𝒃𝒃𝒃𝒃   𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 = 𝟐𝟐𝟐𝟐       𝒂𝒂𝒂𝒂𝒂𝒂    𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐    
 𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑷𝑷 + 𝑭𝑭𝟐𝟐𝑷𝑷 = 𝟐𝟐𝟐𝟐      ⟹         𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 = 𝟐𝟐𝟐𝟐 

÷𝟐𝟐 
⇒ ∴  𝒄𝒄 + 𝒂𝒂 = 𝟏𝟏𝟏𝟏 

𝒃𝒃𝒃𝒃𝒃𝒃    𝒄𝒄 = 𝟓𝟓 ⟹  𝟓𝟓 + 𝒂𝒂 = 𝟏𝟏𝟏𝟏    ⟹   𝒂𝒂 = 𝟏𝟏𝟏𝟏 − 𝟓𝟓 ⟹ 𝒂𝒂 = 𝟖𝟖 ⟹ 𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔   
∴ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹    𝟐𝟐𝟐𝟐 = 𝟔𝟔𝟔𝟔 − 𝒃𝒃𝟐𝟐  ⟹ 𝒃𝒃𝟐𝟐 = 𝟔𝟔𝟔𝟔 − 𝟐𝟐𝟐𝟐   ⟹ 𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑  

   𝒙𝒙𝟐𝟐  
𝟔𝟔𝟔𝟔 +    𝒚𝒚

𝟐𝟐  
𝟑𝟑𝟑𝟑 = 𝟏𝟏       

    ⟸     𝒚𝒚 = 𝟎𝟎      𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹   𝒙𝒙 = 𝟔𝟔  ⟹ (𝟔𝟔, 𝟎𝟎)    
(𝟔𝟔, 𝟎𝟎)   𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒂𝒂 = 𝟔𝟔     𝒐𝒐𝒐𝒐      𝒃𝒃 = 𝟔𝟔          

𝒂𝒂𝒂𝒂𝒂𝒂 = 𝟐𝟐𝟐𝟐𝟐𝟐  ⟹    𝒂𝒂𝒂𝒂 = 𝟐𝟐𝟐𝟐           ⟹          𝒃𝒃 =     𝟐𝟐𝟐𝟐   𝒂𝒂        𝒐𝒐𝒐𝒐     𝒂𝒂 =     𝟐𝟐𝟐𝟐   𝒃𝒃  

𝒊𝒊𝒊𝒊

{
 
 
 
 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒂𝒂 = 𝟔𝟔     ⟹   𝒃𝒃 =  𝟐𝟐𝟐𝟐 𝟔𝟔        ⟹     𝒃𝒃 = 𝟒𝟒 ⟹  𝒂𝒂 > 𝒃𝒃          

𝒐𝒐𝒐𝒐        𝒃𝒃 = 𝟔𝟔       ⟹      𝒂𝒂 =  𝟐𝟐𝟐𝟐 𝟔𝟔        ⟹   𝒂𝒂 = 𝟒𝟒 ⟹ 𝒂𝒂 < 𝒃𝒃     
  

  

   𝒙𝒙𝟐𝟐  
𝟑𝟑𝟑𝟑 +    𝒚𝒚

𝟐𝟐  
𝟏𝟏𝟏𝟏 = 𝟏𝟏       

𝒙𝒙𝟐𝟐 = −𝟏𝟏𝟏𝟏 

𝒑𝒑 =    𝟏𝟏𝟏𝟏   𝟒𝟒     ⟹   𝒑𝒑 = 𝟑𝟑             𝑭𝑭(𝟎𝟎, −𝟑𝟑)   ⟹ 𝒚𝒚 = 𝟑𝟑  
𝟐𝟐𝟐𝟐 = 𝟔𝟔 ⟹ 𝒄𝒄 = 𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟗𝟗

𝒑𝒑 = 𝟑𝟑 ∈ 𝒚𝒚 ⟹ {
𝒑𝒑 = 𝟑𝟑 = 𝒂𝒂−               
𝒑𝒑 = 𝟑𝟑 = 𝒃𝒃−                

   

𝒂𝒂𝒄𝒄𝒃𝒃
∴   𝒃𝒃 = 𝟑𝟑  ⟹ 𝒃𝒃𝟐𝟐 = 𝟗𝟗 ∈ 𝒚𝒚        ⟹      𝒄𝒄𝟐𝟐  =  𝒂𝒂𝟐𝟐 − 𝒃𝒃 𝟐𝟐   
  𝟗𝟗 =  𝒂𝒂𝟐𝟐 − 𝟗𝟗          ⟹      𝒂𝒂𝟐𝟐  =  𝟗𝟗 +  𝟗𝟗 =  𝟏𝟏𝟏𝟏 ∈ 𝒙𝒙 

   𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏 +    𝒚𝒚

𝟐𝟐  
𝟗𝟗 = 𝟏𝟏       

𝑸𝑸𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑸𝑸∝
𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐 + 𝑭𝑭𝟏𝟏𝑸𝑸 + 𝑭𝑭𝟐𝟐𝑸𝑸 =∝  ⟹       𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 =∝

𝑭𝑭𝟏𝟏(𝟓𝟓 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟓𝟓 , 𝟎𝟎)𝑷𝑷(𝒙𝒙 , 𝒚𝒚)
𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐𝑷𝑷(𝟐𝟐𝟐𝟐) 

 

𝟐𝟐𝟐𝟐 + 𝟑𝟑𝟑𝟑 = 𝟏𝟏𝟏𝟏 
𝟐𝟐𝟐𝟐 𝝅𝝅

 

𝒂𝒂− = 𝐩𝐩𝒃𝒃− = 𝐩𝐩
𝒂𝒂− = 𝐩𝐩𝒃𝒃− = 𝐩𝐩

𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎
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وينطبق   الأصل  نقطة  ومركزه  الذي  الناقص  القطع  معادلة  جد 
محوراه على المحورين الأحداثيين ويقطع من محور السينات جزءاً 

      (𝟐𝟐𝟐𝟐𝟐𝟐)وحدات ومساحته   (𝟖𝟖)طوله  
[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟏𝟏]

جد معادلة القطع الناقص الذي أحدى بؤرتيه هي بؤرة المكافئ الذي  
𝒚𝒚𝟐𝟐معادلته    + 𝟖𝟖𝟖𝟖 = ,𝟑𝟑√𝟐𝟐)علماً أن القطع يمر بالنقطة   𝟎𝟎 √𝟑𝟑)                                              

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏 = 𝟏𝟏]

(𝟏𝟏, 𝟓𝟓)
[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟓𝟓 + 𝒚𝒚𝟐𝟐

𝟗𝟗 = 𝟏𝟏]

(𝟑𝟑𝟑𝟑𝟑𝟑)(   𝟏𝟏   
𝟐𝟐 ) =

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟔𝟔𝟔𝟔 = 𝟏𝟏]

جد معادلة القطع الناقص الذي بؤرتاه على المحور السينات ويكون البعد بين  
𝒚𝒚𝟐𝟐بؤرتيه مساوياً للبعد بين بؤرة القطع المكافئ   + 𝟐𝟐𝟐𝟐𝟐𝟐 = ودليله إذا علمت     𝟎𝟎

                                                    وحدة مربعة .  𝟖𝟖𝟖𝟖𝟖𝟖أن مساحة منطقة القطع الناقص تساوي  

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟔𝟔𝟔𝟔 = 𝟏𝟏]

𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎(𝟐𝟐𝟐𝟐)
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟏𝟏]

(𝟏𝟏𝟏𝟏)
𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎 

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐 + 𝒚𝒚𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟏𝟏]

𝒉𝒉 𝒙𝒙𝟐𝟐 + 𝒌𝒌 𝒚𝒚𝟐𝟐 = 𝟑𝟑𝟑𝟑
𝟔𝟔𝟔𝟔

𝒚𝒚𝟐𝟐 = 𝟒𝟒√𝟑𝟑𝒙𝒙𝒉𝒉, 𝒌𝒌

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒉𝒉 = 𝟒𝟒, 𝒌𝒌 = 𝟔𝟔]

𝟑𝟑, 𝟒𝟒𝟔𝟔, 𝟐𝟐

𝒙𝒙𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐(𝟑𝟑𝟑𝟑)

(𝟕𝟕𝟕𝟕)(𝟏𝟏𝟏𝟏𝟏𝟏)
[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟒𝟒𝟒𝟒 + 𝒚𝒚𝟐𝟐

𝟏𝟏 = 𝟏𝟏]

𝟏𝟏𝟏𝟏+𝟐𝟐𝟐𝟐
𝟏𝟏+𝟐𝟐𝟐𝟐 = 𝒅𝒅 + 𝒆𝒆 𝒊𝒊

(𝟎𝟎 , 𝒆𝒆)𝟐𝟐‖𝒅𝒅 + 𝒆𝒆 𝒊𝒊‖

𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 − 𝟑𝟑𝟑𝟑 = 𝟏𝟏𝟏𝟏
𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏

,𝒉𝒉) - :أولاً  𝒌𝒌)(𝒉𝒉)(𝒌𝒌)(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒂𝒂𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏 

𝒚𝒚 𝒚𝒚 

 

(𝒉𝒉, 𝒌𝒌)(𝒉𝒉)(𝒌𝒌)

(𝟐𝟐𝟐𝟐)(𝒙𝒙 = 𝒉𝒉)(𝟐𝟐𝟐𝟐)
(𝒚𝒚 = 𝒌𝒌)

𝑭𝑭(𝒉𝒉 , 𝒌𝒌 ± 𝒄𝒄)  ⟹ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄) , 𝑭𝑭𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒄𝒄)  
𝑽𝑽(𝒉𝒉 , 𝒌𝒌 ± 𝒂𝒂)  ⟹ 𝑽𝑽𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒂𝒂) , 𝑽𝑽𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒂𝒂)  

𝑴𝑴(𝒉𝒉 ± 𝒃𝒃 , 𝒌𝒌)  ⟹ 𝑴𝑴𝟏𝟏(𝒉𝒉 + 𝒃𝒃 , 𝒌𝒌) , 𝑴𝑴𝟐𝟐(𝒉𝒉 − 𝒃𝒃 , 𝒌𝒌)  

(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏 

  
(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏

(𝒉𝒉, 𝒌𝒌) = (𝟐𝟐, 𝟏𝟏)      

𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐 ⟹ 𝒂𝒂 = 𝟓𝟓 

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏    

  𝒙𝒙 = 𝒉𝒉 ⟹ 𝒙𝒙 = 𝟐𝟐   

𝒃𝒃𝟐𝟐 = 𝟗𝟗 ⟹ 𝒃𝒃 = 𝟑𝟑 

𝟐𝟐𝟐𝟐 = 𝟔𝟔    

 𝒚𝒚 = 𝒌𝒌 ⟹ 𝒚𝒚 = 𝟏𝟏   

∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹      ∴ 𝒄𝒄𝟐𝟐 = 𝟐𝟐𝟐𝟐 − 𝟗𝟗
𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏   ⟹     𝒄𝒄 = 𝟒𝟒 
∵ 𝑭𝑭(𝒉𝒉 , 𝒌𝒌 ± 𝒄𝒄)       ⟹    ∴ 𝑭𝑭(𝟐𝟐 , 𝟏𝟏 ± 𝟒𝟒)
𝑭𝑭𝟏𝟏(𝟐𝟐 , 𝟓𝟓) 𝒂𝒂𝒂𝒂𝒂𝒂  𝑭𝑭𝟐𝟐(𝟐𝟐 , −𝟑𝟑) 

∵ 𝑽𝑽(𝒉𝒉 , 𝒌𝒌 ± 𝒂𝒂)      ⟹    ∴ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟏𝟏 ± 𝟓𝟓)
𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟔𝟔)  𝒂𝒂𝒂𝒂𝒂𝒂 𝑽𝑽𝟐𝟐(𝟐𝟐 , −𝟒𝟒) 

𝒆𝒆 =   𝒄𝒄 
𝒂𝒂  ⟹  𝒆𝒆 =  𝟒𝟒  

𝟓𝟓  < 𝟏𝟏     

𝒄𝒄) 
(𝒙𝒙 − 𝟒𝟒)𝟐𝟐

𝟖𝟖𝟖𝟖 +
(𝒚𝒚 + 𝟏𝟏)𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏

  
(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏

   (𝒉𝒉, 𝒌𝒌) = (𝟒𝟒, −𝟏𝟏)      

𝒂𝒂𝟐𝟐 = 𝟖𝟖𝟖𝟖 ⟹ 𝒂𝒂 = 𝟗𝟗 
𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏           
 𝒚𝒚 = 𝒌𝒌 ⟹ 𝒚𝒚 = −𝟏𝟏   

 𝒃𝒃𝟐𝟐 = 𝟐𝟐𝟐𝟐 ⟹ 𝒃𝒃 = 𝟓𝟓

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏     

𝒙𝒙 = 𝒉𝒉   ⟹ 𝒙𝒙 = 𝟒𝟒        

∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹  ∴ 𝒄𝒄𝟐𝟐 = 𝟖𝟖𝟖𝟖 − 𝟐𝟐𝟐𝟐

    𝒄𝒄𝟐𝟐 = 𝟓𝟓𝟓𝟓   ⟹     𝒄𝒄 = √𝟓𝟓𝟓𝟓 

∵ 𝑭𝑭(𝒉𝒉 ± 𝒄𝒄 , 𝒌𝒌)   ⟹ ∴ 𝑭𝑭(𝟒𝟒 ± √𝟓𝟓𝟓𝟓 , −𝟏𝟏)

𝑭𝑭𝟏𝟏(𝟒𝟒 + √𝟓𝟓𝟓𝟓 , −𝟏𝟏 ), 𝑭𝑭𝟐𝟐(𝟐𝟐 − √𝟓𝟓𝟓𝟓 , −𝟏𝟏) 

∵ 𝑽𝑽(𝒉𝒉 ± 𝒂𝒂 , 𝒌𝒌)      ⟹    ∴ 𝑽𝑽𝟏𝟏(𝟒𝟒 ± 𝟗𝟗 , −𝟏𝟏)
𝑽𝑽𝟏𝟏(𝟏𝟏𝟏𝟏 , −𝟏𝟏)  𝒂𝒂𝒂𝒂𝒂𝒂 𝑽𝑽𝟐𝟐(−𝟓𝟓, −𝟏𝟏)     

𝒆𝒆 =   𝒄𝒄 
𝒂𝒂  ⟹  𝒆𝒆 = √𝟓𝟓𝟓𝟓 

𝟗𝟗  < 𝟏𝟏     

 

(𝟐𝟐𝟐𝟐)(𝒚𝒚 = 𝒌𝒌)(𝟐𝟐𝟐𝟐)
(𝒙𝒙 = 𝒉𝒉)

𝑭𝑭(𝒉𝒉 ± 𝒄𝒄 , 𝒌𝒌)  ⟹ 𝑭𝑭𝟏𝟏(𝒉𝒉 + 𝒄𝒄 , 𝒌𝒌) , 𝑭𝑭𝟐𝟐(𝒉𝒉 − 𝒄𝒄 , 𝒌𝒌)  

𝑽𝑽(𝒉𝒉 ± 𝒂𝒂 , 𝒌𝒌)  ⟹ 𝑽𝑽𝟏𝟏(𝒉𝒉 + 𝒂𝒂 , 𝒌𝒌) , 𝑽𝑽𝟐𝟐(𝒉𝒉 − 𝒂𝒂 , 𝒌𝒌)  

𝑴𝑴(𝒉𝒉 , 𝒌𝒌 ± 𝒃𝒃)  ⟹ 𝑴𝑴𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒃𝒃) , 𝑴𝑴𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒃𝒃)  

 

 

 

 

 

 

 

 

 

(𝒙𝒙−𝟐𝟐)𝟐𝟐

𝟗𝟗 + (𝒚𝒚−𝟏𝟏)𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏

𝒆𝒆
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(𝒉𝒉, 𝒌𝒌)(𝒉𝒉)(𝒌𝒌)

(𝟐𝟐𝟐𝟐)(𝒙𝒙 = 𝒉𝒉)(𝟐𝟐𝟐𝟐)
(𝒚𝒚 = 𝒌𝒌)

𝑭𝑭(𝒉𝒉 , 𝒌𝒌 ± 𝒄𝒄)  ⟹ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄) , 𝑭𝑭𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒄𝒄)  
𝑽𝑽(𝒉𝒉 , 𝒌𝒌 ± 𝒂𝒂)  ⟹ 𝑽𝑽𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒂𝒂) , 𝑽𝑽𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒂𝒂)  

𝑴𝑴(𝒉𝒉 ± 𝒃𝒃 , 𝒌𝒌)  ⟹ 𝑴𝑴𝟏𝟏(𝒉𝒉 + 𝒃𝒃 , 𝒌𝒌) , 𝑴𝑴𝟐𝟐(𝒉𝒉 − 𝒃𝒃 , 𝒌𝒌)  

(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏 

  
(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏

(𝒉𝒉, 𝒌𝒌) = (𝟐𝟐, 𝟏𝟏)      

𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐 ⟹ 𝒂𝒂 = 𝟓𝟓 

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏    

  𝒙𝒙 = 𝒉𝒉 ⟹ 𝒙𝒙 = 𝟐𝟐   

𝒃𝒃𝟐𝟐 = 𝟗𝟗 ⟹ 𝒃𝒃 = 𝟑𝟑 

𝟐𝟐𝟐𝟐 = 𝟔𝟔    

 𝒚𝒚 = 𝒌𝒌 ⟹ 𝒚𝒚 = 𝟏𝟏   

∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹      ∴ 𝒄𝒄𝟐𝟐 = 𝟐𝟐𝟐𝟐 − 𝟗𝟗
𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏   ⟹     𝒄𝒄 = 𝟒𝟒 
∵ 𝑭𝑭(𝒉𝒉 , 𝒌𝒌 ± 𝒄𝒄)       ⟹    ∴ 𝑭𝑭(𝟐𝟐 , 𝟏𝟏 ± 𝟒𝟒)
𝑭𝑭𝟏𝟏(𝟐𝟐 , 𝟓𝟓) 𝒂𝒂𝒂𝒂𝒂𝒂  𝑭𝑭𝟐𝟐(𝟐𝟐 , −𝟑𝟑) 

∵ 𝑽𝑽(𝒉𝒉 , 𝒌𝒌 ± 𝒂𝒂)      ⟹    ∴ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟏𝟏 ± 𝟓𝟓)
𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟔𝟔)  𝒂𝒂𝒂𝒂𝒂𝒂 𝑽𝑽𝟐𝟐(𝟐𝟐 , −𝟒𝟒) 

𝒆𝒆 =   𝒄𝒄 
𝒂𝒂  ⟹  𝒆𝒆 =  𝟒𝟒  

𝟓𝟓  < 𝟏𝟏     

𝒄𝒄) 
(𝒙𝒙 − 𝟒𝟒)𝟐𝟐

𝟖𝟖𝟖𝟖 +
(𝒚𝒚 + 𝟏𝟏)𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏

  
(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒃𝒃𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒂𝒂𝟐𝟐 = 𝟏𝟏

   (𝒉𝒉, 𝒌𝒌) = (𝟒𝟒, −𝟏𝟏)      

𝒂𝒂𝟐𝟐 = 𝟖𝟖𝟖𝟖 ⟹ 𝒂𝒂 = 𝟗𝟗 
𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏           
 𝒚𝒚 = 𝒌𝒌 ⟹ 𝒚𝒚 = −𝟏𝟏   

 𝒃𝒃𝟐𝟐 = 𝟐𝟐𝟐𝟐 ⟹ 𝒃𝒃 = 𝟓𝟓

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏     

𝒙𝒙 = 𝒉𝒉   ⟹ 𝒙𝒙 = 𝟒𝟒        

∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐  ⟹  ∴ 𝒄𝒄𝟐𝟐 = 𝟖𝟖𝟖𝟖 − 𝟐𝟐𝟐𝟐

    𝒄𝒄𝟐𝟐 = 𝟓𝟓𝟓𝟓   ⟹     𝒄𝒄 = √𝟓𝟓𝟓𝟓 

∵ 𝑭𝑭(𝒉𝒉 ± 𝒄𝒄 , 𝒌𝒌)   ⟹ ∴ 𝑭𝑭(𝟒𝟒 ± √𝟓𝟓𝟓𝟓 , −𝟏𝟏)

𝑭𝑭𝟏𝟏(𝟒𝟒 + √𝟓𝟓𝟓𝟓 , −𝟏𝟏 ), 𝑭𝑭𝟐𝟐(𝟐𝟐 − √𝟓𝟓𝟓𝟓 , −𝟏𝟏) 

∵ 𝑽𝑽(𝒉𝒉 ± 𝒂𝒂 , 𝒌𝒌)      ⟹    ∴ 𝑽𝑽𝟏𝟏(𝟒𝟒 ± 𝟗𝟗 , −𝟏𝟏)
𝑽𝑽𝟏𝟏(𝟏𝟏𝟏𝟏 , −𝟏𝟏)  𝒂𝒂𝒂𝒂𝒂𝒂 𝑽𝑽𝟐𝟐(−𝟓𝟓, −𝟏𝟏)     

𝒆𝒆 =   𝒄𝒄 
𝒂𝒂  ⟹  𝒆𝒆 = √𝟓𝟓𝟓𝟓 

𝟗𝟗  < 𝟏𝟏     

 

(𝟐𝟐𝟐𝟐)(𝒚𝒚 = 𝒌𝒌)(𝟐𝟐𝟐𝟐)
(𝒙𝒙 = 𝒉𝒉)

𝑭𝑭(𝒉𝒉 ± 𝒄𝒄 , 𝒌𝒌)  ⟹ 𝑭𝑭𝟏𝟏(𝒉𝒉 + 𝒄𝒄 , 𝒌𝒌) , 𝑭𝑭𝟐𝟐(𝒉𝒉 − 𝒄𝒄 , 𝒌𝒌)  

𝑽𝑽(𝒉𝒉 ± 𝒂𝒂 , 𝒌𝒌)  ⟹ 𝑽𝑽𝟏𝟏(𝒉𝒉 + 𝒂𝒂 , 𝒌𝒌) , 𝑽𝑽𝟐𝟐(𝒉𝒉 − 𝒂𝒂 , 𝒌𝒌)  

𝑴𝑴(𝒉𝒉 , 𝒌𝒌 ± 𝒃𝒃)  ⟹ 𝑴𝑴𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒃𝒃) , 𝑴𝑴𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒃𝒃)  

 

 

 

 

 

 

 

 

 

(𝒙𝒙−𝟐𝟐)𝟐𝟐

𝟗𝟗 + (𝒚𝒚−𝟏𝟏)𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏

𝒆𝒆
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𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟑𝟑 + 𝟒𝟒𝒚𝒚𝟐𝟐 − 𝟖𝟖𝒚𝒚 = 𝟒𝟒          ⟹      𝟗𝟗(𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒) + 𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐) = −𝟒𝟒   
𝟗𝟗(𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒 − 𝟒𝟒) + 𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏 − 𝟏𝟏) = −𝟒𝟒   
𝟗𝟗(𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟒𝟒) − (𝟗𝟗 × 𝟒𝟒) + 𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏) − 𝟒𝟒 × 𝟏𝟏 = −𝟒𝟒   
𝟗𝟗(𝒙𝒙 + 𝟐𝟐)𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐 − 𝟒𝟒 = −𝟒𝟒 ⟹ 𝟗𝟗(𝒙𝒙 + 𝟐𝟐)𝟐𝟐 + 𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐 = 𝟑𝟑𝟑𝟑  ÷ 𝟑𝟑𝟑𝟑
𝟗𝟗(𝒙𝒙 + 𝟐𝟐)𝟐𝟐

𝟑𝟑𝟑𝟑 + 𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟑𝟑𝟑𝟑
𝟑𝟑𝟑𝟑    ⟹  ∴  

(𝒙𝒙 + 𝟐𝟐)𝟐𝟐

𝟒𝟒 +
(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟗𝟗 = 𝟏𝟏    
𝑶𝑶(𝒉𝒉, 𝒌𝒌) = 𝑶𝑶(−𝟐𝟐, 𝟏𝟏)   ;    𝒂𝒂𝟐𝟐 = 𝟗𝟗 ⟹ 𝒂𝒂 = 𝟑𝟑 ⟹ 𝟐𝟐𝟐𝟐 = 𝟔𝟔   
𝒃𝒃𝟐𝟐 = 𝟒𝟒      ⟹     𝒃𝒃 = 𝟐𝟐       ⟹ 𝟐𝟐𝟐𝟐 = 𝟒𝟒             
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     ⟹     𝒄𝒄𝟐𝟐 = 𝟗𝟗 − 𝟒𝟒     ⟹    𝒄𝒄𝟐𝟐 = 𝟓𝟓     ⟹     𝒄𝒄 = √ 𝟓𝟓      
∵ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄)        ⟹       ∴ 𝑭𝑭𝟏𝟏(−𝟐𝟐 , 𝟏𝟏 + √ 𝟓𝟓  )  ∴
∵ 𝑭𝑭𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒄𝒄)       ⟹      ∴ 𝑭𝑭𝟐𝟐(−𝟐𝟐 , 𝟏𝟏 − √ 𝟓𝟓  )

𝟏𝟏)  𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟗𝟗𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟓𝟓𝟓𝟓𝟓𝟓 − 𝟒𝟒𝟒𝟒 = 𝟎𝟎           
𝟐𝟐) 𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 − 𝟕𝟕𝟕𝟕𝒙𝒙 − 𝟗𝟗𝟗𝟗𝟗𝟗 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

𝟗𝟗𝒙𝒙𝟐𝟐 − 𝟕𝟕𝟕𝟕𝟕𝟕 + 𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 − 𝟗𝟗𝟗𝟗𝟗𝟗 = −𝟏𝟏𝟏𝟏𝟏𝟏   ⟹   𝟗𝟗(𝒙𝒙𝟐𝟐 − 𝟖𝟖𝟖𝟖) + 𝟏𝟏𝟏𝟏(𝒚𝒚𝟐𝟐 − 𝟔𝟔𝟔𝟔) = −𝟏𝟏𝟏𝟏𝟏𝟏 
𝟗𝟗(𝒙𝒙𝟐𝟐 − 𝟖𝟖𝟖𝟖 + 𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏) + 𝟏𝟏𝟏𝟏(𝒚𝒚𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟗𝟗 − 𝟗𝟗) = −𝟏𝟏𝟏𝟏𝟏𝟏 
𝟗𝟗((𝒙𝒙 − 𝟒𝟒)𝟐𝟐 − 𝟏𝟏𝟏𝟏) + 𝟏𝟏𝟏𝟏((𝒚𝒚 − 𝟑𝟑)𝟐𝟐 − 𝟗𝟗) = −𝟏𝟏𝟏𝟏𝟏𝟏      
(𝟗𝟗(𝒙𝒙 − 𝟒𝟒)𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏) + (𝟏𝟏𝟏𝟏(𝒚𝒚 − 𝟑𝟑)𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏) = −𝟏𝟏𝟏𝟏𝟏𝟏      
𝟗𝟗(𝒙𝒙 − 𝟒𝟒)𝟐𝟐 + 𝟏𝟏𝟏𝟏(𝒚𝒚 − 𝟑𝟑)𝟐𝟐 − 𝟐𝟐𝟐𝟐𝟐𝟐 = −𝟏𝟏𝟏𝟏𝟏𝟏   ⟹   𝟗𝟗(𝒙𝒙 − 𝟒𝟒)𝟐𝟐 + 𝟏𝟏𝟏𝟏(𝒚𝒚 − 𝟑𝟑)𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏  

𝟗𝟗(𝒙𝒙 − 𝟒𝟒)𝟐𝟐

𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏(𝒚𝒚 − 𝟑𝟑)𝟐𝟐

𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟏𝟏𝟏𝟏𝟏𝟏 
𝟏𝟏𝟏𝟏𝟏𝟏  ∴

(𝒙𝒙 − 𝟒𝟒)𝟐𝟐

𝟏𝟏𝟏𝟏 +
(𝒚𝒚 − 𝟑𝟑)𝟐𝟐

𝟗𝟗 = 𝟏𝟏    

(𝒉𝒉, 𝒌𝒌) = (𝟒𝟒, 𝟑𝟑)                        
(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒂𝒂𝟐𝟐 +
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏  
𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏   ⟹     𝒂𝒂 = 𝟒𝟒    ⟹       𝟐𝟐𝟐𝟐 = 𝟖𝟖       
  𝒃𝒃𝟐𝟐 = 𝟗𝟗    ⟹      𝒃𝒃 = 𝟑𝟑     ⟹       𝟐𝟐𝟐𝟐 = 𝟔𝟔    
𝒚𝒚 = 𝒌𝒌    ⟹     𝒚𝒚 = 𝟑𝟑                     𝒙𝒙 = 𝒉𝒉 ⟹ 𝒙𝒙 = 𝟒𝟒     
 ∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     ⟹    ∴ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏 − 𝟗𝟗   ⟹   𝒄𝒄𝟐𝟐 = 𝟕𝟕 ⟹    𝒄𝒄 = √𝟕𝟕  
∵ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄)       ⟹   ∴ 𝑭𝑭𝟏𝟏( 𝟒𝟒 + √ 𝟕𝟕  , 𝟑𝟑) ∴

∵ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄)        ⟹    ∴ 𝑭𝑭𝟏𝟏( 𝟒𝟒 − √ 𝟕𝟕  , 𝟑𝟑)
∵ 𝑽𝑽𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒂𝒂)        ⟹   ∴ 𝑽𝑽𝟏𝟏( 𝟒𝟒 + 𝟒𝟒 , 𝟑𝟑) ⟹ 𝑽𝑽𝟏𝟏(𝟖𝟖 , 𝟑𝟑)  ∴
∵ 𝑽𝑽𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒂𝒂)       ⟹    ∴ 𝑽𝑽𝟐𝟐(𝟒𝟒 − 𝟒𝟒 , 𝟑𝟑) ⟹ 𝑽𝑽𝟐𝟐(𝟎𝟎 , 𝟑𝟑)

𝒆𝒆 =    √𝟕𝟕  
𝟒𝟒  ⟹  𝒆𝒆 =   𝟐𝟐. 𝟔𝟔𝟔𝟔  

𝟗𝟗  < 𝟏𝟏    

𝐹𝐹1(𝑐𝑐, 0), 𝐹𝐹2(−𝑐𝑐, 0)𝐹𝐹1(0, 𝑐𝑐), 𝐹𝐹2(0, −𝑐𝑐)
𝑣𝑣1(𝑎𝑎, 0), 𝑣𝑣2(−𝑎𝑎, 0)𝑣𝑣1(0, 𝑎𝑎), 𝑣𝑣2(0, −𝑎𝑎)

(0, 𝑏𝑏), (0, −𝑏𝑏)(𝑏𝑏, 0), (−𝑏𝑏, 0)
   𝑥𝑥2  

𝑎𝑎2 −    𝑦𝑦2  
𝑏𝑏2 = 1         𝑦𝑦2 

𝑎𝑎2 −    𝑥𝑥2 
𝑏𝑏2 = 1       

2𝑐𝑐2𝑎𝑎2𝑏𝑏

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐      ;      𝒄𝒄, 𝒂𝒂, 𝒃𝒃 > 𝟎𝟎         

 

بأكمال   الحل  يكون  دائماً  له  المشابهة  الأسئلة  وجميع  الأتي  المثال  هذا  بالتحليل  في  نقوم  ذلك  وبعد  للمتغيرين  بالنسبة  المربع 
 الحدوديتين كل منها بالمربع الكامل ثم نقسم على العدد الباقي للطرفين فنحصل على المعادلة القياسية للقطع الناقص. 

𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟒𝟒𝒚𝒚𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟑𝟑 − 𝟖𝟖𝟖𝟖 + 𝟒𝟒 = 𝟎𝟎
 

 

 القطع الزائد -ثالثاً:

 

 𝟐𝟐𝟐𝟐 
 
 𝒙𝒙𝟐𝟐

 𝒚𝒚𝟐𝟐

 𝒂𝒂𝒃𝒃

     𝒙𝒙𝟐𝟐    
𝒂𝒂𝟐𝟐 −      𝒚𝒚𝟐𝟐   

𝒃𝒃𝟐𝟐 = 𝟏𝟏  
𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔 ⟹ 𝒂𝒂 = 𝟖𝟖 ⟹ 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 
𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑 ⟹ 𝒃𝒃 = 𝟔𝟔 ⟹ 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 ⟹ 𝒄𝒄𝟐𝟐 = 𝟔𝟔𝟔𝟔 + 𝟑𝟑𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏  
𝐜𝐜 = 𝟏𝟏𝟏𝟏 ⟹  𝑭𝑭𝟏𝟏(𝟏𝟏𝟏𝟏 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟏𝟏𝟏𝟏 , 𝟎𝟎)   

𝑽𝑽𝟏𝟏(𝟖𝟖 , 𝟎𝟎) , 𝑽𝑽𝟐𝟐(−𝟖𝟖 , 𝟎𝟎)𝑴𝑴𝟏𝟏(𝟎𝟎 , 𝟔𝟔) , 𝑴𝑴𝟐𝟐(𝟎𝟎 , −𝟔𝟔)

𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔    ⟹    𝒂𝒂 = 𝟖𝟖       ⟹     𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏                        
𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑     ⟹     𝒃𝒃 = 𝟔𝟔     ⟹      𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏                      
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐      ⟹        𝒄𝒄𝟐𝟐 = 𝟔𝟔𝟔𝟔 + 𝟑𝟑𝟑𝟑 = 𝟏𝟏𝟏𝟏𝟏𝟏  ⟹        𝐜𝐜 = 𝟏𝟏𝟏𝟏
𝑭𝑭𝟏𝟏(𝟏𝟏𝟏𝟏 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟏𝟏𝟏𝟏 , 𝟎𝟎)

𝑽𝑽𝟏𝟏(𝟖𝟖 , 𝟎𝟎) , 𝑽𝑽𝟐𝟐(−𝟖𝟖 , 𝟎𝟎)𝑴𝑴𝟏𝟏(𝟎𝟎 , 𝟔𝟔) , 𝑴𝑴𝟐𝟐(𝟎𝟎 , −𝟔𝟔)

𝒚𝒚𝟐𝟐 = −𝟖𝟖𝒙𝒙     ⟹     𝟒𝟒𝟒𝟒 = 𝟖𝟖    ⟹   𝒑𝒑 = 𝟐𝟐                                                
    𝒙𝒙𝟐𝟐  

𝟑𝟑𝟑𝟑 +    𝒚𝒚𝟐𝟐   
𝟐𝟐𝟐𝟐 = 𝟏𝟏      ⟹    𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐   ⟹    𝒄𝒄𝟐𝟐 = 𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐   ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏

∵    𝒂𝒂+ = 𝐩𝐩 ⟹  ∴ 𝒂𝒂 = 𝟐𝟐 ⟹ 𝒂𝒂𝟐𝟐 = 𝟒𝟒 
∵   𝒄𝒄+ = 𝒄𝒄−  ⟹∴  𝒄𝒄 = 𝟒𝟒 ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏  
∵  𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐    ⟹ ∴ 𝟏𝟏𝟏𝟏 = 𝟒𝟒 + 𝒃𝒃𝟐𝟐    ⟹   𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏 − 𝟒𝟒  ⟹    𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏

    𝒙𝒙𝟐𝟐  
𝟒𝟒 −    𝒚𝒚𝟐𝟐   

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

      

 
  

=   𝟏𝟏  
𝟑𝟑 ⟹    𝟐𝟐𝒂𝒂  

𝟐𝟐𝒃𝒃 =   𝟏𝟏  
𝟑𝟑 ⟹     𝒃𝒃 = 𝟑𝟑𝟑𝟑  ⟹    𝒃𝒃 = (𝟑𝟑)(𝟑𝟑)  ⟹ 𝒃𝒃 = 𝟗𝟗  

  ∴   𝒙𝒙𝟐𝟐 
𝟗𝟗 −  𝒚𝒚𝟐𝟐 

𝟖𝟖𝟖𝟖 = 𝟏𝟏       

 
  

=   𝟏𝟏  
𝟑𝟑 ⟹    𝟐𝟐𝟐𝟐  

𝟐𝟐𝟐𝟐 =   𝟏𝟏  
𝟑𝟑   ⟹ 𝒃𝒃 =   𝒂𝒂  

𝟑𝟑   ⟹   𝒃𝒃 =   𝟑𝟑  
𝟑𝟑 ⟹   𝒃𝒃 = 𝟏𝟏  

   ∴   𝒙𝒙𝟐𝟐

𝟗𝟗 −  𝒚𝒚𝟐𝟐 
𝟏𝟏 = 𝟏𝟏       

 

 

 

 

 
 

  𝒄𝒄  
𝒂𝒂𝒆𝒆 =   𝒄𝒄  

𝒂𝒂

     𝒙𝒙𝟐𝟐    
𝟔𝟔𝟔𝟔 −      𝒚𝒚𝟐𝟐   

𝟑𝟑𝟑𝟑 = 𝟏𝟏  
 

     𝒙𝒙𝟐𝟐    
𝟔𝟔𝟔𝟔 −      𝒚𝒚𝟐𝟐   

𝟑𝟑𝟑𝟑 = 𝟏𝟏  
 

    𝒙𝒙𝟐𝟐  
𝟑𝟑𝟑𝟑 +    𝒚𝒚𝟐𝟐   

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝒚𝒚𝟐𝟐 + 𝟖𝟖𝟖𝟖 =
𝟎𝟎  

∝
  𝜷𝜷  

𝟐𝟐𝟐𝟐
  𝟐𝟐𝟐𝟐  = ∝

  𝜷𝜷  
𝟐𝟐𝟐𝟐

  𝟐𝟐𝟐𝟐  = ∝
  𝜷𝜷  

𝑽𝑽𝟏𝟏(𝟑𝟑, 𝟎𝟎)𝑽𝑽𝟐𝟐(−𝟑𝟑, 𝟎𝟎)       𝟏𝟏  
𝟑𝟑     
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 𝟐𝟐𝟐𝟐 
 
 𝒙𝒙𝟐𝟐

 𝒚𝒚𝟐𝟐

 𝒂𝒂𝒃𝒃

     𝒙𝒙𝟐𝟐    
𝒂𝒂𝟐𝟐 −      𝒚𝒚𝟐𝟐   

𝒃𝒃𝟐𝟐 = 𝟏𝟏  
𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔 ⟹ 𝒂𝒂 = 𝟖𝟖 ⟹ 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 
𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑 ⟹ 𝒃𝒃 = 𝟔𝟔 ⟹ 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 ⟹ 𝒄𝒄𝟐𝟐 = 𝟔𝟔𝟔𝟔 + 𝟑𝟑𝟑𝟑 ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏  
𝐜𝐜 = 𝟏𝟏𝟏𝟏 ⟹  𝑭𝑭𝟏𝟏(𝟏𝟏𝟏𝟏 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟏𝟏𝟏𝟏 , 𝟎𝟎)   

𝑽𝑽𝟏𝟏(𝟖𝟖 , 𝟎𝟎) , 𝑽𝑽𝟐𝟐(−𝟖𝟖 , 𝟎𝟎)𝑴𝑴𝟏𝟏(𝟎𝟎 , 𝟔𝟔) , 𝑴𝑴𝟐𝟐(𝟎𝟎 , −𝟔𝟔)

𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔    ⟹    𝒂𝒂 = 𝟖𝟖       ⟹     𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏                        
𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑     ⟹     𝒃𝒃 = 𝟔𝟔     ⟹      𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏                      
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐      ⟹        𝒄𝒄𝟐𝟐 = 𝟔𝟔𝟔𝟔 + 𝟑𝟑𝟑𝟑 = 𝟏𝟏𝟏𝟏𝟏𝟏  ⟹        𝐜𝐜 = 𝟏𝟏𝟏𝟏
𝑭𝑭𝟏𝟏(𝟏𝟏𝟏𝟏 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟏𝟏𝟏𝟏 , 𝟎𝟎)

𝑽𝑽𝟏𝟏(𝟖𝟖 , 𝟎𝟎) , 𝑽𝑽𝟐𝟐(−𝟖𝟖 , 𝟎𝟎)𝑴𝑴𝟏𝟏(𝟎𝟎 , 𝟔𝟔) , 𝑴𝑴𝟐𝟐(𝟎𝟎 , −𝟔𝟔)

𝒚𝒚𝟐𝟐 = −𝟖𝟖𝒙𝒙     ⟹     𝟒𝟒𝟒𝟒 = 𝟖𝟖    ⟹   𝒑𝒑 = 𝟐𝟐                                                
    𝒙𝒙𝟐𝟐  

𝟑𝟑𝟑𝟑 +    𝒚𝒚𝟐𝟐   
𝟐𝟐𝟐𝟐 = 𝟏𝟏      ⟹    𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐   ⟹    𝒄𝒄𝟐𝟐 = 𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐   ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏

∵    𝒂𝒂+ = 𝐩𝐩 ⟹  ∴ 𝒂𝒂 = 𝟐𝟐 ⟹ 𝒂𝒂𝟐𝟐 = 𝟒𝟒 
∵   𝒄𝒄+ = 𝒄𝒄−  ⟹∴  𝒄𝒄 = 𝟒𝟒 ⟹ 𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏  
∵  𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐    ⟹ ∴ 𝟏𝟏𝟏𝟏 = 𝟒𝟒 + 𝒃𝒃𝟐𝟐    ⟹   𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏 − 𝟒𝟒  ⟹    𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏

    𝒙𝒙𝟐𝟐  
𝟒𝟒 −    𝒚𝒚𝟐𝟐   

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

      

 
  

=   𝟏𝟏  
𝟑𝟑 ⟹    𝟐𝟐𝒂𝒂  

𝟐𝟐𝒃𝒃 =   𝟏𝟏  
𝟑𝟑 ⟹     𝒃𝒃 = 𝟑𝟑𝟑𝟑  ⟹    𝒃𝒃 = (𝟑𝟑)(𝟑𝟑)  ⟹ 𝒃𝒃 = 𝟗𝟗  

  ∴   𝒙𝒙𝟐𝟐 
𝟗𝟗 −  𝒚𝒚𝟐𝟐 

𝟖𝟖𝟖𝟖 = 𝟏𝟏       

 
  

=   𝟏𝟏  
𝟑𝟑 ⟹    𝟐𝟐𝟐𝟐  

𝟐𝟐𝟐𝟐 =   𝟏𝟏  
𝟑𝟑   ⟹ 𝒃𝒃 =   𝒂𝒂  

𝟑𝟑   ⟹   𝒃𝒃 =   𝟑𝟑  
𝟑𝟑 ⟹   𝒃𝒃 = 𝟏𝟏  

   ∴   𝒙𝒙𝟐𝟐

𝟗𝟗 −  𝒚𝒚𝟐𝟐 
𝟏𝟏 = 𝟏𝟏       

 

 

 

 

 
 

  𝒄𝒄  
𝒂𝒂𝒆𝒆 =   𝒄𝒄  

𝒂𝒂

     𝒙𝒙𝟐𝟐    
𝟔𝟔𝟔𝟔 −      𝒚𝒚𝟐𝟐   

𝟑𝟑𝟑𝟑 = 𝟏𝟏  
 

     𝒙𝒙𝟐𝟐    
𝟔𝟔𝟔𝟔 −      𝒚𝒚𝟐𝟐   

𝟑𝟑𝟑𝟑 = 𝟏𝟏  
 

    𝒙𝒙𝟐𝟐  
𝟑𝟑𝟑𝟑 +    𝒚𝒚𝟐𝟐   

𝟐𝟐𝟐𝟐 = 𝟏𝟏𝒚𝒚𝟐𝟐 + 𝟖𝟖𝟖𝟖 =
𝟎𝟎  

∝
  𝜷𝜷  

𝟐𝟐𝟐𝟐
  𝟐𝟐𝟐𝟐  = ∝

  𝜷𝜷  
𝟐𝟐𝟐𝟐

  𝟐𝟐𝟐𝟐  = ∝
  𝜷𝜷  

𝑽𝑽𝟏𝟏(𝟑𝟑, 𝟎𝟎)𝑽𝑽𝟐𝟐(−𝟑𝟑, 𝟎𝟎)       𝟏𝟏  
𝟑𝟑     
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𝟓𝟓𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐
  𝒙𝒙𝟐𝟐  

𝟒𝟒 −   𝒚𝒚𝟐𝟐 
𝟓𝟓 = 𝟏𝟏 ⟹    𝒂𝒂𝟐𝟐 = 𝟒𝟒 , 𝒃𝒃𝟐𝟐 = 𝟓𝟓 

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐   ⟹  𝒄𝒄𝟐𝟐 = 𝟒𝟒 + 𝟓𝟓 = 𝟗𝟗    ⟹       𝒄𝒄 = 𝟑𝟑  ⟹  𝒄𝒄𝟐𝟐 = 𝟗𝟗  
∵𝒄𝒄 = 𝟑𝟑 ⟹  𝒄𝒄𝟐𝟐 = 𝟗𝟗 

𝑨𝑨 = 𝒂𝒂𝒂𝒂𝒂𝒂  ⟹  𝒂𝒂𝒂𝒂𝒂𝒂 = 𝟐𝟐𝟐𝟐𝟐𝟐     ⟹      𝒂𝒂 =   𝟐𝟐𝟐𝟐𝝅𝝅  
𝒃𝒃𝝅𝝅 ⟹  𝒂𝒂𝟐𝟐 =   𝟒𝟒𝟒𝟒𝟒𝟒  

𝒃𝒃𝟐𝟐 … . . (𝟏𝟏) 
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐      ⟹     𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗    … … … … … (𝟐𝟐)     

(𝟏𝟏)(𝟐𝟐)  𝟒𝟒𝟒𝟒𝟒𝟒  
𝒃𝒃𝟐𝟐 − 𝒃𝒃𝟐𝟐 = 𝟗𝟗 𝒃𝒃𝟐𝟐

𝟒𝟒𝟒𝟒𝟒𝟒 − 𝒃𝒃𝟒𝟒 = 𝟗𝟗 𝒃𝒃𝟐𝟐            ⟹       𝒃𝒃𝟒𝟒 + 𝟗𝟗 𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒 = 𝟎𝟎
(𝒃𝒃𝟐𝟐 − 𝟏𝟏𝟏𝟏)(𝒃𝒃𝟐𝟐 + 𝟐𝟐𝟐𝟐) = 𝟎𝟎                  ⟹  
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  (𝒃𝒃𝟐𝟐 − 𝟏𝟏𝟏𝟏) = 𝟎𝟎    ⟹      𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏       𝒐𝒐𝒐𝒐  (𝒃𝒃𝟐𝟐 + 𝟐𝟐𝟐𝟐) = 𝟎𝟎  

𝒂𝒂𝟐𝟐 =   𝟒𝟒𝟒𝟒𝟒𝟒  
𝒃𝒃𝟐𝟐  ⟹   𝒂𝒂 = 𝒂𝒂𝟐𝟐 =   𝟒𝟒𝟒𝟒𝟒𝟒  

𝟏𝟏𝟏𝟏  
𝒂𝒂𝟐𝟐 = 𝟐𝟐𝟐𝟐    𝒂𝒂𝒂𝒂𝒂𝒂   𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏  

    𝒙𝒙𝟐𝟐  
𝟐𝟐𝟐𝟐 +    𝒚𝒚𝟐𝟐   

𝟏𝟏𝟏𝟏 = 𝟏𝟏       

  𝒙𝒙𝟐𝟐 
𝟑𝟑 −  𝒚𝒚𝟐𝟐 

𝟏𝟏 = 𝟏𝟏           ⟹        𝒂𝒂𝟐𝟐 = 𝟑𝟑     ,        𝒃𝒃𝟐𝟐 = 𝟏𝟏
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐   ⟹   𝒄𝒄𝟐𝟐 = 𝟑𝟑 + 𝟏𝟏 = 𝟒𝟒    ⟹     𝑭𝑭𝟏𝟏(𝟐𝟐 , 𝟎𝟎), 𝑭𝑭𝟐𝟐(−𝟐𝟐 , 𝟎𝟎)

∵𝒑𝒑(𝒙𝒙 , 𝒚𝒚)    𝒙𝒙𝟐𝟐  
𝟑𝟑 −    𝒚𝒚𝟐𝟐   

𝟏𝟏 = 𝟏𝟏 (𝟑𝟑)
𝒙𝒙𝟐𝟐 −  𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟑𝟑         ⟹          𝟑𝟑𝒚𝒚𝟐𝟐 = 𝒙𝒙𝟐𝟐 − 𝟑𝟑 … … … … . (𝟏𝟏)
𝒑𝒑𝑭𝑭𝟏𝟏 = √(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 + (𝒚𝒚 − 𝟎𝟎)𝟐𝟐 =    𝟏𝟏  

√𝟑𝟑  
         

(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 + (𝒚𝒚 − 𝟎𝟎)𝟐𝟐 =    𝟏𝟏  
𝟑𝟑   ⟹    𝟑𝟑(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 + 𝟑𝟑(𝒚𝒚 − 𝟎𝟎)𝟐𝟐 = 𝟏𝟏

𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏 + 𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟏𝟏 … … . . (𝟐𝟐)
(𝟏𝟏)(𝟐𝟐)

𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏 + 𝒙𝒙𝟐𝟐 − 𝟑𝟑 = 𝟏𝟏     ⟹    𝟒𝟒𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟖𝟖 = 𝟎𝟎
𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟐𝟐 = 𝟎𝟎          ⟹         (𝒙𝒙 − 𝟐𝟐)(𝒙𝒙 − 𝟏𝟏) = 𝟎𝟎
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆  (𝒙𝒙 − 𝟐𝟐) = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟐𝟐     ⟹  ∴ 𝟑𝟑𝒚𝒚𝟐𝟐 = (𝟐𝟐)𝟐𝟐 − 𝟑𝟑
𝒚𝒚𝟐𝟐 =   𝟏𝟏  

𝟑𝟑       ⟹    𝒚𝒚 =   𝟏𝟏  
√𝟑𝟑 

     ⟹     (𝟐𝟐 ,   𝟏𝟏  
√𝟑𝟑  

) , (𝟐𝟐 , −   𝟏𝟏  
√𝟑𝟑  

)
(𝒙𝒙 − 𝟏𝟏) = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟏𝟏{𝒚𝒚 ∉ 𝑹𝑹}

𝟗𝟗𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 = 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓
    𝒙𝒙𝟐𝟐  

𝟔𝟔𝟔𝟔 +    𝒚𝒚𝟐𝟐   
𝟑𝟑𝟑𝟑 = 𝟏𝟏   ⟹     𝒂𝒂𝟐𝟐 = 𝟔𝟔𝟔𝟔  ;   𝒃𝒃𝟐𝟐 = 𝟑𝟑𝟑𝟑

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 − 𝒃𝒃𝟐𝟐     ⟹     𝒄𝒄𝟐𝟐 = 𝟔𝟔𝟔𝟔 − 𝟑𝟑𝟑𝟑  ⟹    𝒄𝒄𝟐𝟐 = 𝟐𝟐𝟐𝟐

∵  𝟐𝟐𝟐𝟐 = 𝟔𝟔√𝟐𝟐    ⟹ 𝒂𝒂 = 𝟑𝟑√𝟐𝟐    ⟹   ∴  𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏
∵∴𝒄𝒄𝟐𝟐 = 𝟐𝟐𝟐𝟐  

∵  𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐  ⟹     ∴ 𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏 + 𝒃𝒃𝟐𝟐  ⟹   𝒃𝒃𝟐𝟐 = 𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏   ⟹ 𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏

∴  (    𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏 −    𝒚𝒚𝟐𝟐   

𝟏𝟏𝟏𝟏 = 𝟏𝟏) × 𝟗𝟗𝟗𝟗 ⟹  𝟓𝟓𝒙𝒙𝟐𝟐 − 𝟗𝟗𝒚𝒚𝟐𝟐 = 𝟗𝟗𝟗𝟗     

∵   𝒉𝒉𝒙𝒙𝟐𝟐 − 𝒌𝒌𝒚𝒚𝟐𝟐 = 𝟗𝟗𝟗𝟗   ⟹   ∴ 𝒉𝒉 = 𝟓𝟓  ⟹   ∴ 𝒌𝒌 = 𝟗𝟗  

(𝟏𝟏)𝒑𝒑 
(𝟏𝟏)   𝒙𝒙𝟐𝟐 − 𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏    ⟹      (𝟔𝟔)𝟐𝟐 − 𝟑𝟑(𝒌𝒌)𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹    𝟑𝟑𝒌𝒌𝟐𝟐 = 𝟑𝟑𝟑𝟑 − 𝟏𝟏𝟏𝟏 

𝟐𝟐𝟐𝟐 𝛑𝛑 =𝟓𝟓𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐 = 𝟐𝟐𝟐𝟐 

 

    𝒙𝒙𝟐𝟐  
𝟑𝟑 −    𝒚𝒚𝟐𝟐   

𝟏𝟏 = 𝟏𝟏      𝟏𝟏  
√𝟑𝟑    

 

𝒉𝒉𝒙𝒙𝟐𝟐 − 𝒌𝒌𝒚𝒚𝟐𝟐 = 𝟗𝟗𝟗𝟗𝟔𝟔√ 𝟐𝟐  
𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 = 𝟓𝟓𝟓𝟓𝟓𝟓𝒉𝒉 , 𝒌𝒌 

𝒑𝒑(𝟔𝟔 , 𝑳𝑳)𝒙𝒙𝟐𝟐 − 𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏
(𝟏𝟏)             𝑳𝑳(𝟐𝟐)𝒑𝒑

 

 

𝒌𝒌𝟐𝟐 =   𝟐𝟐𝟐𝟐  
𝟑𝟑     ⟹    𝒌𝒌𝟐𝟐 = 𝟖𝟖   ⟹   𝒌𝒌 = ±𝟐𝟐√𝟐𝟐 

𝒌𝒌 = 𝟐𝟐√𝟐𝟐     ⟹   𝒑𝒑(𝟔𝟔 , 𝟐𝟐√𝟐𝟐 )

(𝟐𝟐)     𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏 −    𝒚𝒚𝟐𝟐   

𝟒𝟒 = 𝟏𝟏    ⟹      𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏    , 𝒃𝒃𝟐𝟐 = 𝟒𝟒    
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏 + 𝟒𝟒      ⟹    𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏  ⟹  𝐜𝐜 = 𝟒𝟒
𝑭𝑭𝟏𝟏(𝟒𝟒 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟒𝟒 , 𝟎𝟎)

𝒑𝒑𝑭𝑭𝟏𝟏 = √(𝟔𝟔 − 𝟒𝟒)𝟐𝟐 + (𝟐𝟐√𝟐𝟐 − 𝟎𝟎)𝟐𝟐    = √𝟒𝟒 + 𝟖𝟖   = √𝟏𝟏𝟏𝟏    = 𝟐𝟐√𝟑𝟑

  𝒙𝒙
𝟐𝟐

𝟗𝟗 + 𝒚𝒚𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏
𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒚𝒚𝟐𝟐

𝟗𝟗 − 𝒙𝒙𝟐𝟐

𝟕𝟕 = 𝟏𝟏]

  𝒙𝒙𝟐𝟐 − 𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏
  𝟓𝟓  
𝟑𝟑 =

[𝑨𝑨𝑨𝑨𝑨𝑨:    𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐 +   𝒚𝒚𝟐𝟐

𝟗𝟗 = 𝟏𝟏]

𝟔𝟔
(𝟏𝟏 , 𝟐𝟐√𝟓𝟓), (𝟏𝟏 , −𝟐𝟐√𝟓𝟓)  

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟗𝟗 − 𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏 = 𝟏𝟏]

𝟏𝟏 , 𝟗𝟗
[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐 

𝟏𝟏𝟏𝟏 −   𝒚𝒚𝟐𝟐 
𝟗𝟗 = 𝟏𝟏 ]

𝟑𝟑 =(𝟎𝟎 , 𝟐𝟐)
[𝑨𝑨𝑨𝑨𝑨𝑨:    𝒚𝒚𝟐𝟐

𝟒𝟒 −   𝒙𝒙𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟏𝟏]

𝟔𝟔√𝟐𝟐𝒎𝒎
𝟔𝟔𝟔𝟔

[ 𝒙𝒙𝟐𝟐

𝟗𝟗 −  𝒚𝒚𝟐𝟐

𝟗𝟗 = 𝟏𝟏 , 𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟗𝟗  ]

  𝟖𝟖𝒚𝒚𝟐𝟐 − 𝒙𝒙𝟐𝟐 = 𝟑𝟑𝟑𝟑
𝒚𝒚𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟓𝟓𝟓𝟓 = 𝟏𝟏]

𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟑𝟑𝟑𝟑𝟑𝟑𝒚𝒚 = 𝟐𝟐𝟐𝟐𝒌𝒌

(𝟐𝟐)

[𝑨𝑨𝑨𝑨𝑨𝑨:     𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏 −  𝒙𝒙𝟐𝟐 
𝟏𝟏 = 𝟏𝟏 ]

  𝒙𝒙
𝟐𝟐

𝟑𝟑𝟑𝟑 + 𝒚𝒚𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏
𝒚𝒚𝟐𝟐 + 𝟖𝟖𝟖𝟖 = 𝟎𝟎

𝒉𝒉𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐 = 𝑳𝑳
𝟐𝟐√ 𝟓𝟓  𝟒𝟒𝒙𝒙𝟐𝟐 +

𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 = 𝟓𝟓𝟓𝟓𝒉𝒉 , 𝑳𝑳 ∈ 𝑹𝑹
𝑭𝑭𝟏𝟏𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎𝑭𝑭𝟐𝟐

𝒚𝒚𝟐𝟐 = 𝟑𝟑𝟑𝟑𝟑𝟑(𝑭𝑭𝟐𝟐)
(𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐̅̅ ̅̅ ̅̅ ̅)

𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 +
𝟏𝟏𝟏𝟏 = 𝟎𝟎 

(𝟐𝟐√𝟐𝟐 )(𝟑𝟑)

(−𝟑𝟑 , 𝟔𝟔), (𝟏𝟏 , √𝟐𝟐𝟐𝟐 )  
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𝒌𝒌𝟐𝟐 =   𝟐𝟐𝟐𝟐  
𝟑𝟑     ⟹    𝒌𝒌𝟐𝟐 = 𝟖𝟖   ⟹   𝒌𝒌 = ±𝟐𝟐√𝟐𝟐 

𝒌𝒌 = 𝟐𝟐√𝟐𝟐     ⟹   𝒑𝒑(𝟔𝟔 , 𝟐𝟐√𝟐𝟐 )

(𝟐𝟐)     𝒙𝒙𝟐𝟐  
𝟏𝟏𝟏𝟏 −    𝒚𝒚𝟐𝟐   

𝟒𝟒 = 𝟏𝟏    ⟹      𝒂𝒂𝟐𝟐 = 𝟏𝟏𝟏𝟏    , 𝒃𝒃𝟐𝟐 = 𝟒𝟒    
𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏 + 𝟒𝟒      ⟹    𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏  ⟹  𝐜𝐜 = 𝟒𝟒
𝑭𝑭𝟏𝟏(𝟒𝟒 , 𝟎𝟎) , 𝑭𝑭𝟐𝟐(−𝟒𝟒 , 𝟎𝟎)

𝒑𝒑𝑭𝑭𝟏𝟏 = √(𝟔𝟔 − 𝟒𝟒)𝟐𝟐 + (𝟐𝟐√𝟐𝟐 − 𝟎𝟎)𝟐𝟐    = √𝟒𝟒 + 𝟖𝟖   = √𝟏𝟏𝟏𝟏    = 𝟐𝟐√𝟑𝟑

  𝒙𝒙
𝟐𝟐

𝟗𝟗 + 𝒚𝒚𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏
𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒚𝒚𝟐𝟐

𝟗𝟗 − 𝒙𝒙𝟐𝟐

𝟕𝟕 = 𝟏𝟏]

  𝒙𝒙𝟐𝟐 − 𝟑𝟑𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏
  𝟓𝟓  
𝟑𝟑 =

[𝑨𝑨𝑨𝑨𝑨𝑨:    𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐 +   𝒚𝒚𝟐𝟐

𝟗𝟗 = 𝟏𝟏]

𝟔𝟔
(𝟏𝟏 , 𝟐𝟐√𝟓𝟓), (𝟏𝟏 , −𝟐𝟐√𝟓𝟓)  

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟗𝟗 − 𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏 = 𝟏𝟏]

𝟏𝟏 , 𝟗𝟗
[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐 

𝟏𝟏𝟏𝟏 −   𝒚𝒚𝟐𝟐 
𝟗𝟗 = 𝟏𝟏 ]

𝟑𝟑 =(𝟎𝟎 , 𝟐𝟐)
[𝑨𝑨𝑨𝑨𝑨𝑨:    𝒚𝒚𝟐𝟐

𝟒𝟒 −   𝒙𝒙𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟏𝟏]

𝟔𝟔√𝟐𝟐𝒎𝒎
𝟔𝟔𝟔𝟔

[ 𝒙𝒙𝟐𝟐

𝟗𝟗 −  𝒚𝒚𝟐𝟐

𝟗𝟗 = 𝟏𝟏 , 𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟗𝟗  ]

  𝟖𝟖𝒚𝒚𝟐𝟐 − 𝒙𝒙𝟐𝟐 = 𝟑𝟑𝟑𝟑
𝒚𝒚𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒙𝒙𝟐𝟐

𝟏𝟏𝟏𝟏 + 𝒚𝒚𝟐𝟐

𝟓𝟓𝟓𝟓 = 𝟏𝟏]

𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟑𝟑𝟑𝟑𝟑𝟑𝒚𝒚 = 𝟐𝟐𝟐𝟐𝒌𝒌

(𝟐𝟐)

[𝑨𝑨𝑨𝑨𝑨𝑨:     𝒚𝒚𝟐𝟐

𝟏𝟏𝟏𝟏 −  𝒙𝒙𝟐𝟐 
𝟏𝟏 = 𝟏𝟏 ]

  𝒙𝒙
𝟐𝟐

𝟑𝟑𝟑𝟑 + 𝒚𝒚𝟐𝟐

𝟐𝟐𝟐𝟐 = 𝟏𝟏
𝒚𝒚𝟐𝟐 + 𝟖𝟖𝟖𝟖 = 𝟎𝟎

𝒉𝒉𝒙𝒙𝟐𝟐 − 𝟒𝟒𝒚𝒚𝟐𝟐 = 𝑳𝑳
𝟐𝟐√ 𝟓𝟓  𝟒𝟒𝒙𝒙𝟐𝟐 +

𝟏𝟏𝟏𝟏𝒚𝒚𝟐𝟐 = 𝟓𝟓𝟓𝟓𝒉𝒉 , 𝑳𝑳 ∈ 𝑹𝑹
𝑭𝑭𝟏𝟏𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎𝑭𝑭𝟐𝟐

𝒚𝒚𝟐𝟐 = 𝟑𝟑𝟑𝟑𝟑𝟑(𝑭𝑭𝟐𝟐)
(𝑭𝑭𝟏𝟏𝑭𝑭𝟐𝟐̅̅ ̅̅ ̅̅ ̅)

𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 +
𝟏𝟏𝟏𝟏 = 𝟎𝟎 

(𝟐𝟐√𝟐𝟐 )(𝟑𝟑)

(−𝟑𝟑 , 𝟔𝟔), (𝟏𝟏 , √𝟐𝟐𝟐𝟐 )  
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𝟒𝟒𝒚𝒚𝟐𝟐 − 𝟖𝟖𝟖𝟖 − 𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟑𝟑 = 𝟔𝟔𝟔𝟔

𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐) − 𝟗𝟗(𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒) = 𝟔𝟔𝟔𝟔

𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏 − 𝟏𝟏) − 𝟗𝟗(𝒙𝒙𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟒𝟒 − 𝟒𝟒) = 𝟔𝟔𝟔𝟔   

𝟒𝟒(𝒚𝒚𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟏𝟏) − (𝟒𝟒 × 𝟏𝟏) − 𝟗𝟗(𝒙𝒙𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟒𝟒) + (𝟗𝟗 × 𝟒𝟒) = 𝟔𝟔𝟔𝟔

𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐 − 𝟒𝟒 − 𝟗𝟗(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 + 𝟑𝟑𝟑𝟑 = 𝟔𝟔𝟔𝟔

𝟏𝟏𝟏𝟏(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 − 𝟗𝟗(𝒚𝒚 − 𝟑𝟑)𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏
𝟏𝟏𝟏𝟏𝟏𝟏

(𝒙𝒙 − 𝟐𝟐)𝟐𝟐

𝟗𝟗 −
(𝒚𝒚 − 𝟑𝟑)𝟐𝟐

𝟏𝟏𝟏𝟏 = 𝟏𝟏

(𝒙𝒙 − 𝒉𝒉)𝟐𝟐

𝒂𝒂𝟐𝟐 −
(𝒚𝒚 − 𝒌𝒌)𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏

𝑶𝑶 (𝟐𝟐, 𝟑𝟑) = (𝒉𝒉, 𝒌𝒌)
𝒂𝒂𝟐𝟐 = 𝟗𝟗  ⟹       𝒂𝒂 = 𝟑𝟑
𝟐𝟐𝟐𝟐 = 𝟔𝟔       
𝒚𝒚 = 𝒌𝒌  ⟹   𝒚𝒚 = 𝟑𝟑      
𝒃𝒃𝟐𝟐 = 𝟏𝟏𝟏𝟏    ⟹      𝒃𝒃 = 𝟒𝟒
𝟐𝟐𝟐𝟐 = 𝟖𝟖       
𝒙𝒙 = 𝒉𝒉    ⟹     𝒙𝒙 = 𝟐𝟐      
∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 ⟹∴ 𝒄𝒄𝟐𝟐 = 𝟗𝟗 + 𝟏𝟏𝟏𝟏
𝒄𝒄𝟐𝟐 = 𝟐𝟐𝟐𝟐 ⟹ 𝒄𝒄 = 𝟓𝟓

∴
∵ 𝑭𝑭( 𝒉𝒉 ∓ 𝒄𝒄, 𝒌𝒌) ⟹ 𝑭𝑭(𝟐𝟐 ∓ 𝟓𝟓, 𝟑𝟑)
∴    𝑭𝑭𝟏𝟏(𝟕𝟕, 𝟑𝟑)    ,          𝑭𝑭𝟐𝟐(−𝟑𝟑, 𝟑𝟑)

∴
∵ 𝑽𝑽( 𝒉𝒉 ∓ 𝒂𝒂, 𝒌𝒌) ⟹    𝑽𝑽(𝟐𝟐 ∓ 𝟑𝟑, 𝟑𝟑)
𝑽𝑽𝟏𝟏(𝟓𝟓 , 𝟑𝟑) ⟹ 𝑽𝑽𝟐𝟐(−𝟏𝟏 , 𝟑𝟑)

𝒆𝒆 =    𝒄𝒄  
𝒂𝒂  ⟹  𝒆𝒆 =   𝟓𝟓  

𝟑𝟑
  𝟓𝟓  
𝟑𝟑 > 𝟏𝟏    

𝒄𝒄) 𝟐𝟐(𝒚𝒚 + 𝟏𝟏)𝟐𝟐 − 𝟒𝟒(𝒙𝒙 − 𝟏𝟏)𝟐𝟐 = 𝟖𝟖
(𝒚𝒚 + 𝟏𝟏)𝟐𝟐

𝟒𝟒 −
(𝒙𝒙 − 𝟏𝟏)𝟐𝟐

𝟐𝟐 = 𝟏𝟏

(𝒚𝒚 − 𝒉𝒉)𝟐𝟐

𝒂𝒂𝟐𝟐 −
(𝒙𝒙 − 𝒌𝒌)𝟐𝟐

𝒃𝒃𝟐𝟐 = 𝟏𝟏

𝑶𝑶 (−𝟏𝟏, 𝟏𝟏) = (𝒉𝒉, 𝒌𝒌)
𝒂𝒂𝟐𝟐 = 𝟒𝟒  ⟹       𝒂𝒂 = 𝟐𝟐
𝟐𝟐𝟐𝟐 = 𝟒𝟒       
𝒙𝒙 = 𝒉𝒉  ⟹   𝒙𝒙 = −𝟏𝟏    
𝒃𝒃𝟐𝟐 = 𝟐𝟐   ⟹      𝒃𝒃 = √𝟐𝟐
𝟐𝟐𝟐𝟐 = 𝟐𝟐√𝟐𝟐       
𝒚𝒚 = 𝒌𝒌    ⟹     𝒚𝒚 = 𝟏𝟏      
∵ 𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐 ⟹∴ 𝒄𝒄𝟐𝟐 = 𝟒𝟒 + 𝟐𝟐
𝒄𝒄𝟐𝟐 = 𝟔𝟔 ⟹ 𝒄𝒄 = √𝟔𝟔

∴
∵ 𝑭𝑭( 𝒉𝒉, 𝒌𝒌 ∓ 𝒄𝒄) ⟹ 𝑭𝑭(−𝟏𝟏, 𝟏𝟏 ∓ 𝟓𝟓)
∴    𝑭𝑭𝟏𝟏(−𝟏𝟏, 𝟔𝟔)    ,          𝑭𝑭𝟐𝟐(−𝟏𝟏, −𝟒𝟒)

∴
∵ 𝑽𝑽( 𝒉𝒉, 𝒌𝒌 ∓ 𝒂𝒂) ⟹    𝑽𝑽(−𝟏𝟏, 𝟏𝟏 ∓ 𝟑𝟑)
𝑽𝑽𝟏𝟏(−𝟏𝟏 , 𝟒𝟒) ⟹ 𝑽𝑽𝟐𝟐(−𝟏𝟏 , −𝟐𝟐)

𝒆𝒆 =    𝒄𝒄  
𝒂𝒂  ⟹  𝒆𝒆 =   √𝟔𝟔  

𝟐𝟐
  √𝟔𝟔  

𝟐𝟐 > 𝟏𝟏    

𝟏𝟏𝟏𝟏(𝒙𝒙 + 𝟐𝟐)𝟐𝟐 − 𝟗𝟗(𝒚𝒚 − 𝟑𝟑)𝟐𝟐 = 𝟏𝟏𝟏𝟏𝟏𝟏
  

 

بالتحليل  في المثال التالي  وجميع الأسئلة المشابهة له دائماً يكون الحل بأكمال المربع بالنسبة للمتغيرين وبعد ذلك نقوم  
 الحدوديتين كل منها بالمربع الكامل ثم نقسم على العدد الباقي للطرفين فنحصل على المعادلة القياسية للقطع الزائد.

𝟒𝟒𝒚𝒚𝟐𝟐 − 𝟗𝟗𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝟑𝟑 − 𝟖𝟖𝟖𝟖 − 𝟔𝟔𝟔𝟔 = 𝟎𝟎

 

𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐 − 𝟗𝟗(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 = 𝟑𝟑𝟑𝟑  ÷ 𝟑𝟑𝟑𝟑

𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟑𝟑𝟑𝟑 − 𝟗𝟗(𝒙𝒙 − 𝟐𝟐)𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟑𝟑𝟑𝟑
𝟑𝟑𝟑𝟑

∴  
(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟗𝟗 −
(𝒙𝒙 − 𝟐𝟐)𝟐𝟐

𝟒𝟒 = 𝟏𝟏                       

𝑶𝑶(𝒉𝒉, 𝒌𝒌) = 𝑶𝑶(𝟐𝟐, 𝟏𝟏)  

𝒂𝒂𝟐𝟐 = 𝟗𝟗 ⟹ 𝒂𝒂 = 𝟑𝟑 ⟹ 𝟐𝟐𝟐𝟐 = 𝟔𝟔                 

𝒃𝒃𝟐𝟐 = 𝟒𝟒   ⟹    𝒃𝒃 = 𝟐𝟐  ⟹    𝟐𝟐𝟐𝟐 = 𝟒𝟒        

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐    ⟹     𝒄𝒄𝟐𝟐 = 𝟗𝟗 + 𝟒𝟒    ⟹     𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏     ⟹     𝒄𝒄 = √ 𝟏𝟏𝟏𝟏  

∵ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄)  ⟹∴ 𝑭𝑭𝟏𝟏(𝟐𝟐 , 𝟏𝟏 + √ 𝟏𝟏𝟏𝟏  )  ∴

∵ 𝑭𝑭𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒄𝒄)  ⟹∴ 𝑭𝑭𝟐𝟐(𝟐𝟐 , 𝟏𝟏 − √ 𝟏𝟏𝟏𝟏  )

∵ 𝑽𝑽𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒂𝒂)  ⟹∴ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟏𝟏 + 𝟑𝟑)  ⟹ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟒𝟒) ∴

∵ 𝑽𝑽𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒂𝒂)  ⟹∴ 𝑽𝑽𝟐𝟐(𝟐𝟐 , 𝟏𝟏 − 𝟑𝟑) ⟹ 𝑽𝑽𝟐𝟐(𝟐𝟐 , −𝟐𝟐)

𝒆𝒆 =    𝒄𝒄  
𝒂𝒂  ⟹  𝒆𝒆 =   𝟓𝟓  

𝟑𝟑 > 𝟏𝟏    

 

 

 

𝑨𝑨 = 𝟗𝟗𝟗𝟗𝒙𝒙 =𝒚𝒚 =
𝒚𝒚

𝑨𝑨 =  𝒙𝒙 𝒚𝒚
𝟗𝟗𝟗𝟗 =  𝟖𝟖𝟖𝟖  ⇒  𝒙𝒙 = 𝟏𝟏𝟏𝟏

  𝒙𝒙 𝒚𝒚 = 𝟗𝟗𝟗𝟗
(𝒙𝒙) ( 𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅 )  +  (𝒚𝒚) (  𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅 ) = 𝟎𝟎 

𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅  +  (𝟖𝟖)(𝟐𝟐) = 𝟎𝟎         ⇒       𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅  =  −𝟏𝟏𝟏𝟏   

⇒    𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅   =  −      𝟒𝟒    

𝟑𝟑 𝒄𝒄𝒄𝒄 𝒔𝒔⁄                   

𝒙𝒙𝒗𝒗 ==
 𝟖𝟖 =
 (𝟖𝟖 +  𝟐𝟐𝟐𝟐) =

=
𝒗𝒗 = 𝒗𝒗   − 𝒗𝒗   ⇒  𝒗𝒗 (𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟑𝟑 −  (𝟖𝟖)𝟑𝟑

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =  𝟑𝟑(𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟐𝟐 × (𝟐𝟐) 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 −  𝟎𝟎  ⇒ − 𝟔𝟔 =  𝟑𝟑(𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟐𝟐  × (𝟐𝟐) 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅  =   −𝟔𝟔    

𝟔𝟔𝟔𝟔𝟔𝟔   =  − 𝟏𝟏
𝟏𝟏𝟏𝟏𝟏𝟏  𝒄𝒄𝒄𝒄/𝒔𝒔   ⇒     𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅  =  − 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝐜𝐜𝐜𝐜/𝐬𝐬
0.01 cm/s 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟐𝟐 , 𝐝𝐝𝐝𝐝

𝐝𝐝𝐝𝐝 = ? 

𝐀𝐀 =  ثابت  𝟗𝟗𝟗𝟗 

𝒙𝒙 = ?  , 𝒚𝒚 =  𝟖𝟖 

 

𝑨𝑨 = 𝟗𝟗𝟗𝟗 𝒚𝒚 

𝒙𝒙 = 𝟏𝟏𝟏𝟏 

 

𝟗𝟗𝟗𝟗 𝒄𝒄𝒄𝒄𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐/𝒔𝒔
𝟖𝟖 𝒄𝒄𝒄𝒄

 

𝟖𝟖 𝒄𝒄𝒄𝒄  𝟔𝟔 𝐜𝐜𝐜𝐜𝟑𝟑/𝐬𝐬 
𝟏𝟏 𝒄𝒄𝒄𝒄 

𝒙𝒙 𝒙𝒙 

𝟖𝟖 + 𝟐𝟐𝟐𝟐 

𝟖𝟖 𝒄𝒄𝒄𝒄 

25



 

𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐 − 𝟗𝟗(𝒙𝒙 − 𝟐𝟐)𝟐𝟐 = 𝟑𝟑𝟑𝟑  ÷ 𝟑𝟑𝟑𝟑

𝟒𝟒(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟑𝟑𝟑𝟑 − 𝟗𝟗(𝒙𝒙 − 𝟐𝟐)𝟐𝟐

𝟑𝟑𝟑𝟑 = 𝟑𝟑𝟑𝟑
𝟑𝟑𝟑𝟑

∴  
(𝒚𝒚 − 𝟏𝟏)𝟐𝟐

𝟗𝟗 −
(𝒙𝒙 − 𝟐𝟐)𝟐𝟐

𝟒𝟒 = 𝟏𝟏                       

𝑶𝑶(𝒉𝒉, 𝒌𝒌) = 𝑶𝑶(𝟐𝟐, 𝟏𝟏)  

𝒂𝒂𝟐𝟐 = 𝟗𝟗 ⟹ 𝒂𝒂 = 𝟑𝟑 ⟹ 𝟐𝟐𝟐𝟐 = 𝟔𝟔                 

𝒃𝒃𝟐𝟐 = 𝟒𝟒   ⟹    𝒃𝒃 = 𝟐𝟐  ⟹    𝟐𝟐𝟐𝟐 = 𝟒𝟒        

𝒄𝒄𝟐𝟐 = 𝒂𝒂𝟐𝟐 + 𝒃𝒃𝟐𝟐    ⟹     𝒄𝒄𝟐𝟐 = 𝟗𝟗 + 𝟒𝟒    ⟹     𝒄𝒄𝟐𝟐 = 𝟏𝟏𝟏𝟏     ⟹     𝒄𝒄 = √ 𝟏𝟏𝟏𝟏  

∵ 𝑭𝑭𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒄𝒄)  ⟹∴ 𝑭𝑭𝟏𝟏(𝟐𝟐 , 𝟏𝟏 + √ 𝟏𝟏𝟏𝟏  )  ∴

∵ 𝑭𝑭𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒄𝒄)  ⟹∴ 𝑭𝑭𝟐𝟐(𝟐𝟐 , 𝟏𝟏 − √ 𝟏𝟏𝟏𝟏  )

∵ 𝑽𝑽𝟏𝟏(𝒉𝒉 , 𝒌𝒌 + 𝒂𝒂)  ⟹∴ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟏𝟏 + 𝟑𝟑)  ⟹ 𝑽𝑽𝟏𝟏(𝟐𝟐 , 𝟒𝟒) ∴

∵ 𝑽𝑽𝟐𝟐(𝒉𝒉 , 𝒌𝒌 − 𝒂𝒂)  ⟹∴ 𝑽𝑽𝟐𝟐(𝟐𝟐 , 𝟏𝟏 − 𝟑𝟑) ⟹ 𝑽𝑽𝟐𝟐(𝟐𝟐 , −𝟐𝟐)

𝒆𝒆 =    𝒄𝒄  
𝒂𝒂  ⟹  𝒆𝒆 =   𝟓𝟓  

𝟑𝟑 > 𝟏𝟏    

 

 

 

𝑨𝑨 = 𝟗𝟗𝟗𝟗𝒙𝒙 =𝒚𝒚 =
𝒚𝒚

𝑨𝑨 =  𝒙𝒙 𝒚𝒚
𝟗𝟗𝟗𝟗 =  𝟖𝟖𝟖𝟖  ⇒  𝒙𝒙 = 𝟏𝟏𝟏𝟏

  𝒙𝒙 𝒚𝒚 = 𝟗𝟗𝟗𝟗
(𝒙𝒙) ( 𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅 )  +  (𝒚𝒚) (  𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅 ) = 𝟎𝟎 

𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅  +  (𝟖𝟖)(𝟐𝟐) = 𝟎𝟎         ⇒       𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅  =  −𝟏𝟏𝟏𝟏   

⇒    𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅   =  −      𝟒𝟒    

𝟑𝟑 𝒄𝒄𝒄𝒄 𝒔𝒔⁄                   

𝒙𝒙𝒗𝒗 ==
 𝟖𝟖 =
 (𝟖𝟖 +  𝟐𝟐𝟐𝟐) =

=
𝒗𝒗 = 𝒗𝒗   − 𝒗𝒗   ⇒  𝒗𝒗 (𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟑𝟑 −  (𝟖𝟖)𝟑𝟑

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =  𝟑𝟑(𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟐𝟐 × (𝟐𝟐) 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 −  𝟎𝟎  ⇒ − 𝟔𝟔 =  𝟑𝟑(𝟖𝟖 +  𝟐𝟐𝟐𝟐)𝟐𝟐  × (𝟐𝟐) 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅  =   −𝟔𝟔    

𝟔𝟔𝟔𝟔𝟔𝟔   =  − 𝟏𝟏
𝟏𝟏𝟏𝟏𝟏𝟏  𝒄𝒄𝒄𝒄/𝒔𝒔   ⇒     𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅  =  − 𝟎𝟎. 𝟎𝟎𝟎𝟎 𝐜𝐜𝐜𝐜/𝐬𝐬
0.01 cm/s 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟐𝟐 , 𝐝𝐝𝐝𝐝

𝐝𝐝𝐝𝐝 = ? 

𝐀𝐀 =  ثابت  𝟗𝟗𝟗𝟗 

𝒙𝒙 = ?  , 𝒚𝒚 =  𝟖𝟖 

 

𝑨𝑨 = 𝟗𝟗𝟗𝟗 𝒚𝒚 

𝒙𝒙 = 𝟏𝟏𝟏𝟏 

 

𝟗𝟗𝟗𝟗 𝒄𝒄𝒄𝒄𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐/𝒔𝒔
𝟖𝟖 𝒄𝒄𝒄𝒄

 

𝟖𝟖 𝒄𝒄𝒄𝒄  𝟔𝟔 𝐜𝐜𝐜𝐜𝟑𝟑/𝐬𝐬 
𝟏𝟏 𝒄𝒄𝒄𝒄 

𝒙𝒙 𝒙𝒙 

𝟖𝟖 + 𝟐𝟐𝟐𝟐 

𝟖𝟖 𝒄𝒄𝒄𝒄 

26



 

 𝒉𝒉𝟓𝟓𝒄𝒄𝒄𝒄𝟑𝟑/𝒔𝒔

𝒓𝒓𝒗𝒗

𝒗𝒗 =  𝟏𝟏
𝟑𝟑  𝝅𝝅 𝒓𝒓𝟐𝟐 𝒉𝒉𝒓𝒓

𝒓𝒓 , 𝒉𝒉

   𝒓𝒓   
𝟖𝟖 =     𝒉𝒉   

𝟐𝟐𝟐𝟐     ⟹   𝒓𝒓 =    𝟖𝟖   
𝟐𝟐𝟐𝟐 𝒉𝒉  ⟹   𝒓𝒓 =    𝟏𝟏   

𝟑𝟑 𝒉𝒉 … … . . (𝟏𝟏)

𝒗𝒗 =      𝟏𝟏    
𝟑𝟑  𝝅𝝅 𝒓𝒓𝟐𝟐 𝒉𝒉 … … … … … . . (𝟐𝟐)               

(𝟐𝟐)   (𝟏𝟏)    

𝒗𝒗 =    𝟏𝟏   
𝟑𝟑  𝝅𝝅 (   𝟏𝟏  

𝟑𝟑  𝒉𝒉)𝟐𝟐 𝒉𝒉 ⟹   𝒗𝒗 =  𝟏𝟏
𝟐𝟐𝟐𝟐 𝝅𝝅  𝒉𝒉𝟑𝟑

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =     𝟏𝟏   

𝟐𝟐𝟐𝟐  𝝅𝝅 𝟑𝟑 𝒉𝒉𝟐𝟐   𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅        𝒕𝒕      

=( 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑  =  5 −  1 =  4 𝑐𝑐𝑐𝑐3/𝑠𝑠)

𝟒𝟒 =  𝟏𝟏
𝟗𝟗  𝝅𝝅 (𝟏𝟏𝟏𝟏)𝟐𝟐  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅       ⟹  𝟒𝟒 =  𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏
𝟗𝟗   𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅  ⟹  𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅   =  𝟑𝟑𝟑𝟑

𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟏𝟏
𝟒𝟒𝟒𝟒   𝒄𝒄𝒄𝒄/𝒔𝒔 

1
4𝜋𝜋   𝑐𝑐𝑐𝑐/𝑠𝑠

𝒙𝒙
𝐲𝐲𝐋𝐋

 𝒙𝒙 , 𝒚𝒚  (𝒕𝒕𝒕𝒕𝒕𝒕 𝜽𝜽)

𝒕𝒕𝒕𝒕𝒕𝒕 𝝅𝝅
𝟑𝟑 =  𝒚𝒚 

𝒙𝒙 ⟹ √𝟑𝟑  =  𝒚𝒚 
𝒙𝒙  ⟹   𝒚𝒚 =  √𝟑𝟑 𝒙𝒙 

 

𝒙𝒙𝟐𝟐  +  𝒚𝒚𝟐𝟐  =  𝑳𝑳𝟐𝟐  . . . . .  (𝟏𝟏) 

𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  + 𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅  =  𝟎𝟎                 (𝟏𝟏)    

(𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  + 𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅  =  𝟎𝟎) ÷ 𝟐𝟐   ⟹   𝒙𝒙   𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  + √𝟑𝟑 𝒙𝒙   𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅  =  𝟎𝟎 

 𝒙𝒙 (  𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  + √𝟑𝟑  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅)           ⟹       𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆     𝒙𝒙 = 𝟎𝟎          

 𝒐𝒐𝒐𝒐      𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  + √𝟑𝟑  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅  =  𝟎𝟎 ⟹   𝟐𝟐 + √𝟑𝟑 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟎𝟎   ⟹  √𝟑𝟑  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 = −𝟐𝟐 

⟹      𝒅𝒅𝒅𝒅  
𝒅𝒅𝒅𝒅  =  −     𝟐𝟐   

√𝟑𝟑
                    

𝟏𝟏𝒄𝒄𝒄𝒄𝟑𝟑/𝒔𝒔 

𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝟓𝟓 𝐜𝐜𝐜𝐜𝟑𝟑 /𝐬𝐬
𝟏𝟏 𝒄𝒄𝒄𝒄𝟑𝟑/𝒔𝒔𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄 

𝒉𝒉 

𝒓𝒓 =    𝟏𝟏𝟏𝟏   
𝟐𝟐 = 𝟏𝟏 

𝟐𝟐 𝒎𝒎/𝒔𝒔𝒔𝒔𝒔𝒔   𝝅𝝅  
𝟑𝟑

 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =? 

𝐲𝐲 

𝒙𝒙 
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝜽𝜽 =  𝝅𝝅

𝟑𝟑 

 

(𝟖𝟖𝟖𝟖 𝒌𝒌𝒌𝒌/𝒉𝒉)
(𝟔𝟔𝟔𝟔 𝒌𝒌𝒌𝒌/𝒉𝒉)

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏𝟏𝟏𝟏𝟏 𝒌𝒌𝒌𝒌/𝒉𝒉]

يستند طرفه العلوي على حائط رأسي وبطرفه السفلي على     (𝒎𝒎 𝟏𝟏𝟏𝟏)سلم طوله  
  (𝒔𝒔𝒔𝒔𝒔𝒔/𝟐𝟐𝟐𝟐)أرض أفقية فأذا كان أنزلاق الطرف السفلي مبتعداً عن الحائطة بمعدل   

(معدل أنزلاق    1        من الحائط جد:   (𝒎𝒎 𝟖𝟖)عندما يكون الطرف الأسفل على بعد  
 ( سرعة تغير الزاوية بين السلم والأرض.      2  الطرف العلوي.

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏) − 𝟖𝟖/𝟑𝟑 𝒎𝒎/𝒔𝒔    
    𝟐𝟐) − 𝟏𝟏 𝟑𝟑⁄   𝒓𝒓𝒓𝒓𝒓𝒓/𝒔𝒔 ]

(𝟐𝟐𝟐𝟐 𝒎𝒎)
(𝟏𝟏. 𝟔𝟔 𝒎𝒎)(𝟐𝟐. 𝟓𝟓 𝒎𝒎/𝒔𝒔)

(𝟖𝟖 𝒎𝒎)

[  𝑨𝑨𝑨𝑨𝑨𝑨: −𝟓𝟓
𝟗𝟗 ]

الدائرة    الى  تنتمي  أكثر  أو  نقطة  𝒙𝒙𝟐𝟐)جد  + 𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟖𝟖𝟖𝟖 = يكون    (𝟏𝟏𝟏𝟏𝟏𝟏 عندها 
 بالنسبة للزمن    𝒚𝒚بالنسبة للزمن مساوياً الى معدل تغير    𝒙𝒙معدل تغير  

[  𝑨𝑨𝑨𝑨𝑨𝑨:  {(𝟔𝟔 , −𝟒𝟒)(−𝟏𝟏𝟏𝟏 , 𝟏𝟏𝟏𝟏)}  ]

الدائرة    الى  تنتمي  أكثر  أو  نقطة  𝒙𝒙𝟐𝟐)جد  + 𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟖𝟖𝟖𝟖 = يكون    (𝟏𝟏𝟏𝟏𝟏𝟏 عندها 
 بالنسبة للزمن    𝒚𝒚بالنسبة للزمن مساوياً الى معدل تغير    𝒙𝒙معدل تغير  

[  𝑨𝑨𝑨𝑨𝑨𝑨:  {(𝟔𝟔 , −𝟒𝟒)(−𝟏𝟏𝟏𝟏 , 𝟏𝟏𝟏𝟏)}  ]

(𝟕𝟕. 𝟐𝟐𝟐𝟐)(𝟏𝟏. 𝟖𝟖𝟖𝟖)
(𝟑𝟑𝟑𝟑𝟑𝟑/𝒎𝒎𝒎𝒎𝒎𝒎)

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏𝟏𝟏 𝒎𝒎/𝒎𝒎𝒎𝒎𝒎𝒎]

𝑴𝑴(𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒)
(𝟕𝟕, 𝟎𝟎)(𝟎𝟎. 𝟐𝟐  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖/𝒔𝒔)
𝑴𝑴𝒙𝒙 = 𝟒𝟒

(𝟐𝟐 𝒄𝒄𝒄𝒄/𝒔𝒔)
(𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝒎𝒎𝟑𝟑)

(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟒𝟒𝟒𝟒 𝒎𝒎/𝒔𝒔)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟑𝟑𝟑𝟑 𝒎𝒎)
(𝟖𝟖𝟖𝟖 𝒎𝒎/𝒔𝒔)

(𝟒𝟒𝟒𝟒 𝒎𝒎)
𝑴𝑴(𝒙𝒙𝟐𝟐 = 𝒚𝒚)𝑴𝑴

(𝟎𝟎  , 𝟑𝟑
  𝟐𝟐  )

𝑴𝑴

[ 𝑨𝑨𝑨𝑨𝑨𝑨:  {(√𝟐𝟐 , 𝟐𝟐)(−√𝟐𝟐 , 𝟐𝟐)}  ]

(𝟎𝟎. 𝟑𝟑  𝒄𝒄𝒄𝒄/𝒔𝒔)(𝟎𝟎. 𝟓𝟓  𝒄𝒄𝒄𝒄/𝒔𝒔)
(𝟒𝟒 𝒄𝒄𝒄𝒄)(𝟑𝟑 𝒄𝒄𝒄𝒄)

(𝟎𝟎. 𝟓𝟓  𝒄𝒄𝒄𝒄/𝒔𝒔)(𝟑𝟑𝟑𝟑𝟑𝟑 𝒄𝒄𝒄𝒄𝟑𝟑)
(𝟓𝟓 𝒄𝒄𝒄𝒄)
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(𝟖𝟖𝟖𝟖 𝒌𝒌𝒌𝒌/𝒉𝒉)
(𝟔𝟔𝟔𝟔 𝒌𝒌𝒌𝒌/𝒉𝒉)

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏𝟏𝟏𝟏𝟏 𝒌𝒌𝒌𝒌/𝒉𝒉]

يستند طرفه العلوي على حائط رأسي وبطرفه السفلي على     (𝒎𝒎 𝟏𝟏𝟏𝟏)سلم طوله  
  (𝒔𝒔𝒔𝒔𝒔𝒔/𝟐𝟐𝟐𝟐)أرض أفقية فأذا كان أنزلاق الطرف السفلي مبتعداً عن الحائطة بمعدل   

(معدل أنزلاق    1        من الحائط جد:   (𝒎𝒎 𝟖𝟖)عندما يكون الطرف الأسفل على بعد  
 ( سرعة تغير الزاوية بين السلم والأرض.      2  الطرف العلوي.

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏) − 𝟖𝟖/𝟑𝟑 𝒎𝒎/𝒔𝒔    
    𝟐𝟐) − 𝟏𝟏 𝟑𝟑⁄   𝒓𝒓𝒓𝒓𝒓𝒓/𝒔𝒔 ]

(𝟐𝟐𝟐𝟐 𝒎𝒎)
(𝟏𝟏. 𝟔𝟔 𝒎𝒎)(𝟐𝟐. 𝟓𝟓 𝒎𝒎/𝒔𝒔)

(𝟖𝟖 𝒎𝒎)

[  𝑨𝑨𝑨𝑨𝑨𝑨: −𝟓𝟓
𝟗𝟗 ]

الدائرة    الى  تنتمي  أكثر  أو  نقطة  𝒙𝒙𝟐𝟐)جد  + 𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟖𝟖𝟖𝟖 = يكون    (𝟏𝟏𝟏𝟏𝟏𝟏 عندها 
 بالنسبة للزمن    𝒚𝒚بالنسبة للزمن مساوياً الى معدل تغير    𝒙𝒙معدل تغير  

[  𝑨𝑨𝑨𝑨𝑨𝑨:  {(𝟔𝟔 , −𝟒𝟒)(−𝟏𝟏𝟏𝟏 , 𝟏𝟏𝟏𝟏)}  ]

الدائرة    الى  تنتمي  أكثر  أو  نقطة  𝒙𝒙𝟐𝟐)جد  + 𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟖𝟖𝟖𝟖 = يكون    (𝟏𝟏𝟏𝟏𝟏𝟏 عندها 
 بالنسبة للزمن    𝒚𝒚بالنسبة للزمن مساوياً الى معدل تغير    𝒙𝒙معدل تغير  

[  𝑨𝑨𝑨𝑨𝑨𝑨:  {(𝟔𝟔 , −𝟒𝟒)(−𝟏𝟏𝟏𝟏 , 𝟏𝟏𝟏𝟏)}  ]

(𝟕𝟕. 𝟐𝟐𝟐𝟐)(𝟏𝟏. 𝟖𝟖𝟖𝟖)
(𝟑𝟑𝟑𝟑𝟑𝟑/𝒎𝒎𝒎𝒎𝒎𝒎)

[  𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏𝟏𝟏 𝒎𝒎/𝒎𝒎𝒎𝒎𝒎𝒎]

𝑴𝑴(𝒚𝒚𝟐𝟐 = 𝟒𝟒𝟒𝟒)
(𝟕𝟕, 𝟎𝟎)(𝟎𝟎. 𝟐𝟐  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖/𝒔𝒔)
𝑴𝑴𝒙𝒙 = 𝟒𝟒

(𝟐𝟐 𝒄𝒄𝒄𝒄/𝒔𝒔)
(𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝒎𝒎𝟑𝟑)

(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟒𝟒𝟒𝟒 𝒎𝒎/𝒔𝒔)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟑𝟑𝟑𝟑 𝒎𝒎)
(𝟖𝟖𝟖𝟖 𝒎𝒎/𝒔𝒔)

(𝟒𝟒𝟒𝟒 𝒎𝒎)
𝑴𝑴(𝒙𝒙𝟐𝟐 = 𝒚𝒚)𝑴𝑴

(𝟎𝟎  , 𝟑𝟑
  𝟐𝟐  )

𝑴𝑴

[ 𝑨𝑨𝑨𝑨𝑨𝑨:  {(√𝟐𝟐 , 𝟐𝟐)(−√𝟐𝟐 , 𝟐𝟐)}  ]

(𝟎𝟎. 𝟑𝟑  𝒄𝒄𝒄𝒄/𝒔𝒔)(𝟎𝟎. 𝟓𝟓  𝒄𝒄𝒄𝒄/𝒔𝒔)
(𝟒𝟒 𝒄𝒄𝒄𝒄)(𝟑𝟑 𝒄𝒄𝒄𝒄)

(𝟎𝟎. 𝟓𝟓  𝒄𝒄𝒄𝒄/𝒔𝒔)(𝟑𝟑𝟑𝟑𝟑𝟑 𝒄𝒄𝒄𝒄𝟑𝟑)
(𝟓𝟓 𝒄𝒄𝒄𝒄)
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𝒃𝒃)  𝒉𝒉(𝒙𝒙) =  𝒙𝒙𝟑𝟑 −  𝒙𝒙       ,     [ −𝟏𝟏 , 𝟏𝟏 ]
[ −𝟏𝟏 , 𝟏𝟏 ]

( −𝟏𝟏  , 𝟏𝟏 )
𝒉𝒉(𝒂𝒂) =  𝒉𝒉(− 𝟏𝟏) = (−𝟏𝟏)𝟑𝟑 − ( −𝟏𝟏)   =  − 𝟏𝟏 +  𝟏𝟏   =  𝟎𝟎

𝒉𝒉(𝒃𝒃) =  𝒉𝒉(𝟏𝟏) = (𝟏𝟏)𝟑𝟑 − (𝟏𝟏) = 𝟏𝟏 − 𝟏𝟏 =  𝟎𝟎
𝒉𝒉′(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏  ⟹  𝒉𝒉′(𝒄𝒄) =  𝟑𝟑𝒄𝒄𝟐𝟐 −  𝟏𝟏        ,      ∵  𝒉𝒉′(𝒄𝒄)  =  𝟎𝟎
𝟑𝟑𝒄𝒄𝟐𝟐 −  𝟏𝟏 = 𝟎𝟎 ⟹   𝟑𝟑𝒄𝒄𝟐𝟐 =  𝟏𝟏    ⟹ 𝒄𝒄𝟐𝟐 =     𝟏𝟏  

𝟑𝟑     ⟹ ∴  𝐜𝐜 = ± 𝟏𝟏
√𝟑𝟑  ∈   (− 𝟏𝟏, 𝟏𝟏 )   

𝒅𝒅) 𝒇𝒇 (𝒙𝒙)  =  𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 +  𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙     ,   [ 𝟎𝟎 , 𝟐𝟐𝟐𝟐 ]  
π

π
𝒇𝒇 (𝒂𝒂)  =  𝒇𝒇 ( 𝟎𝟎)  =  𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐(𝟎𝟎)  +  𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 (𝟎𝟎)   =  𝟏𝟏 +  𝟐𝟐(𝟏𝟏)   =  𝟑𝟑𝒇𝒇 (𝒃𝒃)  =  𝒇𝒇 (𝟐𝟐𝟐𝟐)  =  𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐(𝟐𝟐𝟐𝟐)  +  𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 (𝟐𝟐𝟐𝟐)   =  𝟏𝟏 +

 𝟐𝟐(𝟏𝟏)   =  𝟑𝟑
∴   𝒇𝒇 (𝒂𝒂)  =  𝒇𝒇 (𝒃𝒃)

∴𝒇𝒇 ′(𝒙𝒙)  =  − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐  −  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 𝒙𝒙
𝒇𝒇 ′(𝒄𝒄)  =  − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 −  𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄  ⟹   𝒇𝒇 ′(𝒄𝒄)  =  𝟎𝟎
− 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 −  𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄 =  𝟎𝟎      ÷  (− 𝟐𝟐)    ⟹   𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 +  𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄 =  𝟎𝟎 
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄 𝒄𝒄𝒄𝒄𝒄𝒄 𝒄𝒄  +  𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄  =  𝟎𝟎
𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄 [ 𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝒄𝒄 +  𝟏𝟏 ]  =  𝟎𝟎  ⟹ 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆    𝒔𝒔𝒔𝒔𝒔𝒔 𝒄𝒄 =  𝟎𝟎    ⟹    𝒄𝒄 =  𝟎𝟎 , 𝝅𝝅  , 𝟐𝟐𝟐𝟐
𝒐𝒐𝒐𝒐    𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝒄𝒄 +  𝟏𝟏 =  𝟎𝟎    ⟹   𝒄𝒄𝒄𝒄𝒄𝒄 𝒄𝒄 =  −𝟏𝟏  

𝟐𝟐    ⟹  𝒄𝒄 =    𝝅𝝅  
𝟑𝟑   

𝒄𝒄 =    𝝅𝝅  
𝟑𝟑𝒄𝒄 =    𝟒𝟒𝟒𝟒  

𝟑𝟑        𝒄𝒄 =   𝟐𝟐 𝝅𝝅  
𝟑𝟑

∴    𝒄𝒄 =  𝝅𝝅  ,   𝟐𝟐𝟐𝟐  
𝟑𝟑    ,   𝟒𝟒𝟒𝟒  

𝟑𝟑  ∈  ( 𝟎𝟎 , 𝟐𝟐𝟐𝟐 )

∵⇐∴  𝒇𝒇(𝒂𝒂) = 𝒇𝒇(𝒃𝒃) 𝒂𝒂𝒂𝒂𝒂𝒂 𝒇𝒇′(𝒄𝒄) = 𝟎𝟎 , 𝒄𝒄 = 𝟐𝟐, 𝒇𝒇′(𝟐𝟐) = 𝟎𝟎  
𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟒𝟒   ⟹   𝒇𝒇′(𝟐𝟐) = 𝟎𝟎  ⟹ 𝟐𝟐𝒂𝒂(𝟐𝟐) − 𝟒𝟒 = 𝟎𝟎 ⟹  𝟒𝟒𝟒𝟒 = 𝟒𝟒 ⟹  𝒂𝒂 = 𝟏𝟏 
𝒇𝒇(𝒂𝒂) = 𝒇𝒇(𝒃𝒃) ⟹  𝒇𝒇(−𝟏𝟏) = 𝒇𝒇(𝒃𝒃) ⟹  (−𝟏𝟏)𝟐𝟐 − 𝟒𝟒(−𝟏𝟏) + 𝟓𝟓 = 𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟓𝟓 
𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟓𝟓 = 𝟏𝟏𝟏𝟏 ⟹  𝒃𝒃𝟐𝟐 − 𝟒𝟒𝟒𝟒 − 𝟓𝟓 = 𝟎𝟎  ⟹    (𝒃𝒃 − 𝟓𝟓)(𝒃𝒃 + 𝟏𝟏) = 𝟎𝟎
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆    𝒃𝒃 − 𝟓𝟓 = 𝟎𝟎 ⟹ 𝒃𝒃 = 𝟓𝟓       𝒐𝒐𝒐𝒐  𝒃𝒃 + 𝟏𝟏 = 𝟎𝟎 ⟹  𝒃𝒃 = −𝟏𝟏   
∴  𝒂𝒂 = 𝟏𝟏       ,      𝒃𝒃 = 𝟓𝟓 

     𝒄𝒄) 𝒈𝒈(𝒙𝒙)  =   𝟒𝟒
𝒙𝒙 + 𝟐𝟐      ,    [ −𝟏𝟏 , 𝟐𝟐 ]

[ −𝟏𝟏 , 𝟐𝟐 ](𝒙𝒙 = −𝟐𝟐)
( −𝟏𝟏  , 𝟐𝟐 )(𝒙𝒙 = −𝟐𝟐)

𝒈𝒈(𝒙𝒙) = 𝟒𝟒
𝒙𝒙 + 𝟐𝟐 = 𝟒𝟒(𝒙𝒙 + 𝟐𝟐)−𝟏𝟏      ⟹      𝒇𝒇 ′(𝒙𝒙)  =  −𝟒𝟒(𝒙𝒙 + 𝟐𝟐)−𝟐𝟐 =  −𝟒𝟒

(𝒙𝒙 + 𝟐𝟐)𝟐𝟐  

𝟑𝟑)   𝒈𝒈′(𝒄𝒄) = 𝒈𝒈(𝒃𝒃) − 𝒈𝒈(𝒂𝒂)
𝒃𝒃 − 𝒂𝒂                  ⟹              −𝟒𝟒   

(𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =  𝒈𝒈(𝟐𝟐) −  𝒈𝒈(−𝟏𝟏)
𝟐𝟐 − (−𝟏𝟏)      

−𝟒𝟒   
(𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =  

𝟒𝟒
𝟐𝟐 + 𝟐𝟐 −  𝟒𝟒

−𝟏𝟏 + 𝟐𝟐
𝟐𝟐 + 𝟏𝟏      ⟹      −𝟒𝟒   

(𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =      𝟏𝟏 −  𝟒𝟒     
𝟑𝟑                   

−𝟒𝟒   
(𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =  −𝟑𝟑  

𝟑𝟑      ⟹        𝟒𝟒   
(𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =     𝟏𝟏    

𝟏𝟏   ⟹      (𝒄𝒄 + 𝟐𝟐)𝟐𝟐  =  𝟒𝟒             
𝒄𝒄 + 𝟐𝟐 =  ±𝟐𝟐  ⟹    𝒆𝒆𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊𝒊     𝒄𝒄 + 𝟐𝟐 =  𝟐𝟐 ⟹ ∴  𝒄𝒄 = 𝟎𝟎 ∈ ( −𝟏𝟏  , 𝟐𝟐 ) 
𝒐𝒐𝒓𝒓     𝒄𝒄 + 𝟐𝟐 =  −𝟐𝟐 ⟹   𝒄𝒄 = −𝟒𝟒 ∉ ( −𝟏𝟏  , 𝟐𝟐 )

𝒅𝒅) 𝑩𝑩(𝒙𝒙)  =  √(𝒙𝒙 + 𝟏𝟏)𝟐𝟐𝟑𝟑        , [ −𝟐𝟐 , 𝟕𝟕 ] 

𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙   

𝒄𝒄

 

𝐜𝐜
 

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟓𝟓 [−𝟏𝟏 , 𝒃𝒃]𝒄𝒄 ∈ (−𝟏𝟏 , 𝒃𝒃 ) 𝒄𝒄 = 𝟐𝟐𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹
 

 
𝐶𝐶 

 

 

𝒙𝒙 =  −𝟏𝟏  −𝟏𝟏 ∈  ( −𝟐𝟐  , 𝟕𝟕 )  
𝑩𝑩′(𝒙𝒙)  =  𝟐𝟐

𝟑𝟑 √𝒙𝒙+𝟏𝟏   𝟑𝟑   
𝒙𝒙 =  −𝟏𝟏

∴

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 − 𝟏𝟏)𝟒𝟒𝒙𝒙 ∈ [−𝟏𝟏, 𝟑𝟑]
𝒄𝒄

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟏𝟏]

𝒇𝒇(𝒙𝒙) =  𝟐𝟐𝟐𝟐 +   𝟐𝟐  
𝒙𝒙  ; 𝒙𝒙 ∈ [  𝟏𝟏  

𝟐𝟐  , 𝟐𝟐] 
𝒄𝒄

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟏𝟏]

𝒄𝒄𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟒𝟒 + 𝟐𝟐𝒙𝒙𝟐𝟐𝒙𝒙 ∈ [−𝟐𝟐 , 𝟐𝟐][𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟎𝟎]

 𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝟔𝟔𝒙𝒙 + 𝟒𝟒 
𝒄𝒄        [−𝟏𝟏 , 𝟕𝟕]

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟑𝟑]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟒𝟒𝒙𝒙𝟐𝟐𝒇𝒇: [𝟎𝟎 , 𝒏𝒏] → 𝑹𝑹𝒇𝒇
𝒄𝒄 = 𝟐𝟐

𝟑𝟑𝒏𝒏  

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒏𝒏 = 𝟐𝟐]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 𝒇𝒇: [𝟎𝟎 , 𝒏𝒏] → 𝑹𝑹
𝒄𝒄 = 𝟓𝟓𝒏𝒏 

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟒𝟒  [𝟎𝟎 , 𝒌𝒌]
𝒇𝒇(−𝟏𝟏) = 𝟏𝟏𝟏𝟏𝒂𝒂, 𝒌𝒌 ∈ 𝑹𝑹𝒄𝒄

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝒂𝒂 + 𝟒𝟒 
[−𝟏𝟏 , 𝒃𝒃]𝒄𝒄 = 𝟑𝟑𝒄𝒄 ∈ (−𝟏𝟏 , 𝒃𝒃 ) 𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹  

𝒇𝒇(𝒃𝒃) = 𝒇𝒇(𝒂𝒂 + 𝒉𝒉)  ≅ 𝒇𝒇(𝒂𝒂) + 𝒉𝒉𝒇𝒇′(𝒂𝒂) 
(𝒃𝒃)(𝒂𝒂)(𝒉𝒉)(𝒉𝒉 = 𝒃𝒃 − 𝒂𝒂)

𝒉𝒉𝒉𝒉′(𝒂𝒂)

 

𝐜𝐜)  √𝟏𝟏𝟏𝟏 +  √𝟏𝟏𝟏𝟏𝟒𝟒

𝒇𝒇 (𝐱𝐱)  =  √𝒙𝒙 +  √𝒙𝒙𝟒𝟒 ∴
𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟏𝟏𝟏𝟏) =  √𝟏𝟏𝟏𝟏 + √𝟏𝟏𝟏𝟏𝟒𝟒 = 𝟒𝟒 + 𝟐𝟐 = 𝟔𝟔
𝒇𝒇 (𝒙𝒙) = (𝒙𝒙)

𝟏𝟏
𝟐𝟐 + (𝒙𝒙)

𝟏𝟏
𝟒𝟒

𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  
𝟐𝟐  𝒙𝒙

−𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟒𝟒  𝒙𝒙
−𝟑𝟑  

𝟒𝟒  ⟹ 𝒇𝒇′(𝒙𝒙) =     𝟏𝟏  
𝟐𝟐 √𝒙𝒙

 +   𝟏𝟏  
𝟒𝟒 √𝒙𝒙𝟑𝟑𝟒𝟒    

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
𝟐𝟐 √𝟏𝟏𝟏𝟏

 +   𝟏𝟏  
𝟒𝟒 √(𝟏𝟏𝟏𝟏)𝟑𝟑𝟒𝟒  ⟹ 𝒇𝒇′(𝟖𝟖) =   𝟏𝟏  

𝟐𝟐 √𝟏𝟏𝟏𝟏
+    𝟏𝟏  

𝟒𝟒( √𝟏𝟏𝟏𝟏𝟒𝟒 )𝟑𝟑  

𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
 (𝟖𝟖)  +   𝟏𝟏  

𝟒𝟒 (𝟖𝟖) =   𝟒𝟒 + 𝟏𝟏  
𝟒𝟒 (𝟖𝟖) =      𝟓𝟓     

𝟑𝟑𝟑𝟑 = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏
𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏 
∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴ √𝟏𝟏𝟏𝟏 + √𝟏𝟏𝟏𝟏𝟒𝟒  ≅  𝟔𝟔 +  (𝟏𝟏)(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏) ≅ 𝟔𝟔 +  𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏  ≅  𝟔𝟔. 𝟏𝟏𝟏𝟏𝟏𝟏   

𝐛𝐛 =  𝟏𝟏𝟏𝟏      
  𝒂𝒂 = 𝟏𝟏𝟏𝟏         

𝒉𝒉 =  𝟏𝟏       
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𝒙𝒙 =  −𝟏𝟏  −𝟏𝟏 ∈  ( −𝟐𝟐  , 𝟕𝟕 )  
𝑩𝑩′(𝒙𝒙)  =  𝟐𝟐

𝟑𝟑 √𝒙𝒙+𝟏𝟏   𝟑𝟑   
𝒙𝒙 =  −𝟏𝟏

∴

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 − 𝟏𝟏)𝟒𝟒𝒙𝒙 ∈ [−𝟏𝟏, 𝟑𝟑]
𝒄𝒄

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟏𝟏]

𝒇𝒇(𝒙𝒙) =  𝟐𝟐𝟐𝟐 +   𝟐𝟐  
𝒙𝒙  ; 𝒙𝒙 ∈ [  𝟏𝟏  

𝟐𝟐  , 𝟐𝟐] 
𝒄𝒄

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟏𝟏]

𝒄𝒄𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟒𝟒 + 𝟐𝟐𝒙𝒙𝟐𝟐𝒙𝒙 ∈ [−𝟐𝟐 , 𝟐𝟐][𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟎𝟎]

 𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝟔𝟔𝒙𝒙 + 𝟒𝟒 
𝒄𝒄        [−𝟏𝟏 , 𝟕𝟕]

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒄𝒄 = 𝟑𝟑]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟒𝟒𝒙𝒙𝟐𝟐𝒇𝒇: [𝟎𝟎 , 𝒏𝒏] → 𝑹𝑹𝒇𝒇
𝒄𝒄 = 𝟐𝟐

𝟑𝟑𝒏𝒏  

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝒏𝒏 = 𝟐𝟐]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 𝒇𝒇: [𝟎𝟎 , 𝒏𝒏] → 𝑹𝑹
𝒄𝒄 = 𝟓𝟓𝒏𝒏 

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟒𝟒  [𝟎𝟎 , 𝒌𝒌]
𝒇𝒇(−𝟏𝟏) = 𝟏𝟏𝟏𝟏𝒂𝒂, 𝒌𝒌 ∈ 𝑹𝑹𝒄𝒄

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 − 𝒂𝒂𝒂𝒂 + 𝟒𝟒 
[−𝟏𝟏 , 𝒃𝒃]𝒄𝒄 = 𝟑𝟑𝒄𝒄 ∈ (−𝟏𝟏 , 𝒃𝒃 ) 𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹  

𝒇𝒇(𝒃𝒃) = 𝒇𝒇(𝒂𝒂 + 𝒉𝒉)  ≅ 𝒇𝒇(𝒂𝒂) + 𝒉𝒉𝒇𝒇′(𝒂𝒂) 
(𝒃𝒃)(𝒂𝒂)(𝒉𝒉)(𝒉𝒉 = 𝒃𝒃 − 𝒂𝒂)

𝒉𝒉𝒉𝒉′(𝒂𝒂)

 

𝐜𝐜)  √𝟏𝟏𝟏𝟏 +  √𝟏𝟏𝟏𝟏𝟒𝟒

𝒇𝒇 (𝐱𝐱)  =  √𝒙𝒙 +  √𝒙𝒙𝟒𝟒 ∴
𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟏𝟏𝟏𝟏) =  √𝟏𝟏𝟏𝟏 + √𝟏𝟏𝟏𝟏𝟒𝟒 = 𝟒𝟒 + 𝟐𝟐 = 𝟔𝟔
𝒇𝒇 (𝒙𝒙) = (𝒙𝒙)

𝟏𝟏
𝟐𝟐 + (𝒙𝒙)

𝟏𝟏
𝟒𝟒

𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  
𝟐𝟐  𝒙𝒙

−𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟒𝟒  𝒙𝒙
−𝟑𝟑  

𝟒𝟒  ⟹ 𝒇𝒇′(𝒙𝒙) =     𝟏𝟏  
𝟐𝟐 √𝒙𝒙

 +   𝟏𝟏  
𝟒𝟒 √𝒙𝒙𝟑𝟑𝟒𝟒    

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
𝟐𝟐 √𝟏𝟏𝟏𝟏

 +   𝟏𝟏  
𝟒𝟒 √(𝟏𝟏𝟏𝟏)𝟑𝟑𝟒𝟒  ⟹ 𝒇𝒇′(𝟖𝟖) =   𝟏𝟏  

𝟐𝟐 √𝟏𝟏𝟏𝟏
+    𝟏𝟏  

𝟒𝟒( √𝟏𝟏𝟏𝟏𝟒𝟒 )𝟑𝟑  

𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
 (𝟖𝟖)  +   𝟏𝟏  

𝟒𝟒 (𝟖𝟖) =   𝟒𝟒 + 𝟏𝟏  
𝟒𝟒 (𝟖𝟖) =      𝟓𝟓     

𝟑𝟑𝟑𝟑 = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏
𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏 
∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴ √𝟏𝟏𝟏𝟏 + √𝟏𝟏𝟏𝟏𝟒𝟒  ≅  𝟔𝟔 +  (𝟏𝟏)(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏) ≅ 𝟔𝟔 +  𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏  ≅  𝟔𝟔. 𝟏𝟏𝟏𝟏𝟏𝟏   

𝐛𝐛 =  𝟏𝟏𝟏𝟏      
  𝒂𝒂 = 𝟏𝟏𝟏𝟏         

𝒉𝒉 =  𝟏𝟏       
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𝒅𝒅)   √𝟎𝟎. 𝟏𝟏𝟏𝟏 𝟑𝟑      ⟹  √𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏 𝟑𝟑   
𝒇𝒇 (𝒙𝒙)  =   √𝒙𝒙  𝟑𝟑 ∴
𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏) =   √𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏  𝟑𝟑 = 𝟎𝟎. 𝟓𝟓
𝒇𝒇 (𝒙𝒙) =  𝒇𝒇 (𝒙𝒙) = (𝒙𝒙)

𝟏𝟏
𝟑𝟑

𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  
𝟑𝟑  𝒙𝒙

−𝟐𝟐
𝟑𝟑  ⟹ 𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  

𝟑𝟑√𝒙𝒙𝟐𝟐𝟑𝟑   

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏) =    𝟏𝟏  
𝟑𝟑 √(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏)𝟐𝟐𝟑𝟑  ⟹ 𝒇𝒇′(𝟏𝟏𝟏𝟏𝟏𝟏) =    𝟏𝟏  

𝟑𝟑( √𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏𝟑𝟑 )𝟐𝟐 =    𝟏𝟏  
𝟑𝟑(𝟎𝟎. 𝟓𝟓)𝟐𝟐  

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏) =   𝟏𝟏  
𝟎𝟎. 𝟕𝟕𝟕𝟕 =   𝟏𝟏𝟏𝟏𝟏𝟏  

𝟕𝟕𝟕𝟕 =   𝟒𝟒  
𝟑𝟑 =  𝟏𝟏. 𝟑𝟑𝟑𝟑𝟑𝟑 

∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴ √𝟎𝟎. 𝟏𝟏𝟏𝟏  𝟑𝟑  ≅  𝟎𝟎. 𝟓𝟓 +  (− 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎)(𝟎𝟎. 𝟑𝟑𝟑𝟑𝟑𝟑) ≅  𝟎𝟎. 𝟓𝟓 −  𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 ∴ √𝟎𝟎. 𝟏𝟏𝟏𝟏  𝟑𝟑 ≅ 𝟎𝟎. 𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒

𝑣𝑣𝑥𝑥𝒗𝒗(𝒙𝒙) = 𝒙𝒙𝟑𝟑

𝟎𝟎. 𝟑𝟑
𝒗𝒗(𝒙𝒙) = 𝒙𝒙𝟑𝟑      ⟹   𝒗𝒗′(𝒙𝒙) =  𝟑𝟑 𝒙𝒙𝟐𝟐   
𝒗𝒗′(𝒂𝒂) = 𝒗𝒗′(𝟏𝟏𝟏𝟏) =  𝟑𝟑 (𝟏𝟏𝟏𝟏)𝟐𝟐 ⟹ 𝒗𝒗′(𝟖𝟖) =  𝟑𝟑𝟑𝟑𝟑𝟑  
∴ 𝒉𝒉 𝒗𝒗 ′(𝒂𝒂)  ≅   ( 𝟎𝟎. 𝟑𝟑)(𝟑𝟑𝟑𝟑𝟑𝟑) ≅   𝟗𝟗𝟗𝟗 𝒄𝒄𝒄𝒄𝟑𝟑 

𝒇𝒇(𝒙𝒙) 𝒇𝒇(𝒃𝒃)

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 + 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟓𝟓
𝒇𝒇(𝒂𝒂) =  𝒇𝒇 (𝟏𝟏) = 𝟏𝟏 + 𝟑𝟑 + 𝟒𝟒 + 𝟓𝟓 = 𝟏𝟏𝟏𝟏
𝒇𝒇′(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟔𝟔𝟔𝟔 + 𝟒𝟒  ⟹   𝒇𝒇 ′(𝒂𝒂) =  𝒇𝒇 ′(𝟏𝟏) = 𝟑𝟑 + 𝟔𝟔 + 𝟒𝟒 = 𝟏𝟏𝟏𝟏
∵ 𝒇𝒇 (𝒂𝒂 + 𝒉𝒉) = 𝒇𝒇 (𝒃𝒃) ≅ 𝒇𝒇 (𝒂𝒂) + 𝒉𝒉 𝒇𝒇 ′(𝒂𝒂) 
∴  𝒇𝒇 (𝟏𝟏. 𝟎𝟎𝟎𝟎𝟎𝟎) ≅ 𝟏𝟏𝟏𝟏 + (𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎)(𝟏𝟏𝟏𝟏) ≅ 𝟏𝟏𝟏𝟏 + 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎 ≅ 𝟏𝟏𝟏𝟏. 𝟎𝟎𝟎𝟎𝟎𝟎

𝑣𝑣𝑟𝑟𝒗𝒗(𝒓𝒓) =   𝟒𝟒  
𝟑𝟑 𝝅𝝅𝒓𝒓𝟑𝟑

𝒗𝒗(𝒂𝒂) =  𝒗𝒗 (𝟑𝟑) =   𝟒𝟒  
𝟑𝟑 𝝅𝝅(𝟑𝟑)𝟑𝟑 =   𝟒𝟒  

𝟑𝟑 𝝅𝝅(𝟗𝟗) =   𝟒𝟒  
𝟑𝟑 𝝅𝝅(𝟗𝟗) = 𝟑𝟑𝟑𝟑𝟑𝟑    

𝒗𝒗′(𝒙𝒙) =  𝟒𝟒𝟒𝟒 𝒓𝒓𝟐𝟐 ⟹ 𝒗𝒗′(𝒂𝒂) = 𝒗𝒗′(𝟑𝟑) =  𝟒𝟒𝟒𝟒 (𝟑𝟑)𝟐𝟐 ⟹ 𝒗𝒗′(𝟑𝟑) =  𝟑𝟑𝟑𝟑𝟑𝟑  
∵ 𝒇𝒇 (𝒂𝒂 + 𝒉𝒉) = 𝒇𝒇 (𝒃𝒃) ≅ 𝒇𝒇 (𝒂𝒂) + 𝒉𝒉 𝒇𝒇 ′(𝒂𝒂) 
∴  𝒗𝒗 (𝟑𝟑. 𝟏𝟏) ≅ 𝟑𝟑𝟑𝟑𝟑𝟑 + (𝟎𝟎. 𝟏𝟏)(𝟑𝟑𝟑𝟑𝟑𝟑) ≅ 𝟑𝟑𝟑𝟑𝟑𝟑 − 𝟑𝟑. 𝟔𝟔𝟔𝟔 ≅ 𝟑𝟑𝟑𝟑. 𝟔𝟔𝟔𝟔 𝒄𝒄𝒄𝒄𝟑𝟑  

𝐛𝐛 = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏 
  𝒂𝒂 = 𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏   
𝒉𝒉 = − 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎 

𝐛𝐛 = 𝟏𝟏𝟏𝟏. 𝟑𝟑 
  𝒂𝒂 = 𝟏𝟏𝟏𝟏        
𝒉𝒉 =   𝟎𝟎. 𝟑𝟑   

𝒃𝒃  =  𝟏𝟏. 𝟎𝟎𝟎𝟎𝟎𝟎 
  𝒂𝒂 = 𝟏𝟏              
𝒉𝒉 =   𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎   

𝐛𝐛  =  𝟑𝟑. 𝟏𝟏 
  𝒂𝒂 = 𝟑𝟑         

𝒉𝒉 = 𝟎𝟎. 𝟏𝟏 

𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝟎𝟎. 𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄

 

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 + 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟒𝟒 + 𝟓𝟓𝒇𝒇 ( 𝟏𝟏. 𝟎𝟎𝟎𝟎𝟎𝟎) 

 

𝟑𝟑. 𝟏𝟏 𝐜𝐜𝐜𝐜 
 

أيجاد أرتفاع أو طول أو عرض أو نصف القطر حيث نجد المجهول بصورة  في مثل هذه الأسئلة يعطي الحجم في السؤال ويطلب 
 طبيعية كما مر سابقاً ثم سيظهر لدينا المطلوب بشكل جذر لا يمكن حله فنستخدم موضوع التقريب لحله كما في الحالة الأولى 

 

 

𝒗𝒗𝒚𝒚𝒓𝒓𝒗𝒗 =   𝟏𝟏  
𝟑𝟑 𝝅𝝅𝒓𝒓𝟐𝟐𝒚𝒚

𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =   𝟏𝟏  
𝟑𝟑 𝝅𝝅𝒓𝒓𝟐𝟐(𝟏𝟏𝟏𝟏)  ⟹ 𝒓𝒓𝟐𝟐 =  ( 𝟐𝟐𝟐𝟐𝟎𝟎 𝛑𝛑)(𝟑𝟑) 

𝟏𝟏𝟎𝟎 𝝅𝝅 = 𝟔𝟔𝟔𝟔       

𝒓𝒓𝟐𝟐 = 𝟔𝟔𝟔𝟔    ⟹    𝒓𝒓 = √𝟔𝟔𝟔𝟔 ⟹ 𝒇𝒇(𝒙𝒙) = √𝒙𝒙  
𝒇𝒇 (𝒙𝒙)  =   √𝒙𝒙  ∴

𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟔𝟔𝟔𝟔) =   √𝟔𝟔𝟔𝟔 = 𝟕𝟕                               𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  
𝟐𝟐 √𝒙𝒙  

  

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟔𝟔𝟔𝟔) =    𝟏𝟏  
𝟐𝟐  √𝟔𝟔𝟔𝟔  

   ⟹     𝒇𝒇′(𝟔𝟔𝟔𝟔) =    𝟏𝟏  
𝟐𝟐(𝟖𝟖) =    𝟏𝟏  

𝟏𝟏𝟏𝟏   

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟔𝟔𝟔𝟔) =   𝟏𝟏  
𝟏𝟏𝟏𝟏 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 

∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴ 𝒓𝒓 = √𝟔𝟔𝟔𝟔  ≅ 𝟖𝟖 +  (−𝟏𝟏)(𝟎𝟎. 𝟎𝟎𝟎𝟎) ≅ 𝟕𝟕. 𝟗𝟗𝟗𝟗

𝒇𝒇 (𝒙𝒙) = √  𝒙𝒙−𝟏𝟏    𝟒𝟒 =        𝟏𝟏      
√ 𝒙𝒙   𝟒𝟒         الدالة  هي        

𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟏𝟏𝟏𝟏) =        𝟏𝟏       
√  𝟏𝟏𝟏𝟏    𝟒𝟒 =       𝟏𝟏       

𝟐𝟐 = 𝟎𝟎. 𝟓𝟓   

𝒇𝒇′(𝒙𝒙) = −𝟏𝟏   
𝟒𝟒 √𝒙𝒙𝟓𝟓𝟒𝟒    ⟹  𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) =   −𝟏𝟏  

𝟒𝟒 √(𝟏𝟏𝟏𝟏)𝟓𝟓𝟒𝟒     

𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
𝟒𝟒(√𝟏𝟏𝟏𝟏𝟒𝟒 )𝟓𝟓 ⟹ 𝒇𝒇′(𝟖𝟖𝟖𝟖𝟖𝟖) =   −𝟏𝟏  

𝟒𝟒 (𝟐𝟐)𝟓𝟓 =  −𝟏𝟏  
𝟒𝟒 (𝟑𝟑𝟑𝟑) =     −𝟏𝟏     

𝟒𝟒𝟖𝟖 = −𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎  

∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴  (𝟏𝟏𝟏𝟏. 𝟔𝟔)

−𝟏𝟏  
𝟒𝟒 ≅  𝟎𝟎. 𝟓𝟓 +  (−𝟎𝟎. 𝟒𝟒) (−𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎) ≅  𝟎𝟎. 𝟓𝟓 + 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 ≅  𝟎𝟎. 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 

(𝟔𝟔𝟔𝟔𝟔𝟔)(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏)[𝑨𝑨𝑨𝑨𝑨𝑨:   𝟏𝟏𝟏𝟏. 𝟒𝟒𝟒𝟒𝒄𝒄𝒄𝒄𝟑𝟑 ]

بأستخدام نتيجة  مبرهنة القيمة المتوسطة جد حجم مخروط دائري قائم 
.𝟑𝟑)بصورة تقريبية علماً طول قطر قاعدته يساوي أرتفاعه وهو   𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗)                                                 

𝒇𝒇(𝒙𝒙) = 𝟏𝟏
√   𝒙𝒙     (𝒙𝒙)(𝟒𝟒)

(𝟒𝟒. 𝟎𝟎𝟎𝟎)
𝑨𝑨𝑨𝑨𝑨𝑨: − 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎

(𝟑𝟑. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟑𝟑𝟑𝟑. 𝟎𝟎𝟎𝟎𝟎𝟎 𝝅𝝅𝒄𝒄𝒄𝒄𝟑𝟑 ]

.𝟏𝟏𝟏𝟏)جد القيمة التقريبية للمقدار   𝟔𝟔)
−𝟏𝟏  

.𝑨𝑨𝑨𝑨𝑨𝑨:  𝟎𝟎] مستتخداماً نتيجة القيمة المتوسطة      𝟒𝟒 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 ]

(𝟐𝟐. 𝟗𝟗𝟗𝟗 𝒄𝒄𝒄𝒄)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟐𝟐. 𝟏𝟏𝟏𝟏  𝝅𝝅]

(𝒙𝒙)(𝟑𝟑𝟑𝟑)(𝟑𝟑𝟑𝟑. 𝟎𝟎𝟎𝟎)𝒇𝒇(𝒙𝒙) = √𝒙𝒙 𝟓𝟓  

𝟏𝟏جد بأستخدام مبرهنة القيمة المتوسطة تقريباً مناسباً للعدد   
 √ 𝟑𝟑𝟑𝟑  𝟓𝟓 

√(𝟑𝟑𝟑𝟑)−𝟏𝟏𝟓𝟓

𝒇𝒇(𝒙𝒙) = √𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐 𝟑𝟑𝒇𝒇(𝟏𝟏. 𝟎𝟎𝟎𝟎)

 

𝐛𝐛 = 𝟔𝟔𝟔𝟔      
  𝒂𝒂 = 𝟔𝟔𝟔𝟔      
𝒉𝒉 = −𝟏𝟏     

𝐛𝐛 =  𝟏𝟏𝟏𝟏. 𝟔𝟔      
  𝒂𝒂 = 𝟏𝟏𝟏𝟏         

𝒉𝒉 =  −𝟎𝟎. 𝟒𝟒       

   . 𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏جد طول نصف قطره بصورة تقريبية باستـخدام القيمة المتوسطـة علماً أن الأرتفاع  𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐مخروط دائري قائم حجمه  

 

              𝒃𝒃
  𝟏𝟏  
𝒏𝒏 = √𝒃𝒃 𝒏𝒏            𝒃𝒃

𝒎𝒎
𝒏𝒏 = √𝒃𝒃𝒎𝒎 𝒏𝒏  

𝒃𝒃−𝒏𝒏 =    𝟏𝟏   
𝒃𝒃𝒏𝒏             𝒃𝒃

−𝟏𝟏
𝒏𝒏 =    𝟏𝟏    

𝒃𝒃
𝟏𝟏
𝒏𝒏

=    𝟏𝟏    
√𝒃𝒃 𝒏𝒏         𝒃𝒃

−𝒎𝒎
𝒏𝒏 =    𝟏𝟏    

𝒃𝒃
𝒎𝒎
𝒏𝒏

=    𝟏𝟏    
√𝒃𝒃𝒎𝒎 𝒏𝒏  

 

.𝟏𝟏𝟏𝟏)جد القيمة التقريبية للمقدار   𝟔𝟔)
−𝟏𝟏  
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𝒗𝒗𝒚𝒚𝒓𝒓𝒗𝒗 =   𝟏𝟏  
𝟑𝟑 𝝅𝝅𝒓𝒓𝟐𝟐𝒚𝒚

𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 =   𝟏𝟏  
𝟑𝟑 𝝅𝝅𝒓𝒓𝟐𝟐(𝟏𝟏𝟏𝟏)  ⟹ 𝒓𝒓𝟐𝟐 =  ( 𝟐𝟐𝟐𝟐𝟎𝟎 𝛑𝛑)(𝟑𝟑) 

𝟏𝟏𝟎𝟎 𝝅𝝅 = 𝟔𝟔𝟔𝟔       

𝒓𝒓𝟐𝟐 = 𝟔𝟔𝟔𝟔    ⟹    𝒓𝒓 = √𝟔𝟔𝟔𝟔 ⟹ 𝒇𝒇(𝒙𝒙) = √𝒙𝒙  
𝒇𝒇 (𝒙𝒙)  =   √𝒙𝒙  ∴

𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟔𝟔𝟔𝟔) =   √𝟔𝟔𝟔𝟔 = 𝟕𝟕                               𝒇𝒇′(𝒙𝒙) =    𝟏𝟏  
𝟐𝟐 √𝒙𝒙  

  

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟔𝟔𝟔𝟔) =    𝟏𝟏  
𝟐𝟐  √𝟔𝟔𝟔𝟔  

   ⟹     𝒇𝒇′(𝟔𝟔𝟔𝟔) =    𝟏𝟏  
𝟐𝟐(𝟖𝟖) =    𝟏𝟏  

𝟏𝟏𝟏𝟏   

𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟔𝟔𝟔𝟔) =   𝟏𝟏  
𝟏𝟏𝟏𝟏 =  𝟎𝟎. 𝟎𝟎𝟎𝟎 

∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴ 𝒓𝒓 = √𝟔𝟔𝟔𝟔  ≅ 𝟖𝟖 +  (−𝟏𝟏)(𝟎𝟎. 𝟎𝟎𝟎𝟎) ≅ 𝟕𝟕. 𝟗𝟗𝟗𝟗

𝒇𝒇 (𝒙𝒙) = √  𝒙𝒙−𝟏𝟏    𝟒𝟒 =        𝟏𝟏      
√ 𝒙𝒙   𝟒𝟒         الدالة  هي        

𝒇𝒇 (𝒂𝒂) = 𝒇𝒇 (𝟏𝟏𝟏𝟏) =        𝟏𝟏       
√  𝟏𝟏𝟏𝟏    𝟒𝟒 =       𝟏𝟏       

𝟐𝟐 = 𝟎𝟎. 𝟓𝟓   

𝒇𝒇′(𝒙𝒙) = −𝟏𝟏   
𝟒𝟒 √𝒙𝒙𝟓𝟓𝟒𝟒    ⟹  𝒇𝒇′(𝒂𝒂) = 𝒇𝒇′(𝟏𝟏𝟏𝟏) =   −𝟏𝟏  

𝟒𝟒 √(𝟏𝟏𝟏𝟏)𝟓𝟓𝟒𝟒     

𝒇𝒇′(𝟏𝟏𝟏𝟏) =    𝟏𝟏  
𝟒𝟒(√𝟏𝟏𝟏𝟏𝟒𝟒 )𝟓𝟓 ⟹ 𝒇𝒇′(𝟖𝟖𝟖𝟖𝟖𝟖) =   −𝟏𝟏  

𝟒𝟒 (𝟐𝟐)𝟓𝟓 =  −𝟏𝟏  
𝟒𝟒 (𝟑𝟑𝟑𝟑) =     −𝟏𝟏     

𝟒𝟒𝟖𝟖 = −𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎  

∵ 𝒇𝒇 (𝒃𝒃 ) ≅  𝒇𝒇 (𝒂𝒂) +  𝒉𝒉 𝒇𝒇 ′(𝒂𝒂)
∴  (𝟏𝟏𝟏𝟏. 𝟔𝟔)

−𝟏𝟏  
𝟒𝟒 ≅  𝟎𝟎. 𝟓𝟓 +  (−𝟎𝟎. 𝟒𝟒) (−𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎) ≅  𝟎𝟎. 𝟓𝟓 + 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 ≅  𝟎𝟎. 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 

(𝟔𝟔𝟔𝟔𝟔𝟔)(𝟎𝟎. 𝟏𝟏𝟏𝟏𝟏𝟏)[𝑨𝑨𝑨𝑨𝑨𝑨:   𝟏𝟏𝟏𝟏. 𝟒𝟒𝟒𝟒𝒄𝒄𝒄𝒄𝟑𝟑 ]

بأستخدام نتيجة  مبرهنة القيمة المتوسطة جد حجم مخروط دائري قائم 
.𝟑𝟑)بصورة تقريبية علماً طول قطر قاعدته يساوي أرتفاعه وهو   𝟗𝟗𝟗𝟗𝟗𝟗𝟗𝟗)                                                 

𝒇𝒇(𝒙𝒙) = 𝟏𝟏
√   𝒙𝒙     (𝒙𝒙)(𝟒𝟒)

(𝟒𝟒. 𝟎𝟎𝟎𝟎)
𝑨𝑨𝑨𝑨𝑨𝑨: − 𝟎𝟎. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎

(𝟑𝟑. 𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟑𝟑𝟑𝟑. 𝟎𝟎𝟎𝟎𝟎𝟎 𝝅𝝅𝒄𝒄𝒄𝒄𝟑𝟑 ]

.𝟏𝟏𝟏𝟏)جد القيمة التقريبية للمقدار   𝟔𝟔)
−𝟏𝟏  

.𝑨𝑨𝑨𝑨𝑨𝑨:  𝟎𝟎] مستتخداماً نتيجة القيمة المتوسطة      𝟒𝟒 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 ]

(𝟐𝟐. 𝟗𝟗𝟗𝟗 𝒄𝒄𝒄𝒄)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟐𝟐. 𝟏𝟏𝟏𝟏  𝝅𝝅]

(𝒙𝒙)(𝟑𝟑𝟑𝟑)(𝟑𝟑𝟑𝟑. 𝟎𝟎𝟎𝟎)𝒇𝒇(𝒙𝒙) = √𝒙𝒙 𝟓𝟓  

𝟏𝟏جد بأستخدام مبرهنة القيمة المتوسطة تقريباً مناسباً للعدد   
 √ 𝟑𝟑𝟑𝟑  𝟓𝟓 

√(𝟑𝟑𝟑𝟑)−𝟏𝟏𝟓𝟓

𝒇𝒇(𝒙𝒙) = √𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐 𝟑𝟑𝒇𝒇(𝟏𝟏. 𝟎𝟎𝟎𝟎)

 

𝐛𝐛 = 𝟔𝟔𝟔𝟔      
  𝒂𝒂 = 𝟔𝟔𝟔𝟔      
𝒉𝒉 = −𝟏𝟏     

𝐛𝐛 =  𝟏𝟏𝟏𝟏. 𝟔𝟔      
  𝒂𝒂 = 𝟏𝟏𝟏𝟏         

𝒉𝒉 =  −𝟎𝟎. 𝟒𝟒       

   . 𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏جد طول نصف قطره بصورة تقريبية باستـخدام القيمة المتوسطـة علماً أن الأرتفاع  𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐مخروط دائري قائم حجمه  

 

              𝒃𝒃
  𝟏𝟏  
𝒏𝒏 = √𝒃𝒃 𝒏𝒏            𝒃𝒃

𝒎𝒎
𝒏𝒏 = √𝒃𝒃𝒎𝒎 𝒏𝒏  

𝒃𝒃−𝒏𝒏 =    𝟏𝟏   
𝒃𝒃𝒏𝒏             𝒃𝒃

−𝟏𝟏
𝒏𝒏 =    𝟏𝟏    

𝒃𝒃
𝟏𝟏
𝒏𝒏

=    𝟏𝟏    
√𝒃𝒃 𝒏𝒏         𝒃𝒃

−𝒎𝒎
𝒏𝒏 =    𝟏𝟏    

𝒃𝒃
𝒎𝒎
𝒏𝒏

=    𝟏𝟏    
√𝒃𝒃𝒎𝒎 𝒏𝒏  

 

.𝟏𝟏𝟏𝟏)جد القيمة التقريبية للمقدار   𝟔𝟔)
−𝟏𝟏  
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32



 

𝒇𝒇′(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟐𝟐𝟐𝟐       ,       𝒇𝒇′(𝒙𝒙) = 𝟎𝟎 
[𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝒙𝒙 + 𝟐𝟐𝟐𝟐 = 𝟎𝟎 ]  ÷ 𝟑𝟑      ⟹            𝒙𝒙𝟐𝟐 −  𝟔𝟔𝟔𝟔 +  𝟖𝟖 =  𝟎𝟎      
( 𝒙𝒙 −  𝟐𝟐)(𝒙𝒙 −  𝟒𝟒)  =  𝟎𝟎  ⟹ 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒙𝒙 =  𝟐𝟐   𝒐𝒐𝒐𝒐   𝒙𝒙 =  𝟒𝟒       

𝒇𝒇′(𝒙𝒙)

{ 𝒙𝒙 ∶ 𝒙𝒙 < 𝟐𝟐}{ 𝒙𝒙 ∶ 𝒙𝒙 > 𝟒𝟒}

𝒇𝒇 (𝟐𝟐) = (𝟐𝟐)𝟑𝟑 − 𝟗𝟗(𝟐𝟐)𝟐𝟐 + 𝟐𝟐𝟐𝟐(𝟐𝟐) = 𝟖𝟖 − 𝟑𝟑𝟑𝟑 +  𝟒𝟒𝟒𝟒 = 𝟐𝟐𝟐𝟐
𝒇𝒇 (𝟒𝟒) = (𝟒𝟒)𝟑𝟑 −  𝟗𝟗(𝟒𝟒)𝟐𝟐 +  𝟐𝟐𝟐𝟐(𝟒𝟒)  =  𝟔𝟔𝟔𝟔 −  𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟗𝟗𝟗𝟗  =  𝟏𝟏𝟏𝟏  

( 𝟐𝟐, 𝟐𝟐𝟐𝟐 )(𝟒𝟒 , 𝟏𝟏𝟏𝟏) 

    𝟏𝟏) 𝒇𝒇 (𝒙𝒙) =  𝟒𝟒𝒙𝒙𝟑𝟑 −  𝒙𝒙𝟒𝟒 
   𝒇𝒇 ′(𝒙𝒙)  =  𝟏𝟏𝟏𝟏𝒙𝒙𝟐𝟐 −  𝟒𝟒𝒙𝒙𝟑𝟑  ⟹  𝒇𝒇 ′′(𝒙𝒙)  =  𝟐𝟐𝟐𝟐𝟐𝟐 −  𝟏𝟏𝟏𝟏𝒙𝒙𝟐𝟐  ⟹ 𝒇𝒇′′(𝒙𝒙)  =  𝟎𝟎 
   [𝟐𝟐𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏𝒙𝒙𝟐𝟐 = 𝟎𝟎 ] ÷ 𝟏𝟏𝟏𝟏  ⟹   𝟐𝟐𝟐𝟐 −  𝒙𝒙𝟐𝟐 =  𝟎𝟎     ⟹    𝒙𝒙 ( 𝟐𝟐 −  𝒙𝒙 )  = 𝟎𝟎  
   ⟹ 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒙𝒙 =  𝟎𝟎    𝒐𝒐𝒐𝒐     𝒙𝒙 =  𝟐𝟐   

 (𝟎𝟎 , 𝟐𝟐 )
{ 𝒙𝒙 ∶  𝒙𝒙  >  𝟐𝟐 }   { 𝒙𝒙 ∶  𝒙𝒙 < 𝟎𝟎}

(𝟎𝟎, 𝟎𝟎), (𝟐𝟐, 𝟏𝟏𝟏𝟏)

𝟐𝟐) 𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙 +    𝟏𝟏  
𝒙𝒙     =   𝒙𝒙 +  𝒙𝒙−𝟏𝟏   , 𝒙𝒙 ≠  𝟎𝟎  

𝒇𝒇 ′(𝒙𝒙)  = 𝟏𝟏 − 𝒙𝒙−𝟐𝟐    ⟹  𝒇𝒇 ′′(𝒙𝒙) =  𝟐𝟐𝒙𝒙−𝟑𝟑 ⟹  𝒇𝒇 ′′(𝒙𝒙) =   𝟐𝟐  
𝒙𝒙𝟑𝟑     , 𝒇𝒇 ′′(𝒙𝒙)  ≠  𝟎𝟎   

 { 𝒙𝒙 ∶  𝒙𝒙 < 𝟎𝟎}
 { 𝒙𝒙 ∶  𝒙𝒙 > 𝟎𝟎}

( 𝒉𝒉 , 𝒌𝒌 )𝒇𝒇(𝒉𝒉) = 𝒌𝒌 
( 𝒉𝒉 , 𝒌𝒌 )

𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … (𝟏𝟏)            𝒇𝒇′(𝒉𝒉) = 𝟎𝟎 … … … (𝟐𝟐)                                 
 𝒙𝒙 = 𝒉𝒉

 𝒇𝒇′(𝒉𝒉) = 𝟎𝟎 … … … … … (𝟏𝟏)    
{∀ 𝒙𝒙 < 𝒉𝒉}{∀ 𝒙𝒙 > 𝒉𝒉}𝒉𝒉

  𝒇𝒇′(𝒉𝒉) = 𝟎𝟎 … … … (𝟏𝟏)   
( 𝒉𝒉 , 𝒌𝒌 )

𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … … … … (𝟏𝟏)            𝒇𝒇′′(𝒉𝒉) = 𝟎𝟎 … … … … … (𝟐𝟐)         
 𝒙𝒙 = 𝒉𝒉

  𝒇𝒇′′(𝒉𝒉) = 𝟎𝟎 … … … … … (𝟏𝟏)              
{∀ 𝒙𝒙 < 𝒉𝒉}{∀ 𝒙𝒙 > 𝒉𝒉}𝒉𝒉

  𝒇𝒇′′(𝒉𝒉) = 𝟎𝟎 … … (𝟏𝟏)    
𝒌𝒌( 𝒙𝒙 , 𝒌𝒌 ) 𝒙𝒙

𝒌𝒌( 𝒙𝒙 , 𝒌𝒌 ) 𝒙𝒙

𝒂𝒂 , 𝒃𝒃 , 𝒄𝒄 ∈  𝑹𝑹 𝒚𝒚 = 𝒇𝒇 (𝒙𝒙) 𝒉𝒉 , 𝒌𝒌 

 
 

 

 

 

 

 

 

 

 

𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙𝟑𝟑  −  𝟗𝟗𝒙𝒙𝟐𝟐  +  𝟐𝟐𝟐𝟐𝟐𝟐

 
 

𝒇𝒇"( 𝒙𝒙 )

 

𝒇𝒇"( 𝒙𝒙 ) 

 

 

𝒎𝒎𝒇𝒇 (𝒙𝒙)( 𝒉𝒉 , 𝒌𝒌 ) 
   𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … … … … (𝟏𝟏)            𝒇𝒇′(𝒉𝒉) = 𝒎𝒎 … … … … … (𝟐𝟐)                           

𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄 𝒎𝒎 = 𝒚𝒚′ 𝒎𝒎 =  𝒙𝒙 −
𝒚𝒚 

𝒂𝒂𝒂𝒂 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄 = 𝟎𝟎
𝒇𝒇(𝒙𝒙)𝒂𝒂𝒂𝒂 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄 = 𝟎𝟎(𝒉𝒉, 𝒌𝒌 )𝒎𝒎

𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … … (𝟏𝟏)                  𝒇𝒇′(𝒉𝒉) = 𝒎𝒎 … … … … (𝟐𝟐)

∵   ∴    𝒇𝒇 ′′(𝟏𝟏)  =  𝟎𝟎     ⟸ 𝒙𝒙 =  𝟏𝟏
  𝒇𝒇 (𝒙𝒙) =  𝒙𝒙𝟐𝟐  +  𝒂𝒂 𝒙𝒙−𝟏𝟏          ⟹         𝒇𝒇 ′(𝒙𝒙)  =  𝟐𝟐𝟐𝟐 −  𝒂𝒂 𝒙𝒙−𝟐𝟐        
  𝒇𝒇 ′′(𝒙𝒙)  =  𝟐𝟐 +  𝟐𝟐 𝒂𝒂 𝒙𝒙−𝟑𝟑             ⟹           𝒇𝒇 ′′(𝒙𝒙)  =  𝟐𝟐 + 𝟐𝟐𝟐𝟐

𝒙𝒙𝟑𝟑

 𝟐𝟐 +     𝟐𝟐𝟐𝟐    
(𝟏𝟏)𝟑𝟑   =  𝟎𝟎     ⟹      ( 𝟐𝟐 𝒂𝒂 =  −𝟐𝟐) ÷ 𝟐𝟐         ⟹          𝒂𝒂 =  −𝟏𝟏  

  𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙𝟐𝟐  +   −𝟏𝟏    
𝒙𝒙       ⟹    𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙𝟐𝟐  −     𝟏𝟏    

𝒙𝒙    =  𝒙𝒙𝟐𝟐   − 𝒙𝒙−𝟏𝟏 

 𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 + 𝒙𝒙−𝟐𝟐            ⟹          𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 +  𝟏𝟏
𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐 +    𝟏𝟏    
𝒙𝒙𝟐𝟐 = 𝟎𝟎      ⟹     𝟐𝟐𝒙𝒙𝟑𝟑 + 𝟏𝟏 = 𝟎𝟎      ⟹    𝒙𝒙𝟑𝟑  =    −𝟏𝟏     

𝟐𝟐      ⟹   𝒙𝒙 =  √  −𝟏𝟏   
𝟐𝟐

𝟑𝟑

𝒇𝒇′′ ( √  −𝟏𝟏  
𝟐𝟐

𝟑𝟑
 ) = 𝟐𝟐 −          𝟐𝟐         

( √  −𝟏𝟏  
𝟐𝟐

𝟑𝟑
)

𝟑𝟑     =  𝟐𝟐 −        𝟐𝟐       
  −𝟏𝟏     

𝟐𝟐
  =   𝟐𝟐 +  𝟒𝟒  =   𝟔𝟔 > 𝟎𝟎    

• ∴𝒙𝒙 =  √  −𝟏𝟏   
𝟐𝟐

𝟑𝟑

• ∴ 

∴   𝒇𝒇′′(𝟏𝟏) =  𝟎𝟎     ,        𝒇𝒇(𝟏𝟏) = −𝟏𝟏𝟏𝟏      ,      𝒇𝒇′(𝟏𝟏) =  𝒎𝒎     

𝒈𝒈(𝒙𝒙) = 𝟏𝟏 − 𝟏𝟏𝟏𝟏𝟏𝟏      ⟹  𝒈𝒈′(𝒙𝒙) = − 𝟏𝟏𝟏𝟏   ⟹ 𝒎𝒎 = −𝟏𝟏𝟏𝟏   ⟹ ∴  𝒇𝒇′(𝟏𝟏) = −𝟏𝟏𝟏𝟏    
 𝒇𝒇 (𝒙𝒙) = 𝒂𝒂 𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒄𝒄        
 𝒇𝒇 ′(𝒙𝒙)  =  𝟑𝟑 𝒂𝒂 𝒙𝒙𝟐𝟐  +  𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒄𝒄        

 𝒇𝒇 ′′(𝒙𝒙)  =  𝟔𝟔 𝒂𝒂 𝒙𝒙 +  𝟐𝟐𝟐𝟐

∵ 𝒇𝒇(𝟏𝟏) = −𝟏𝟏𝟏𝟏     ⟹   ∴  𝒂𝒂 (𝟏𝟏)𝟑𝟑 + 𝒃𝒃(𝟏𝟏)𝟐𝟐 + 𝒄𝒄(𝟏𝟏) = −𝟏𝟏𝟏𝟏  
 𝒂𝒂 +  𝒃𝒃 +  𝒄𝒄  =  −𝟏𝟏𝟏𝟏  . . … … … . . . (𝟏𝟏) 
𝒇𝒇′(𝟑𝟑) = −𝟏𝟏𝟏𝟏   ⟹   𝟑𝟑 𝒂𝒂(𝟏𝟏)𝟐𝟐 + 𝟐𝟐𝟐𝟐(𝟏𝟏) + 𝒄𝒄 = −𝟏𝟏𝟏𝟏     
𝟑𝟑𝟑𝟑 + 𝟐𝟐 𝒃𝒃 +  𝒄𝒄  =  −𝟏𝟏𝟏𝟏 … … … … . . (𝟐𝟐) 
𝟑𝟑 𝒂𝒂 +  𝟐𝟐𝟐𝟐 +  𝒄𝒄  =  − 𝟏𝟏𝟏𝟏 . . . . . . (𝟐𝟐)            
                ∓𝒂𝒂      ∓   𝐛𝐛 ∓   𝐜𝐜  =   ±𝟏𝟏𝟏𝟏  . . . . . . (𝟏𝟏) 

𝟐𝟐𝟐𝟐 +  𝒃𝒃      =  − 𝟏𝟏 …………… (𝟑𝟑)

𝒇𝒇′′(𝟏𝟏) =  𝟎𝟎  ⟹   [  𝟔𝟔 𝒂𝒂 (𝟏𝟏)  +  𝟐𝟐𝟐𝟐 =  𝟎𝟎   ]  ÷   𝟐𝟐  ⟹  𝟑𝟑 𝒂𝒂 +  𝒃𝒃 =  𝟎𝟎  . . . . . . . (𝟒𝟒)
𝟑𝟑 𝒂𝒂 +  𝒃𝒃 =  𝟎𝟎  . . . . . . . (𝟒𝟒)

          ∓  𝟐𝟐𝟐𝟐 ∓  𝒃𝒃  =  ± 𝟏𝟏 . . . . . . (𝟑𝟑)
 𝒂𝒂     =  𝟏𝟏

(𝟒𝟒)𝟑𝟑(𝟏𝟏) + 𝒃𝒃 = 𝟎𝟎   ⟹       𝒃𝒃 =  − 𝟑𝟑

𝒂𝒂 , 𝒃𝒃(𝟏𝟏)𝟏𝟏 + ( − 𝟑𝟑 ) + 𝐜𝐜 = − 𝟏𝟏𝟏𝟏        ⟹          𝐜𝐜 = − 𝟗𝟗  

 

 

 

 
𝒇𝒇(𝒙𝒙)  =  𝒙𝒙𝟐𝟐 +    𝒂𝒂  

𝒙𝒙   ; 𝒙𝒙 ≠ 𝟎𝟎𝒂𝒂𝒙𝒙 = 𝟏𝟏
𝒇𝒇 

𝒈𝒈(𝒙𝒙) = 𝟏𝟏 − 𝟏𝟏𝟏𝟏𝟏𝟏 ,   𝒇𝒇(𝒙𝒙) = 𝒂𝒂 𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒄𝒄𝒇𝒇 , 𝒈𝒈𝒇𝒇( 𝟏𝟏 , − 𝟏𝟏𝟏𝟏 )
𝒂𝒂 , 𝒃𝒃 , 𝒄𝒄  

 

33



 

𝒎𝒎𝒇𝒇 (𝒙𝒙)( 𝒉𝒉 , 𝒌𝒌 ) 
   𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … … … … (𝟏𝟏)            𝒇𝒇′(𝒉𝒉) = 𝒎𝒎 … … … … … (𝟐𝟐)                           

𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄 𝒎𝒎 = 𝒚𝒚′ 𝒎𝒎 =  𝒙𝒙 −
𝒚𝒚 

𝒂𝒂𝒂𝒂 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄 = 𝟎𝟎
𝒇𝒇(𝒙𝒙)𝒂𝒂𝒂𝒂 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄 = 𝟎𝟎(𝒉𝒉, 𝒌𝒌 )𝒎𝒎

𝒇𝒇(𝒉𝒉) = 𝒌𝒌 … … … … (𝟏𝟏)                  𝒇𝒇′(𝒉𝒉) = 𝒎𝒎 … … … … (𝟐𝟐)

∵   ∴    𝒇𝒇 ′′(𝟏𝟏)  =  𝟎𝟎     ⟸ 𝒙𝒙 =  𝟏𝟏
  𝒇𝒇 (𝒙𝒙) =  𝒙𝒙𝟐𝟐  +  𝒂𝒂 𝒙𝒙−𝟏𝟏          ⟹         𝒇𝒇 ′(𝒙𝒙)  =  𝟐𝟐𝟐𝟐 −  𝒂𝒂 𝒙𝒙−𝟐𝟐        
  𝒇𝒇 ′′(𝒙𝒙)  =  𝟐𝟐 +  𝟐𝟐 𝒂𝒂 𝒙𝒙−𝟑𝟑             ⟹           𝒇𝒇 ′′(𝒙𝒙)  =  𝟐𝟐 + 𝟐𝟐𝟐𝟐

𝒙𝒙𝟑𝟑

 𝟐𝟐 +     𝟐𝟐𝟐𝟐    
(𝟏𝟏)𝟑𝟑   =  𝟎𝟎     ⟹      ( 𝟐𝟐 𝒂𝒂 =  −𝟐𝟐) ÷ 𝟐𝟐         ⟹          𝒂𝒂 =  −𝟏𝟏  

  𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙𝟐𝟐  +   −𝟏𝟏    
𝒙𝒙       ⟹    𝒇𝒇 (𝒙𝒙)  =  𝒙𝒙𝟐𝟐  −     𝟏𝟏    

𝒙𝒙    =  𝒙𝒙𝟐𝟐   − 𝒙𝒙−𝟏𝟏 

 𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 + 𝒙𝒙−𝟐𝟐            ⟹          𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 +  𝟏𝟏
𝒙𝒙𝟐𝟐

𝟐𝟐𝟐𝟐 +    𝟏𝟏    
𝒙𝒙𝟐𝟐 = 𝟎𝟎      ⟹     𝟐𝟐𝒙𝒙𝟑𝟑 + 𝟏𝟏 = 𝟎𝟎      ⟹    𝒙𝒙𝟑𝟑  =    −𝟏𝟏     

𝟐𝟐      ⟹   𝒙𝒙 =  √  −𝟏𝟏   
𝟐𝟐

𝟑𝟑

𝒇𝒇′′ ( √  −𝟏𝟏  
𝟐𝟐

𝟑𝟑
 ) = 𝟐𝟐 −          𝟐𝟐         

( √  −𝟏𝟏  
𝟐𝟐

𝟑𝟑
)

𝟑𝟑     =  𝟐𝟐 −        𝟐𝟐       
  −𝟏𝟏     

𝟐𝟐
  =   𝟐𝟐 +  𝟒𝟒  =   𝟔𝟔 > 𝟎𝟎    

• ∴𝒙𝒙 =  √  −𝟏𝟏   
𝟐𝟐

𝟑𝟑

• ∴ 

∴   𝒇𝒇′′(𝟏𝟏) =  𝟎𝟎     ,        𝒇𝒇(𝟏𝟏) = −𝟏𝟏𝟏𝟏      ,      𝒇𝒇′(𝟏𝟏) =  𝒎𝒎     

𝒈𝒈(𝒙𝒙) = 𝟏𝟏 − 𝟏𝟏𝟏𝟏𝟏𝟏      ⟹  𝒈𝒈′(𝒙𝒙) = − 𝟏𝟏𝟏𝟏   ⟹ 𝒎𝒎 = −𝟏𝟏𝟏𝟏   ⟹ ∴  𝒇𝒇′(𝟏𝟏) = −𝟏𝟏𝟏𝟏    
 𝒇𝒇 (𝒙𝒙) = 𝒂𝒂 𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒄𝒄        
 𝒇𝒇 ′(𝒙𝒙)  =  𝟑𝟑 𝒂𝒂 𝒙𝒙𝟐𝟐  +  𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒄𝒄        

 𝒇𝒇 ′′(𝒙𝒙)  =  𝟔𝟔 𝒂𝒂 𝒙𝒙 +  𝟐𝟐𝟐𝟐

∵ 𝒇𝒇(𝟏𝟏) = −𝟏𝟏𝟏𝟏     ⟹   ∴  𝒂𝒂 (𝟏𝟏)𝟑𝟑 + 𝒃𝒃(𝟏𝟏)𝟐𝟐 + 𝒄𝒄(𝟏𝟏) = −𝟏𝟏𝟏𝟏  
 𝒂𝒂 +  𝒃𝒃 +  𝒄𝒄  =  −𝟏𝟏𝟏𝟏  . . … … … . . . (𝟏𝟏) 
𝒇𝒇′(𝟑𝟑) = −𝟏𝟏𝟏𝟏   ⟹   𝟑𝟑 𝒂𝒂(𝟏𝟏)𝟐𝟐 + 𝟐𝟐𝟐𝟐(𝟏𝟏) + 𝒄𝒄 = −𝟏𝟏𝟏𝟏     
𝟑𝟑𝟑𝟑 + 𝟐𝟐 𝒃𝒃 +  𝒄𝒄  =  −𝟏𝟏𝟏𝟏 … … … … . . (𝟐𝟐) 
𝟑𝟑 𝒂𝒂 +  𝟐𝟐𝟐𝟐 +  𝒄𝒄  =  − 𝟏𝟏𝟏𝟏 . . . . . . (𝟐𝟐)            
                ∓𝒂𝒂      ∓   𝐛𝐛 ∓   𝐜𝐜  =   ±𝟏𝟏𝟏𝟏  . . . . . . (𝟏𝟏) 

𝟐𝟐𝟐𝟐 +  𝒃𝒃      =  − 𝟏𝟏 …………… (𝟑𝟑)

𝒇𝒇′′(𝟏𝟏) =  𝟎𝟎  ⟹   [  𝟔𝟔 𝒂𝒂 (𝟏𝟏)  +  𝟐𝟐𝟐𝟐 =  𝟎𝟎   ]  ÷   𝟐𝟐  ⟹  𝟑𝟑 𝒂𝒂 +  𝒃𝒃 =  𝟎𝟎  . . . . . . . (𝟒𝟒)
𝟑𝟑 𝒂𝒂 +  𝒃𝒃 =  𝟎𝟎  . . . . . . . (𝟒𝟒)

          ∓  𝟐𝟐𝟐𝟐 ∓  𝒃𝒃  =  ± 𝟏𝟏 . . . . . . (𝟑𝟑)
 𝒂𝒂     =  𝟏𝟏

(𝟒𝟒)𝟑𝟑(𝟏𝟏) + 𝒃𝒃 = 𝟎𝟎   ⟹       𝒃𝒃 =  − 𝟑𝟑

𝒂𝒂 , 𝒃𝒃(𝟏𝟏)𝟏𝟏 + ( − 𝟑𝟑 ) + 𝐜𝐜 = − 𝟏𝟏𝟏𝟏        ⟹          𝐜𝐜 = − 𝟗𝟗  

 

 

 

 
𝒇𝒇(𝒙𝒙)  =  𝒙𝒙𝟐𝟐 +    𝒂𝒂  

𝒙𝒙   ; 𝒙𝒙 ≠ 𝟎𝟎𝒂𝒂𝒙𝒙 = 𝟏𝟏
𝒇𝒇 

𝒈𝒈(𝒙𝒙) = 𝟏𝟏 − 𝟏𝟏𝟏𝟏𝟏𝟏 ,   𝒇𝒇(𝒙𝒙) = 𝒂𝒂 𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒄𝒄𝒇𝒇 , 𝒈𝒈𝒇𝒇( 𝟏𝟏 , − 𝟏𝟏𝟏𝟏 )
𝒂𝒂 , 𝒃𝒃 , 𝒄𝒄  
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𝟔𝟔( 𝒙𝒙 , 𝟔𝟔 )
𝒙𝒙

𝒇𝒇′(𝒙𝒙)  =  𝟔𝟔𝟔𝟔 −  𝟑𝟑𝒙𝒙𝟐𝟐    , 𝒇𝒇′(𝒙𝒙)  =  𝟎𝟎 ⟹    𝟔𝟔𝟔𝟔 −  𝟑𝟑𝒙𝒙𝟐𝟐  =  𝟎𝟎 ⟹   𝟑𝟑𝟑𝟑( 𝟐𝟐 − 𝒙𝒙 ) = 𝟎𝟎 
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝟑𝟑𝒙𝒙 = 𝟎𝟎   ⟹   𝒙𝒙 = 𝟎𝟎        ⟹       𝒐𝒐𝒐𝒐  𝟐𝟐 −  𝒙𝒙 =  𝟎𝟎    ⟹   𝒙𝒙 =  𝟐𝟐  

𝒙𝒙𝒇𝒇′(𝒙𝒙)

𝒙𝒙 =  𝟎𝟎

∴( 𝟎𝟎 , 𝟔𝟔 )

∴ 𝒇𝒇(𝟎𝟎) = 𝟔𝟔  ⟹  𝟑𝟑(𝟎𝟎)𝟐𝟐  − (𝟎𝟎)𝟑𝟑  +  𝒄𝒄 = 𝟔𝟔     ⟹     𝒄𝒄 = 𝟔𝟔 
𝒇𝒇(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟑𝟑 + 𝟔𝟔 ⟹   𝒇𝒇′(𝒙𝒙)  =  𝟔𝟔𝟔𝟔 −  𝟑𝟑𝒙𝒙𝟐𝟐       𝒇𝒇′′(𝒙𝒙)  =  𝟔𝟔 −  𝟔𝟔𝒙𝒙    , 𝒇𝒇′′(𝒙𝒙)  = 𝟎𝟎

𝒇𝒇′′(𝒙𝒙)𝟔𝟔 −  𝟔𝟔𝟔𝟔 =  𝟎𝟎   ⟹     𝟔𝟔𝟔𝟔 =  𝟔𝟔      ⟹     𝒙𝒙 =  𝟏𝟏                                   

∴(𝟏𝟏 , 𝟖𝟖)

𝒎𝒎 =  𝒇𝒇′(𝟏𝟏) ⟹ 𝒎𝒎 = 𝟔𝟔(𝟏𝟏) − 𝟑𝟑(𝟏𝟏)𝟐𝟐  =  𝟑𝟑
𝒚𝒚 − 𝒚𝒚𝟏𝟏 = 𝒎𝒎(𝒙𝒙 − 𝒙𝒙𝟏𝟏)       ⟹         𝒚𝒚 −  𝟖𝟖 =  𝟑𝟑( 𝒙𝒙 −  𝟏𝟏 )  ⟹   𝒚𝒚 − 𝟖𝟖 = 𝟑𝟑𝟑𝟑 − 𝟑𝟑 

 𝟑𝟑𝟑𝟑 − 𝒚𝒚 + 𝟖𝟖 − 𝟑𝟑 = 𝟎𝟎 ⟹   𝟑𝟑𝟑𝟑 − 𝒚𝒚 +  𝟓𝟓 =  𝟎𝟎 

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒄𝒄𝒇𝒇∀𝒙𝒙 > 𝟏𝟏∀𝒙𝒙 < 𝟏𝟏
(−𝟏𝟏, 𝟓𝟓)𝒂𝒂, 𝒃𝒃, 𝒄𝒄 ∈ 𝑹𝑹

[ 𝒂𝒂 = 𝟏𝟏, 𝒃𝒃 = −𝟑𝟑, 𝒄𝒄 = −𝟗𝟗]

(𝟐𝟐, 𝟔𝟔)𝒇𝒇(𝒙𝒙) = 𝒂𝒂 − (𝒙𝒙 − 𝒃𝒃)𝟒𝟒 
𝒂𝒂, 𝒃𝒃

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒂𝒂 = 𝟔𝟔   , 𝒃𝒃 = 𝟐𝟐]

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟑𝟑 + 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝒄𝒄𝟖𝟖
𝒙𝒙 = 𝟏𝟏𝒂𝒂, 𝒄𝒄 ∈ 𝑹𝑹

[  𝒂𝒂 = −𝟏𝟏    , 𝒄𝒄 = −𝟒𝟒 ]

𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝟑𝟑 + 𝒃𝒃𝒙𝒙𝟐𝟐 + 𝒄𝒄𝒙𝒙 < 𝟏𝟏𝒙𝒙 >
𝟏𝟏(𝒚𝒚 + 𝟗𝟗𝟗𝟗 = 𝟐𝟐𝟐𝟐)(𝟑𝟑 , 𝟏𝟏)𝒂𝒂, 𝒃𝒃, 𝒄𝒄

[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒂𝒂 = −𝟏𝟏,
𝒃𝒃 = 𝟑𝟑, 𝒄𝒄 = 𝟏𝟏 ]

𝟑𝟑𝟑𝟑 − 𝒚𝒚 = 𝟕𝟕𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟐𝟐 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄
(𝟐𝟐, −𝟏𝟏)𝒙𝒙 =   𝟏𝟏  

𝟐𝟐𝒂𝒂, 𝒃𝒃, 𝒄𝒄 ∈ 𝑹𝑹
𝒇𝒇(𝒙𝒙) = 𝟑𝟑𝟑𝟑 − 𝒙𝒙𝟑𝟑 + 𝒄𝒄

𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹𝒚𝒚 = 𝒙𝒙𝟑𝟑 + 𝒂𝒂𝒙𝒙𝟐𝟐 + 𝒃𝒃𝒃𝒃
𝒙𝒙 = −𝟏𝟏𝒙𝒙 = 𝟐𝟐

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 +   𝒂𝒂  
𝒙𝒙𝒙𝒙 ≠ 𝟎𝟎𝒂𝒂 ∈ 𝑹𝑹

𝒂𝒂

𝑹𝑹

𝒇𝒇( 𝒙𝒙) = 𝒈𝒈( 𝒙𝒙)
𝒉𝒉( 𝒙𝒙)𝑹𝑹 − {𝒙𝒙 =     𝒙𝒙 }

𝟔𝟔𝒇𝒇(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟑𝟑 + 𝒄𝒄𝒄𝒄

 

المحور الصادي , حيث تكون الدالة زوجية إذا كانت الأسس في جميع    ( 𝐲𝐲 )زوجية  تكون متناظـرة حـول محـور     𝒇𝒇( 𝒙𝒙)أ ( إذا كانت الدالة    
𝒇𝒇( − 𝒙𝒙 )زوجي دائماً , وكذلك تحقق    (𝒙𝒙 )الحدود زوجية ويعتبر الحد الخالي من ال ـ  =  𝒇𝒇( 𝒙𝒙) 

فـردية  تكون متناظـرة حــول نقطــة الاصـل, حيث تكون الدالة فـردية إذا كانت الأسس في جميع الحدود فـرديـة     𝒇𝒇( 𝒙𝒙)ب   إذا كانت الدالة  
𝒇𝒇(− 𝒙𝒙) , وكذلك تحقق      = − 𝒇𝒇( 𝒙𝒙)  

𝒙𝒙:    نجعل    (𝒚𝒚)مع محـور الصادات    أ (     = ,𝟎𝟎)فنحصل على    (𝒚𝒚)فنجـد قيـم    𝟎𝟎 𝒚𝒚)    . 
𝒚𝒚:    نجعل   (𝒙𝒙 )مع محـور السينات    ب(  = ,𝒙𝒙)فنحصل على    (𝒙𝒙)فنجـد قيـم    𝟎𝟎 𝟎𝟎) 

𝒙𝒙أ ( المحاذي العمودي :  وهو  = 𝒙𝒙إي أن    قيم 𝒙𝒙 التي  تجعل  المقام  صفر  =   المستثناة من  أوسع  مجال  للدلة 
 ب   المحاذي الافقي : حيث يكون  

1     )(𝒚𝒚 =    في البسط أي يكـون بسطها عـدد ثابت اذا كـانـت الـدالة الكسـرية بسطهـا عـدد ثـابت   𝒙𝒙إذا كانت لا توجد    (𝟎𝟎

2     )𝑦𝑦 =
  معـامـل  اعلـى اس في  البسـط

 معـامـل  اعلـى اس في   المقـام 
 اذا كـانـت درجة بسط نفس درجة القـام    

𝒙𝒙 𝒚𝒚 (𝒙𝒙, 𝒚𝒚)
𝒙𝒙𝟏𝟏 𝒚𝒚𝟏𝟏 (𝒙𝒙𝟏𝟏, 𝒚𝒚𝟏𝟏)
𝒙𝒙𝟐𝟐 𝒚𝒚𝟐𝟐 (𝒙𝒙𝟐𝟐, 𝒚𝒚𝟐𝟐)
𝒙𝒙𝟑𝟑 𝒚𝒚𝟑𝟑 (𝒙𝒙𝟑𝟑, 𝒚𝒚𝟑𝟑)

𝟏𝟏)  𝒇𝒇(𝒙𝒙) =  𝟔𝟔𝟔𝟔 − 𝒙𝒙𝟑𝟑

𝑹𝑹 

𝒇𝒇(− 𝒙𝒙 ) = − 𝒇𝒇(𝒙𝒙)     

𝒙𝒙 = 𝟎𝟎𝐲𝐲 = 𝟔𝟔(𝟎𝟎) − (𝟎𝟎)𝟑𝟑   ⟹  𝐲𝐲 = 𝟎𝟎 ⟹    (𝟎𝟎 , 𝟎𝟎) 

 

 yالتي تجعل المقام يساوي صفراً بعد تحويل الدالة بدلالة  الـ  yالمحاذي الافقي هو قيمة الـ 

 

𝒇𝒇′(𝒙𝒙) =            𝒇𝒇′(𝒙𝒙) ≠ 𝟎𝟎   

 

𝒇𝒇′′(𝒙𝒙) =            𝒇𝒇′′(𝒙𝒙) ≠ 𝟎𝟎   
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المحور الصادي , حيث تكون الدالة زوجية إذا كانت الأسس في جميع    ( 𝐲𝐲 )زوجية  تكون متناظـرة حـول محـور     𝒇𝒇( 𝒙𝒙)أ ( إذا كانت الدالة    
𝒇𝒇( − 𝒙𝒙 )زوجي دائماً , وكذلك تحقق    (𝒙𝒙 )الحدود زوجية ويعتبر الحد الخالي من ال ـ  =  𝒇𝒇( 𝒙𝒙) 

فـردية  تكون متناظـرة حــول نقطــة الاصـل, حيث تكون الدالة فـردية إذا كانت الأسس في جميع الحدود فـرديـة     𝒇𝒇( 𝒙𝒙)ب   إذا كانت الدالة  
𝒇𝒇(− 𝒙𝒙) , وكذلك تحقق      = − 𝒇𝒇( 𝒙𝒙)  

𝒙𝒙:    نجعل    (𝒚𝒚)مع محـور الصادات    أ (     = ,𝟎𝟎)فنحصل على    (𝒚𝒚)فنجـد قيـم    𝟎𝟎 𝒚𝒚)    . 
𝒚𝒚:    نجعل   (𝒙𝒙 )مع محـور السينات    ب(  = ,𝒙𝒙)فنحصل على    (𝒙𝒙)فنجـد قيـم    𝟎𝟎 𝟎𝟎) 

𝒙𝒙أ ( المحاذي العمودي :  وهو  = 𝒙𝒙إي أن    قيم 𝒙𝒙 التي  تجعل  المقام  صفر  =   المستثناة من  أوسع  مجال  للدلة 
 ب   المحاذي الافقي : حيث يكون  

1     )(𝒚𝒚 =    في البسط أي يكـون بسطها عـدد ثابت اذا كـانـت الـدالة الكسـرية بسطهـا عـدد ثـابت   𝒙𝒙إذا كانت لا توجد    (𝟎𝟎

2     )𝑦𝑦 =
  معـامـل  اعلـى اس في  البسـط

 معـامـل  اعلـى اس في   المقـام 
 اذا كـانـت درجة بسط نفس درجة القـام    

𝒙𝒙 𝒚𝒚 (𝒙𝒙, 𝒚𝒚)
𝒙𝒙𝟏𝟏 𝒚𝒚𝟏𝟏 (𝒙𝒙𝟏𝟏, 𝒚𝒚𝟏𝟏)
𝒙𝒙𝟐𝟐 𝒚𝒚𝟐𝟐 (𝒙𝒙𝟐𝟐, 𝒚𝒚𝟐𝟐)
𝒙𝒙𝟑𝟑 𝒚𝒚𝟑𝟑 (𝒙𝒙𝟑𝟑, 𝒚𝒚𝟑𝟑)

𝟏𝟏)  𝒇𝒇(𝒙𝒙) =  𝟔𝟔𝟔𝟔 − 𝒙𝒙𝟑𝟑

𝑹𝑹 

𝒇𝒇(− 𝒙𝒙 ) = − 𝒇𝒇(𝒙𝒙)     

𝒙𝒙 = 𝟎𝟎𝐲𝐲 = 𝟔𝟔(𝟎𝟎) − (𝟎𝟎)𝟑𝟑   ⟹  𝐲𝐲 = 𝟎𝟎 ⟹    (𝟎𝟎 , 𝟎𝟎) 

 

 yالتي تجعل المقام يساوي صفراً بعد تحويل الدالة بدلالة  الـ  yالمحاذي الافقي هو قيمة الـ 

 

𝒇𝒇′(𝒙𝒙) =            𝒇𝒇′(𝒙𝒙) ≠ 𝟎𝟎   

 

𝒇𝒇′′(𝒙𝒙) =            𝒇𝒇′′(𝒙𝒙) ≠ 𝟎𝟎   
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𝒚𝒚 = 𝟎𝟎
𝟔𝟔 𝒙𝒙 − 𝒙𝒙𝟑𝟑 = 𝟎𝟎       ⟹       𝒙𝒙(𝟔𝟔 − 𝒙𝒙𝟐𝟐) = 𝟎𝟎     ⟹      𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒙𝒙 = 𝟎𝟎
𝒐𝒐𝒐𝒐  ⟹   𝒙𝒙𝟐𝟐 =  𝟔𝟔  ⟹    𝒙𝒙 =  ±√𝟔𝟔   ⟹ (𝟎𝟎 , 𝟎𝟎)   ,   (√𝟔𝟔 , 𝟎𝟎)  ,   (− √𝟔𝟔 , 𝟎𝟎)   

𝒇𝒇′(𝒙𝒙)  =  𝟔𝟔 −  𝟑𝟑𝒙𝒙𝟐𝟐              , 𝒇𝒇′(𝒙𝒙) = 𝟎𝟎     

  𝟔𝟔 −  𝟑𝟑𝒙𝒙𝟐𝟐  =  𝟎𝟎          ⟹        𝒙𝒙𝟐𝟐  =  𝟐𝟐         ⟹       𝒙𝒙 =  ±√𝟐𝟐

𝒇𝒇(− √𝟐𝟐) =  𝟔𝟔(−√𝟐𝟐 ) − (−√𝟐𝟐)𝟑𝟑 =  − 𝟔𝟔√𝟐𝟐 + 𝒇𝒇(√𝟐𝟐) = 𝟔𝟔(√𝟐𝟐 ) − (√𝟐𝟐)𝟑𝟑 = 𝟔𝟔√𝟐𝟐 − 𝟐𝟐√𝟐𝟐 = 𝟒𝟒√𝟐𝟐     ⟹     (√𝟐𝟐 , 𝟒𝟒√𝟐𝟐 )

 𝟐𝟐√𝟐𝟐 = − 𝟒𝟒√𝟐𝟐 ⟹ (−√𝟐𝟐 , − 𝟒𝟒√𝟐𝟐 )

√𝟐𝟐 √𝟐𝟐 𝒇𝒇′(𝒙𝒙)

(√𝟐𝟐 , 𝟒𝟒√𝟐𝟐)

(−√𝟐𝟐 , − 𝟒𝟒√𝟐𝟐)

𝒇𝒇′′(𝒙𝒙) = −𝟔𝟔𝟔𝟔      ,         𝒇𝒇′′(𝒙𝒙) = 𝟎𝟎      ⟹  − 𝟔𝟔𝟔𝟔  =  𝟎𝟎     ⟹      𝒙𝒙 =  𝟎𝟎     
(𝟎𝟎 , 𝟎𝟎 )𝒇𝒇′′(𝒙𝒙)

𝒙𝒙 𝒚𝒚 (𝒙𝒙, 𝒚𝒚)
𝟎𝟎 𝟎𝟎 (𝟎𝟎, 𝟎𝟎)
 √𝟔𝟔 𝟎𝟎 (√𝟔𝟔, 𝟎𝟎)
− √𝟔𝟔 𝟏𝟏 (− √𝟔𝟔 , 𝟎𝟎)
√𝟐𝟐 𝟒𝟒√𝟐𝟐 (√𝟐𝟐 , 𝟒𝟒√𝟐𝟐)
−√𝟐𝟐 −𝟒𝟒√𝟐𝟐 (−√𝟐𝟐 , − 𝟒𝟒√𝟐𝟐)

(𝟑𝟑)  𝒚𝒚 =  𝟑𝟑𝟑𝟑 − 𝟏𝟏
𝒙𝒙 + 𝟏𝟏

𝒙𝒙 + 𝟏𝟏 = 𝟎𝟎 ⟹   𝒙𝒙 = −𝟏𝟏𝑹𝑹 − { −𝟏𝟏  }
𝒇𝒇(−𝒙𝒙) ≠ 𝒇𝒇(𝒙𝒙)    𝒇𝒇(−𝒙𝒙) ≠  −𝒇𝒇(𝒙𝒙)   

𝒙𝒙 = 𝟎𝟎𝐲𝐲 =  𝟑𝟑(𝟎𝟎)−𝟏𝟏𝟎𝟎+𝟏𝟏     ⟹   𝐲𝐲 = −𝟏𝟏 ⟹   (𝟎𝟎 , −𝟏𝟏) 
                                                               𝒚𝒚 =  𝟎𝟎  𝟑𝟑𝟑𝟑−𝟏𝟏

𝒙𝒙+𝟏𝟏 = 𝟎𝟎  ⟹    𝟑𝟑𝟑𝟑 −  𝟏𝟏 =  𝟎𝟎                 
𝟑𝟑𝟑𝟑 = 𝟏𝟏 ⟹   𝒙𝒙 =     𝟏𝟏   𝟑𝟑   ⟹ (   𝟏𝟏   𝟑𝟑 , 𝟎𝟎 )  

𝒙𝒙 +  𝟏𝟏 =  𝟎𝟎           ⟹         𝒙𝒙 =  −𝟏𝟏             
𝐲𝐲 =      𝟑𝟑   𝟏𝟏             ⟹           𝐲𝐲 =  𝟑𝟑

𝒇𝒇′(𝒙𝒙) =
(𝒙𝒙 + 𝟏𝟏)(𝟑𝟑) − (𝟑𝟑𝟑𝟑 − 𝟏𝟏)(𝟏𝟏)

(𝒙𝒙 + 𝟏𝟏)𝟐𝟐 ⟹ 𝒇𝒇′(𝒙𝒙) =  𝟑𝟑𝟑𝟑 + 𝟑𝟑 − 𝟑𝟑𝟑𝟑 + 𝟏𝟏
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐

𝒇𝒇′(𝒙𝒙) =  𝟒𝟒
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐 ≠ 𝟎𝟎 , 𝒇𝒇′(𝒙𝒙)  ≠ 𝟎𝟎

+++++++++  −1   +++++++++++
↔                          𝒇𝒇′(𝒙𝒙)

∴{𝒙𝒙: 𝒙𝒙 > −𝟏𝟏} , {𝒙𝒙: 𝒙𝒙 < −𝟏𝟏}       

 

 

 

 

 

 

 

 

 

 

𝒇𝒇"(𝒙𝒙)  =  
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐(𝟎𝟎) −  𝟒𝟒[ 𝟐𝟐(𝒙𝒙 + 𝟏𝟏)]

(𝒙𝒙 + 𝟏𝟏)𝟒𝟒        ⟹      𝒇𝒇"(𝒙𝒙) =  −𝟖𝟖(𝒙𝒙 + 𝟏𝟏)
(𝒙𝒙 + 𝟏𝟏)𝟒𝟒  

⟹      𝒇𝒇"(𝒙𝒙) =  − 𝟖𝟖
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑   ≠ 𝟎𝟎     ,    𝒇𝒇′′(𝒙𝒙)  ≠ 𝟎𝟎

   ∴           

𝒙𝒙 =  −𝟏𝟏

−𝟏𝟏 𝒇𝒇′′(𝒙𝒙)

  {𝒙𝒙: 𝒙𝒙 < −𝟏𝟏}{𝒙𝒙: 𝒙𝒙 > −𝟏𝟏}
(−𝟏𝟏)

𝒙𝒙 𝒚𝒚 = 𝒙𝒙𝟓𝟓 (𝒙𝒙, 𝒚𝒚)
𝟏𝟏 𝟑𝟑⁄ 𝟎𝟎 (𝟏𝟏 𝟑𝟑⁄ , 𝟎𝟎)

𝟎𝟎 −𝟏𝟏 (𝟎𝟎, −𝟏𝟏)

𝒙𝒙𝒙𝒙 + 𝒚𝒚 = 𝟐𝟐  ⟹   𝒚𝒚(𝒙𝒙 + 𝟏𝟏) = 𝟐𝟐 ⟹   𝒚𝒚 = 𝟐𝟐
(𝒙𝒙 + 𝟏𝟏)   ⟹   𝒚𝒚 = 𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟏𝟏         

𝒙𝒙 + 𝟏𝟏 ≠  𝟎𝟎     ⟹                        𝑹𝑹 − {−𝟏𝟏}
𝒇𝒇(− 𝒙𝒙 ) ≠ − 𝒇𝒇(𝒙𝒙)            𝒇𝒇(− 𝒙𝒙 ) ≠  𝒇𝒇(𝒙𝒙)

𝒙𝒙 = 𝟎𝟎𝒙𝒙 ≠  𝟎𝟎
𝒚𝒚 ≠ 𝟎𝟎𝟐𝟐

𝒙𝒙+𝟏𝟏   ≠ 𝟎𝟎 ⟹     𝟐𝟐 ≠ 𝟎𝟎

𝒙𝒙 = −𝟏𝟏
𝒚𝒚 =   𝟎𝟎

𝒇𝒇(𝒙𝒙) =  𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟏𝟏  ⟹   𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟐𝟐   ⟹   𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐 

−𝟏𝟏 𝒇𝒇′(𝒙𝒙)    ∴

𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟐𝟐   ⟹ 𝒇𝒇′′(𝒙𝒙) = 𝟒𝟒 (𝒙𝒙 + 𝟏𝟏)−𝟑𝟑   ⟹   𝒇𝒇′′(𝒙𝒙) =  𝟒𝟒
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑

∴ 𝒇𝒇′′(𝒙𝒙)  =   𝟒𝟒
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑   ≠   𝟎𝟎

  ∴

𝒙𝒙 𝒚𝒚 (𝒙𝒙, 𝒚𝒚)
𝟎𝟎 𝟐𝟐 (𝟎𝟎, 𝟐𝟐)
𝟏𝟏 𝟏𝟏 (𝟏𝟏, 𝟏𝟏)

𝟐𝟐     𝟐𝟐   
𝟑𝟑 (𝟐𝟐,     𝟐𝟐   

𝟑𝟑 )

( 𝟎𝟎 , −𝟏𝟏 ) 

( 𝟏𝟏𝟑𝟑  , 𝟎𝟎 ) 

𝒙𝒙𝒙𝒙 + 𝒚𝒚 = 𝟐𝟐
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𝒇𝒇"(𝒙𝒙)  =  
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐(𝟎𝟎) −  𝟒𝟒[ 𝟐𝟐(𝒙𝒙 + 𝟏𝟏)]

(𝒙𝒙 + 𝟏𝟏)𝟒𝟒        ⟹      𝒇𝒇"(𝒙𝒙) =  −𝟖𝟖(𝒙𝒙 + 𝟏𝟏)
(𝒙𝒙 + 𝟏𝟏)𝟒𝟒  

⟹      𝒇𝒇"(𝒙𝒙) =  − 𝟖𝟖
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑   ≠ 𝟎𝟎     ,    𝒇𝒇′′(𝒙𝒙)  ≠ 𝟎𝟎

   ∴           

𝒙𝒙 =  −𝟏𝟏

−𝟏𝟏 𝒇𝒇′′(𝒙𝒙)

  {𝒙𝒙: 𝒙𝒙 < −𝟏𝟏}{𝒙𝒙: 𝒙𝒙 > −𝟏𝟏}
(−𝟏𝟏)

𝒙𝒙 𝒚𝒚 = 𝒙𝒙𝟓𝟓 (𝒙𝒙, 𝒚𝒚)
𝟏𝟏 𝟑𝟑⁄ 𝟎𝟎 (𝟏𝟏 𝟑𝟑⁄ , 𝟎𝟎)

𝟎𝟎 −𝟏𝟏 (𝟎𝟎, −𝟏𝟏)

𝒙𝒙𝒙𝒙 + 𝒚𝒚 = 𝟐𝟐  ⟹   𝒚𝒚(𝒙𝒙 + 𝟏𝟏) = 𝟐𝟐 ⟹   𝒚𝒚 = 𝟐𝟐
(𝒙𝒙 + 𝟏𝟏)   ⟹   𝒚𝒚 = 𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟏𝟏         

𝒙𝒙 + 𝟏𝟏 ≠  𝟎𝟎     ⟹                        𝑹𝑹 − {−𝟏𝟏}
𝒇𝒇(− 𝒙𝒙 ) ≠ − 𝒇𝒇(𝒙𝒙)            𝒇𝒇(− 𝒙𝒙 ) ≠  𝒇𝒇(𝒙𝒙)

𝒙𝒙 = 𝟎𝟎𝒙𝒙 ≠  𝟎𝟎
𝒚𝒚 ≠ 𝟎𝟎𝟐𝟐

𝒙𝒙+𝟏𝟏   ≠ 𝟎𝟎 ⟹     𝟐𝟐 ≠ 𝟎𝟎

𝒙𝒙 = −𝟏𝟏
𝒚𝒚 =   𝟎𝟎

𝒇𝒇(𝒙𝒙) =  𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟏𝟏  ⟹   𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟐𝟐   ⟹   𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐
(𝒙𝒙 + 𝟏𝟏)𝟐𝟐 

−𝟏𝟏 𝒇𝒇′(𝒙𝒙)    ∴

𝒇𝒇′(𝒙𝒙) =  −𝟐𝟐 (𝒙𝒙 + 𝟏𝟏)−𝟐𝟐   ⟹ 𝒇𝒇′′(𝒙𝒙) = 𝟒𝟒 (𝒙𝒙 + 𝟏𝟏)−𝟑𝟑   ⟹   𝒇𝒇′′(𝒙𝒙) =  𝟒𝟒
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑

∴ 𝒇𝒇′′(𝒙𝒙)  =   𝟒𝟒
(𝒙𝒙 + 𝟏𝟏)𝟑𝟑   ≠   𝟎𝟎

  ∴

𝒙𝒙 𝒚𝒚 (𝒙𝒙, 𝒚𝒚)
𝟎𝟎 𝟐𝟐 (𝟎𝟎, 𝟐𝟐)
𝟏𝟏 𝟏𝟏 (𝟏𝟏, 𝟏𝟏)

𝟐𝟐     𝟐𝟐   
𝟑𝟑 (𝟐𝟐,     𝟐𝟐   

𝟑𝟑 )

( 𝟎𝟎 , −𝟏𝟏 ) 

( 𝟏𝟏𝟑𝟑  , 𝟎𝟎 ) 

𝒙𝒙𝒙𝒙 + 𝒚𝒚 = 𝟐𝟐
 

 

 

 

 

 

 

 

𝒇𝒇′′(𝒙𝒙) 

38



 

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 + 𝟐𝟐)(𝒙𝒙 − 𝟏𝟏)𝟐𝟐    
𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟑𝟑𝟑𝟑 + 𝟐𝟐   
𝒇𝒇(𝒙𝒙) = (𝟏𝟏 − 𝒙𝒙)𝟑𝟑 + 𝟏𝟏  

𝒇𝒇(𝒙𝒙) = 𝟐𝟐𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟒𝟒  
𝒇𝒇(𝒙𝒙) = 𝟏𝟏

   𝒙𝒙      

  𝒇𝒇(𝒙𝒙) =     𝒙𝒙𝟐𝟐−𝟏𝟏  
𝒙𝒙𝟐𝟐+𝟏𝟏        

𝒇𝒇(𝒙𝒙) =  𝒙𝒙𝟓𝟓  
𝒇𝒇(𝒙𝒙) = 𝒙𝒙−𝟏𝟏

   𝒙𝒙+𝟏𝟏      
𝒇𝒇(𝒙𝒙) = 𝟏𝟏

   𝒙𝒙𝟐𝟐      

𝒙𝒙 , 𝒚𝒚 , 𝒛𝒛 , 𝒉𝒉 , 𝒗𝒗 , 𝑨𝑨   

 نقوم بكتابة الدالة بدلالة متغير واحد 
 نجد المشتقة الأولى للدالة  ونجعل المشتقة تساوي صفراً 

 تتكون معادلة ذات متغير واحد نحل المعادلة نجد قيم ذلك المتغير  ونختبرها على خط الأعداد فنحصل على المطلوب 

𝟐𝟐𝟐𝟐𝒉𝒉𝑨𝑨

   𝟏𝟏   
𝟐𝟐  ᵡᵡ

 𝑨𝑨 =   𝟏𝟏  
𝟐𝟐  ( 𝟐𝟐𝟐𝟐 )( 𝒉𝒉 )      ⟹   𝑨𝑨 =  𝒉𝒉 𝒙𝒙        . . . . . (𝟏𝟏)          

𝒙𝒙𝟐𝟐  + (𝒉𝒉 − 𝟏𝟏𝟏𝟏)𝟐𝟐   =  (𝟏𝟏𝟏𝟏)𝟐𝟐

𝒙𝒙𝟐𝟐  +  𝒉𝒉𝟐𝟐  −  𝟐𝟐𝟐𝟐𝒉𝒉 +  𝟏𝟏𝟏𝟏𝟏𝟏 =  𝟏𝟏𝟏𝟏𝟏𝟏

𝒉𝒉
−

𝟏𝟏𝟏𝟏
 

𝒙𝒙 𝒙𝒙 

𝒉𝒉 𝟏𝟏𝟏𝟏 

 

𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄
  𝟑𝟑√ 𝟑𝟑  

𝟒𝟒𝟒𝟒 = 

 

 

 
 

 

 ..... الخ ( -أقل  –أعظم  –أصغر  –المقارنة ) أكبر يمكن معرفة الدالة )العلاقة الرئيسية ( من المسئلة حيث دائماً تكون معها قرينة أحد كلمات 

 

 

بطريقة مباشرة وتعطى لها قيمة عددية على سبيل  دائماً )العلاقة المساعدة ( تكون خالية من كلمات المقارنة وتعطى بالسؤال إما  
 أو تعطى بطريقة غير مباشرة ويمكن معرفتها كما يلي:    𝛑𝛑 𝒄𝒄𝒄𝒄𝟑𝟑 𝟏𝟏𝟏𝟏𝟏𝟏المثال أذا كان حجم الأسطوانة

 ( كل شكل يوضع داخل دائرة أو كرة مجوفة نوجد العلاقة المساعدة من نظرية فيثاغورس بين الأبعاد .  1
 ( كل شكل يوضع داخل مثلث أو مـخروط مجوف نوجد العلاقة المساعدة من التشابه بين المثلثين بين الأبعاد .   2
 ( في بعض الأحيان تعطى العلاقة المساعدة جاهزة في السؤال .  3

 
 
 

 

𝒙𝒙𝟐𝟐 =  𝟐𝟐𝟐𝟐𝟐𝟐 −  𝒉𝒉𝟐𝟐       𝒙𝒙 = √𝟐𝟐𝟐𝟐 𝒉𝒉 −  𝒉𝒉𝟐𝟐   . . . . . .  .  (𝟐𝟐)    
𝑨𝑨 =  𝒉𝒉 √𝟐𝟐𝟐𝟐 𝒉𝒉 −  𝒉𝒉𝟐𝟐  ⟹    =   √𝒉𝒉𝟐𝟐( 𝟐𝟐𝟐𝟐𝟐𝟐 −  𝒉𝒉𝟐𝟐)

 𝑨𝑨 =  √𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒    ⟹   𝑨𝑨′ =  𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑

𝟐𝟐√𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒  
     ,       𝑨𝑨′ =  𝟎𝟎  

𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑

𝟐𝟐√𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒  
= 𝟎𝟎     ⟹    𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑 = 𝟎𝟎   ⟹       𝟒𝟒𝒉𝒉𝟐𝟐  ( 𝟏𝟏𝟏𝟏 −  𝒉𝒉 )  =  𝟎𝟎 

𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆    𝒉𝒉 =  𝟎𝟎     𝒐𝒐𝒐𝒐        𝒉𝒉 =  𝟏𝟏𝟏𝟏 𝑨𝑨′
𝒉𝒉 =  𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄

 𝒙𝒙 = √𝟐𝟐𝟐𝟐 (𝟏𝟏𝟏𝟏) − (𝟏𝟏𝟏𝟏)𝟐𝟐 = √𝟏𝟏𝟏𝟏(𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏) = √𝟗𝟗 × 𝟐𝟐 × 𝟔𝟔  = √𝟗𝟗 × 𝟒𝟒 × 𝟑𝟑 
𝒙𝒙 = √𝟗𝟗  × √𝟒𝟒 × √𝟑𝟑 = 𝟑𝟑 × 𝟐𝟐 × √𝟑𝟑 =  𝟔𝟔√𝟑𝟑𝒄𝒄𝒄𝒄    ⟹       𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏√𝟑𝟑𝒄𝒄𝒄𝒄 

    
     

 =      𝒙𝒙 𝒉𝒉    
 𝝅𝝅 𝒓𝒓𝟐𝟐 =    𝟔𝟔 × √𝟑𝟑 × 𝟏𝟏𝟏𝟏  

𝟏𝟏𝟏𝟏 × 𝟏𝟏𝟏𝟏 𝝅𝝅  =      𝟑𝟑√𝟑𝟑   
𝟒𝟒 𝝅𝝅

𝒙𝒙 , 𝒚𝒚

𝒂𝒂𝒂𝒂𝒂𝒂  , 𝒂𝒂𝒂𝒂𝒂𝒂
  𝒚𝒚  
𝟐𝟐𝟐𝟐  =  𝟏𝟏𝟏𝟏−𝒙𝒙

𝟏𝟏𝟏𝟏   ⟹ 𝒚𝒚 =     𝟐𝟐𝟐𝟐   
𝟏𝟏𝟏𝟏  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 )        

⟹   𝒚𝒚 =    𝟒𝟒   
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 ) … … … … … . (𝟏𝟏)

=×
𝑨𝑨 =  𝒙𝒙 𝒚𝒚 … … … … … … (𝟐𝟐)              

(𝟏𝟏)(𝟐𝟐)

𝑨𝑨 =  𝒙𝒙 .    𝟒𝟒     
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 )     ⟹      𝑨𝑨 =      𝟒𝟒     

𝟑𝟑  ( 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐 )

 𝑨𝑨′ =  𝟒𝟒
𝟑𝟑 ( 𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 )  , 𝑨𝑨′ =  𝟎𝟎  , ∴     𝟒𝟒   

𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 ) = 𝟎𝟎  
𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 =  𝟎𝟎  ⟹   𝒙𝒙 =  𝟗𝟗 𝒄𝒄𝒄𝒄  

𝒙𝒙 =  𝟗𝟗

 𝐲𝐲 =    𝟒𝟒   
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝟗𝟗 )  =     𝟒𝟒  

𝟑𝟑  (𝟗𝟗)  =  𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜

 𝐫𝐫 𝒙𝒙

=𝟔𝟔𝟔𝟔  [ 𝟒𝟒𝟒𝟒 +  𝟐𝟐𝟐𝟐 𝒓𝒓 =  𝟔𝟔𝟔𝟔   ]  ÷  𝟐𝟐 

 𝟐𝟐𝟐𝟐 +  𝝅𝝅 𝒓𝒓 = 𝟑𝟑𝟑𝟑    ⟹     𝝅𝝅 𝒓𝒓 = 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐   ⟹   𝒓𝒓 = 𝟏𝟏
𝝅𝝅 ( 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐 )   . . . . . .  (𝟏𝟏)    

𝑨𝑨 = 𝒙𝒙𝟐𝟐  +  𝝅𝝅 𝒓𝒓𝟐𝟐    . . . . .  . (𝟐𝟐)
𝒓𝒓(𝟏𝟏)(𝟐𝟐)𝑨𝑨 =  𝒙𝒙𝟐𝟐  +   𝝅𝝅 [    𝟏𝟏  

𝝅𝝅  ( 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐 )]𝟐𝟐

𝑨𝑨 =  𝒙𝒙𝟐𝟐   +      𝟏𝟏   
 𝝅𝝅  ( 𝟗𝟗𝟗𝟗𝟗𝟗 −  𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟒𝟒𝒙𝒙𝟐𝟐  )

𝑨𝑨′ =  𝟐𝟐𝟐𝟐 +  𝟏𝟏
 𝝅𝝅 (− 𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟖𝟖𝟖𝟖  )      ,   𝑨𝑨′ =  𝟎𝟎   

 𝟐𝟐𝟐𝟐 +  𝟏𝟏
 𝝅𝝅 (− 𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟖𝟖𝟖𝟖  ) = 𝟎𝟎  ⟹   [ 𝟐𝟐 𝝅𝝅 𝒙𝒙 +  𝟖𝟖𝟖𝟖 −  𝟏𝟏𝟏𝟏𝟏𝟏 =  𝟎𝟎 ]  ÷   𝟐𝟐      

𝝅𝝅 𝒙𝒙 +  𝟒𝟒𝟒𝟒 −  𝟔𝟔𝟔𝟔 =  𝟎𝟎                  ⟹             𝝅𝝅 𝒙𝒙 +  𝟒𝟒𝟒𝟒 =  𝟔𝟔𝟔𝟔       

 ع

 ع

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
             𝒓𝒓                                   𝒙𝒙   

 

 

 ـ

𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 

𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄

 

𝟔𝟔𝟔𝟔 𝒄𝒄𝒄𝒄

 

𝟏𝟏𝟏𝟏

𝒂𝒂 

𝟏𝟏𝟏𝟏 𝒒𝒒 n s 

𝒄𝒄 𝒃𝒃 
𝒙𝒙 𝒚𝒚 

d 
𝟐𝟐𝟐𝟐 

𝟗𝟗𝑨𝑨′ 

39



 

𝒙𝒙𝟐𝟐 =  𝟐𝟐𝟐𝟐𝟐𝟐 −  𝒉𝒉𝟐𝟐       𝒙𝒙 = √𝟐𝟐𝟐𝟐 𝒉𝒉 −  𝒉𝒉𝟐𝟐   . . . . . .  .  (𝟐𝟐)    
𝑨𝑨 =  𝒉𝒉 √𝟐𝟐𝟐𝟐 𝒉𝒉 −  𝒉𝒉𝟐𝟐  ⟹    =   √𝒉𝒉𝟐𝟐( 𝟐𝟐𝟐𝟐𝟐𝟐 −  𝒉𝒉𝟐𝟐)

 𝑨𝑨 =  √𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒    ⟹   𝑨𝑨′ =  𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑

𝟐𝟐√𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒  
     ,       𝑨𝑨′ =  𝟎𝟎  

𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑

𝟐𝟐√𝟐𝟐𝟐𝟐 𝒉𝒉𝟑𝟑 −  𝒉𝒉𝟒𝟒  
= 𝟎𝟎     ⟹    𝟕𝟕𝟕𝟕𝒉𝒉𝟐𝟐 −  𝟒𝟒𝒉𝒉𝟑𝟑 = 𝟎𝟎   ⟹       𝟒𝟒𝒉𝒉𝟐𝟐  ( 𝟏𝟏𝟏𝟏 −  𝒉𝒉 )  =  𝟎𝟎 

𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆    𝒉𝒉 =  𝟎𝟎     𝒐𝒐𝒐𝒐        𝒉𝒉 =  𝟏𝟏𝟏𝟏 𝑨𝑨′
𝒉𝒉 =  𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄

 𝒙𝒙 = √𝟐𝟐𝟐𝟐 (𝟏𝟏𝟏𝟏) − (𝟏𝟏𝟏𝟏)𝟐𝟐 = √𝟏𝟏𝟏𝟏(𝟐𝟐𝟐𝟐 − 𝟏𝟏𝟏𝟏) = √𝟗𝟗 × 𝟐𝟐 × 𝟔𝟔  = √𝟗𝟗 × 𝟒𝟒 × 𝟑𝟑 
𝒙𝒙 = √𝟗𝟗  × √𝟒𝟒 × √𝟑𝟑 = 𝟑𝟑 × 𝟐𝟐 × √𝟑𝟑 =  𝟔𝟔√𝟑𝟑𝒄𝒄𝒄𝒄    ⟹       𝟐𝟐𝟐𝟐 = 𝟏𝟏𝟏𝟏√𝟑𝟑𝒄𝒄𝒄𝒄 

    
     

 =      𝒙𝒙 𝒉𝒉    
 𝝅𝝅 𝒓𝒓𝟐𝟐 =    𝟔𝟔 × √𝟑𝟑 × 𝟏𝟏𝟏𝟏  

𝟏𝟏𝟏𝟏 × 𝟏𝟏𝟏𝟏 𝝅𝝅  =      𝟑𝟑√𝟑𝟑   
𝟒𝟒 𝝅𝝅

𝒙𝒙 , 𝒚𝒚

𝒂𝒂𝒂𝒂𝒂𝒂  , 𝒂𝒂𝒂𝒂𝒂𝒂
  𝒚𝒚  
𝟐𝟐𝟐𝟐  =  𝟏𝟏𝟏𝟏−𝒙𝒙

𝟏𝟏𝟏𝟏   ⟹ 𝒚𝒚 =     𝟐𝟐𝟐𝟐   
𝟏𝟏𝟏𝟏  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 )        

⟹   𝒚𝒚 =    𝟒𝟒   
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 ) … … … … … . (𝟏𝟏)

=×
𝑨𝑨 =  𝒙𝒙 𝒚𝒚 … … … … … … (𝟐𝟐)              

(𝟏𝟏)(𝟐𝟐)

𝑨𝑨 =  𝒙𝒙 .    𝟒𝟒     
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝒙𝒙 )     ⟹      𝑨𝑨 =      𝟒𝟒     

𝟑𝟑  ( 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐 )

 𝑨𝑨′ =  𝟒𝟒
𝟑𝟑 ( 𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 )  , 𝑨𝑨′ =  𝟎𝟎  , ∴     𝟒𝟒   

𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 ) = 𝟎𝟎  
𝟏𝟏𝟏𝟏 −  𝟐𝟐𝟐𝟐 =  𝟎𝟎  ⟹   𝒙𝒙 =  𝟗𝟗 𝒄𝒄𝒄𝒄  

𝒙𝒙 =  𝟗𝟗

 𝐲𝐲 =    𝟒𝟒   
𝟑𝟑  ( 𝟏𝟏𝟏𝟏 −  𝟗𝟗 )  =     𝟒𝟒  

𝟑𝟑  (𝟗𝟗)  =  𝟏𝟏𝟏𝟏 𝐜𝐜𝐜𝐜

 𝐫𝐫 𝒙𝒙

=𝟔𝟔𝟔𝟔  [ 𝟒𝟒𝟒𝟒 +  𝟐𝟐𝟐𝟐 𝒓𝒓 =  𝟔𝟔𝟔𝟔   ]  ÷  𝟐𝟐 

 𝟐𝟐𝟐𝟐 +  𝝅𝝅 𝒓𝒓 = 𝟑𝟑𝟑𝟑    ⟹     𝝅𝝅 𝒓𝒓 = 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐   ⟹   𝒓𝒓 = 𝟏𝟏
𝝅𝝅 ( 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐 )   . . . . . .  (𝟏𝟏)    

𝑨𝑨 = 𝒙𝒙𝟐𝟐  +  𝝅𝝅 𝒓𝒓𝟐𝟐    . . . . .  . (𝟐𝟐)
𝒓𝒓(𝟏𝟏)(𝟐𝟐)𝑨𝑨 =  𝒙𝒙𝟐𝟐  +   𝝅𝝅 [    𝟏𝟏  

𝝅𝝅  ( 𝟑𝟑𝟑𝟑 −  𝟐𝟐𝟐𝟐 )]𝟐𝟐

𝑨𝑨 =  𝒙𝒙𝟐𝟐   +      𝟏𝟏   
 𝝅𝝅  ( 𝟗𝟗𝟗𝟗𝟗𝟗 −  𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟒𝟒𝒙𝒙𝟐𝟐  )

𝑨𝑨′ =  𝟐𝟐𝟐𝟐 +  𝟏𝟏
 𝝅𝝅 (− 𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟖𝟖𝟖𝟖  )      ,   𝑨𝑨′ =  𝟎𝟎   

 𝟐𝟐𝟐𝟐 +  𝟏𝟏
 𝝅𝝅 (− 𝟏𝟏𝟏𝟏𝟏𝟏 +  𝟖𝟖𝟖𝟖  ) = 𝟎𝟎  ⟹   [ 𝟐𝟐 𝝅𝝅 𝒙𝒙 +  𝟖𝟖𝟖𝟖 −  𝟏𝟏𝟏𝟏𝟏𝟏 =  𝟎𝟎 ]  ÷   𝟐𝟐      

𝝅𝝅 𝒙𝒙 +  𝟒𝟒𝟒𝟒 −  𝟔𝟔𝟔𝟔 =  𝟎𝟎                  ⟹             𝝅𝝅 𝒙𝒙 +  𝟒𝟒𝟒𝟒 =  𝟔𝟔𝟔𝟔       

 ع

 ع

 ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ
             𝒓𝒓                                   𝒙𝒙   

 

 

 ـ

𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 

𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄 𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄

 

𝟔𝟔𝟔𝟔 𝒄𝒄𝒄𝒄

 

𝟏𝟏𝟏𝟏

𝒂𝒂 

𝟏𝟏𝟏𝟏 𝒒𝒒 n s 

𝒄𝒄 𝒃𝒃 
𝒙𝒙 𝒚𝒚 

d 
𝟐𝟐𝟐𝟐 

𝟗𝟗𝑨𝑨′ 

40



 

 𝒙𝒙 (𝝅𝝅 +  𝟒𝟒)  =  𝟔𝟔𝟔𝟔                          ⟹                𝒙𝒙 =  𝟔𝟔𝟔𝟔
𝝅𝝅 +  𝟒𝟒     𝒄𝒄𝒄𝒄 

𝒓𝒓 =    𝟏𝟏  
𝝅𝝅  ( 𝟑𝟑𝟑𝟑 −  𝟐𝟐 ( 𝟔𝟔𝟔𝟔

𝝅𝝅 +  𝟒𝟒))          ⟹     𝒓𝒓 =   𝟏𝟏  
𝝅𝝅  ( 𝟑𝟑𝟑𝟑 −   𝟏𝟏𝟏𝟏𝟏𝟏

𝝅𝝅 +  𝟒𝟒  )  

 𝒓𝒓 = 𝟑𝟑𝟑𝟑
𝝅𝝅 +  𝟒𝟒  𝒄𝒄𝒄𝒄         ⟹         𝟐𝟐𝟐𝟐 = 𝟔𝟔𝟔𝟔

𝝅𝝅 +  𝟒𝟒    ⟹   ∴  𝒙𝒙 = 𝟐𝟐𝟐𝟐

𝐫𝐫 𝟐𝟐𝟐𝟐
= ×

𝒗𝒗 =  𝝅𝝅 𝒓𝒓𝟐𝟐 (𝟐𝟐𝟐𝟐)  =  𝟐𝟐𝟐𝟐 𝒓𝒓𝟐𝟐𝒉𝒉  … … (1)
𝒓𝒓𝟐𝟐 + 𝒉𝒉𝟐𝟐  =  (𝟒𝟒√𝟑𝟑)𝟐𝟐

𝒓𝒓𝟐𝟐  +  𝒉𝒉𝟐𝟐 =    𝟒𝟒𝟒𝟒  ⟹   𝒓𝒓𝟐𝟐  =  𝟒𝟒𝟒𝟒 −  𝒉𝒉𝟐𝟐 … … … . . (𝟐𝟐)
(𝟐𝟐)(𝟏𝟏)

𝒗𝒗 =  𝟐𝟐𝟐𝟐 𝒉𝒉(𝟒𝟒𝟒𝟒 − 𝒉𝒉𝟐𝟐)               ⟹          𝒗𝒗 =  𝟐𝟐𝟐𝟐 (𝟒𝟒𝟒𝟒𝟒𝟒 −  𝒉𝒉𝟑𝟑)
𝒗𝒗′ =  𝟐𝟐𝟐𝟐 (𝟒𝟒𝟒𝟒 −  𝟑𝟑𝒉𝒉𝟐𝟐)         , 𝒗𝒗′ =  𝟎𝟎
𝟐𝟐𝟐𝟐 (𝟒𝟒𝟒𝟒 −  𝟑𝟑𝒉𝒉𝟐𝟐) =  𝟎𝟎        ⟹      𝟒𝟒𝟒𝟒 −  𝟑𝟑𝒉𝒉𝟐𝟐  =  𝟎𝟎 𝒗𝒗′
𝟑𝟑𝒉𝒉𝟐𝟐  =  𝟒𝟒𝟒𝟒   ⟹     𝒉𝒉𝟐𝟐  =  𝟏𝟏𝟏𝟏   ⟹    𝒉𝒉 =  𝟒𝟒

𝒉𝒉 =  𝟒𝟒
𝒓𝒓𝟐𝟐  =  𝟒𝟒𝟒𝟒 − 𝟏𝟏𝟏𝟏 = 𝟑𝟑𝟑𝟑   ⟹     𝒓𝒓 = 𝟒𝟒 √𝟐𝟐

  𝟐𝟐𝟐𝟐 = 𝟖𝟖  𝒄𝒄𝒄𝒄

(𝒙𝒙 , 𝟎𝟎)(𝟎𝟎 , 𝐲𝐲)
=

        𝑨𝑨 =      𝟏𝟏   
𝟐𝟐  𝒙𝒙𝒙𝒙 … (𝟏𝟏)    

      𝒚𝒚   
𝒚𝒚−𝟖𝟖 =    𝒙𝒙   

𝟔𝟔 ⟹ 𝒙𝒙(𝒚𝒚 − 𝟖𝟖) = 𝟔𝟔𝟔𝟔

⟹ 𝒙𝒙 =      𝟔𝟔𝟔𝟔    
𝒚𝒚−𝟖𝟖 … … … (𝟐𝟐)

(𝟐𝟐)(𝟏𝟏) 

𝑨𝑨 =    𝟏𝟏   
𝟐𝟐 ×      𝟔𝟔𝟔𝟔    

𝒚𝒚 − 𝟖𝟖 × 𝒚𝒚 ⟹ 𝑨𝑨 = 𝟑𝟑 𝒚𝒚𝟐𝟐

𝒚𝒚 − 𝟖𝟖

𝑨𝑨′ =
(𝒚𝒚 − 𝟖𝟖)(𝟔𝟔𝟔𝟔) − 𝟑𝟑𝒚𝒚𝟐𝟐(𝟏𝟏)

(𝒚𝒚 − 𝟖𝟖)𝟐𝟐     ⟹      𝑨𝑨′ = 𝟔𝟔𝒚𝒚𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒 − 𝟑𝟑𝒚𝒚𝟐𝟐

(𝒚𝒚 − 𝟖𝟖)𝟐𝟐   ,   𝑨𝑨′ = 𝟎𝟎  
    𝟑𝟑𝒚𝒚𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒  

(𝒙𝒙 − 𝟔𝟔)𝟐𝟐 = 𝟎𝟎 ⟹ [   𝟑𝟑𝒚𝒚𝟐𝟐 − 𝟒𝟒𝟒𝟒𝟒𝟒 = 𝟎𝟎  ] ÷ 𝟑𝟑   ⟹     𝒚𝒚𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝟎𝟎

𝒚𝒚(𝒚𝒚 − 𝟏𝟏𝟏𝟏) = 𝟎𝟎 ⟹        𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆    𝒚𝒚 = 𝟎𝟎    ⟹         𝒐𝒐𝒐𝒐    𝒚𝒚 = 𝟏𝟏𝟏𝟏
∴(𝟎𝟎 , 𝟏𝟏𝟏𝟏)

(𝟎𝟎 , 𝟏𝟏𝟏𝟏)(𝟔𝟔, 𝟖𝟖)
𝒚𝒚 − 𝒚𝒚𝟏𝟏
𝒙𝒙 − 𝒙𝒙𝟏𝟏

= 𝒚𝒚𝟐𝟐 − 𝒚𝒚𝟏𝟏
𝒙𝒙𝟐𝟐 − 𝒙𝒙𝟏𝟏

  ⟹     𝒚𝒚 − 𝟖𝟖
𝒙𝒙 − 𝟔𝟔 = 𝟏𝟏𝟏𝟏 − 𝟖𝟖

𝟎𝟎 − 𝟔𝟔
𝒚𝒚 − 𝟖𝟖
𝒙𝒙 − 𝟔𝟔 = −𝟖𝟖

𝟔𝟔      ⟹  𝒚𝒚 − 𝟖𝟖
𝒙𝒙 − 𝟔𝟔 = −𝟒𝟒

𝟑𝟑 ⟹   𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒 ⟹ 𝟒𝟒𝒙𝒙 + 𝟑𝟑𝟑𝟑 − 𝟒𝟒𝟒𝟒 = 𝟎𝟎
𝟒𝟒𝒙𝒙 + 𝟑𝟑𝟑𝟑 − 𝟒𝟒𝟒𝟒 = 𝟎𝟎

(𝟔𝟔, 𝟖𝟖)

 𝑨𝑨 =      𝟏𝟏   
𝟐𝟐  𝒙𝒙𝒙𝒙  ⟹    𝑨𝑨′ =      𝟏𝟏   

𝟐𝟐 (𝒙𝒙 𝒚𝒚′ + 𝒚𝒚(𝟏𝟏))     ⟹    𝑨𝑨′ = 𝟎𝟎  
    𝟏𝟏   

𝟐𝟐 (𝒙𝒙 𝒚𝒚′ + 𝒚𝒚) = 𝟎𝟎       × 𝟐𝟐 ⟹  𝟔𝟔 𝒚𝒚′ + 𝟖𝟖 = 𝟎𝟎   ⟹    ∴  𝒎𝒎 = 𝒚𝒚′ =   −𝟒𝟒   
𝟑𝟑      

𝒚𝒚 − 𝒚𝒚𝟏𝟏
𝒙𝒙 − 𝒙𝒙𝟏𝟏

= 𝒎𝒎  ⟹    𝒚𝒚 − 𝟖𝟖
𝒙𝒙 − 𝟔𝟔 = −𝟒𝟒

𝟑𝟑 ⟹   𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐 = −𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒 ⟹ 𝟒𝟒𝒙𝒙 + 𝟑𝟑𝟑𝟑 − 𝟒𝟒𝟒𝟒 = 𝟎𝟎
𝟒𝟒𝒙𝒙 + 𝟑𝟑𝟑𝟑 − 𝟒𝟒𝟒𝟒 = 𝟎𝟎

𝟒𝟒√𝟑𝟑 𝒄𝒄𝒄𝒄 

(𝟔𝟔 , 𝟖𝟖)
 

 

             

𝒓𝒓 

𝟐𝟐𝟐𝟐 
𝒉𝒉 

𝒉𝒉 

𝟔𝟔 
𝟖𝟖 

𝒙𝒙 

𝐲𝐲 
(𝟔𝟔 , 𝟖𝟖) 

𝑩𝑩(𝒙𝒙 , 𝟎𝟎) 

𝑨𝑨(𝟎𝟎 , 𝒚𝒚) 

𝐲𝐲 − 𝟖𝟖 

𝟔𝟔 

 

(𝟑𝟑 𝒄𝒄𝒄𝒄)

𝟏𝟏𝟏𝟏𝟏𝟏 𝒎𝒎𝟐𝟐

(𝟒𝟒√𝟐𝟐 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝟐𝟐)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝑪𝑪 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏   ]

(𝟔𝟔√𝟑𝟑  𝒄𝒄𝒄𝒄 )

(𝟖𝟖 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟒𝟒√𝟑𝟑 𝒄𝒄𝒄𝒄)

(𝟖𝟖√𝟐𝟐   𝒄𝒄𝒄𝒄)

𝒇𝒇(𝒙𝒙 ) = 𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐

(𝟏𝟏𝟏𝟏𝟏𝟏 𝝅𝝅 𝒄𝒄𝒄𝒄𝟑𝟑)

(𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

𝒇𝒇(𝒙𝒙 ) = 𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐

𝒚𝒚𝟐𝟐 − 𝒙𝒙𝟐𝟐 = 𝟑𝟑(𝟎𝟎 , 𝟒𝟒)
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(𝟑𝟑 𝒄𝒄𝒄𝒄)

𝟏𝟏𝟏𝟏𝟏𝟏 𝒎𝒎𝟐𝟐

(𝟒𝟒√𝟐𝟐 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝟐𝟐)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝑪𝑪 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏   ]

(𝟔𝟔√𝟑𝟑  𝒄𝒄𝒄𝒄 )

(𝟖𝟖 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟒𝟒√𝟑𝟑 𝒄𝒄𝒄𝒄)

(𝟖𝟖√𝟐𝟐   𝒄𝒄𝒄𝒄)

𝒇𝒇(𝒙𝒙 ) = 𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐

(𝟏𝟏𝟏𝟏𝟏𝟏 𝝅𝝅 𝒄𝒄𝒄𝒄𝟑𝟑)

(𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄)
(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

(𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄)

𝒇𝒇(𝒙𝒙 ) = 𝟏𝟏𝟏𝟏 − 𝒙𝒙𝟐𝟐

𝒚𝒚𝟐𝟐 − 𝒙𝒙𝟐𝟐 = 𝟑𝟑(𝟎𝟎 , 𝟒𝟒)

𝟕𝟕𝟕𝟕
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• [ 𝒂𝒂 , 𝒃𝒃 ]𝒏𝒏𝒉𝒉 = 𝒃𝒃−𝒂𝒂
𝒏𝒏

𝟐𝟐) 𝒇𝒇: [𝟎𝟎 , 𝟒𝟒 ]  → 𝑹𝑹  , 𝒇𝒇(𝒙𝒙) = 𝟒𝟒𝟒𝟒 − 𝒙𝒙𝟐𝟐 𝝈𝝈 = ( 𝟎𝟎 , 𝟏𝟏 , 𝟐𝟐 , 𝟑𝟑 , 𝟒𝟒)  
𝒇𝒇′(𝒙𝒙) = 𝟒𝟒 − 𝟐𝟐𝟐𝟐 ⟹ 𝟒𝟒 − 𝟐𝟐𝟐𝟐 = 𝟎𝟎   
𝟐𝟐𝒙𝒙 = 𝟒𝟒   ⟹     𝒙𝒙 = 𝟐𝟐      

∴    𝒇𝒇(𝟐𝟐) = 𝟖𝟖 − 𝟒𝟒 = 𝟒𝟒  ⟹ (𝟐𝟐, 𝟒𝟒)    

[𝟎𝟎 , 𝟏𝟏][𝟏𝟏 , 𝟐𝟐][𝟐𝟐 , 𝟑𝟑][𝟑𝟑 , 𝟒𝟒]

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟑𝟑𝟎𝟎𝟑𝟑𝟎𝟎𝟏𝟏[𝟎𝟎 , 𝟏𝟏]

𝟒𝟒𝟑𝟑𝟒𝟒𝟑𝟑𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟒𝟒𝟑𝟑𝟒𝟒𝟑𝟑𝟏𝟏[𝟐𝟐 , 𝟑𝟑]

𝟑𝟑𝟎𝟎𝟑𝟑𝟎𝟎𝟏𝟏[𝟑𝟑 , 𝟒𝟒]

∑𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟏𝟏𝟏𝟏

∑𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟔𝟔

𝑳𝑳(𝝈𝝈 , 𝒇𝒇) = −𝟐𝟐,𝑼𝑼(𝝈𝝈 , 𝒇𝒇) = 𝟔𝟔. 𝟐𝟐𝟐𝟐 

  𝟑𝟑) 𝒇𝒇: [𝟏𝟏 , 𝟒𝟒 ]  → 𝑹𝑹  , 𝒇𝒇(𝒙𝒙) = 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐
(𝒃𝒃)(𝒂𝒂)     𝝈𝝈 = (𝟏𝟏, 𝟐𝟐 , 𝟒𝟒)

𝒂𝒂)   𝝈𝝈 = (𝟏𝟏, 𝟐𝟐 , 𝟒𝟒)  ⟹   [𝟏𝟏 , 𝟐𝟐] , [𝟐𝟐 , 𝟒𝟒]  
   𝒇𝒇′(𝒙𝒙) = 𝟔𝟔𝟔𝟔 + 𝟐𝟐 ⟹ 𝟔𝟔𝟔𝟔 + 𝟐𝟐 = 𝟎𝟎 

         𝟔𝟔𝒙𝒙 = −𝟐𝟐 ⟹ 𝒙𝒙 = −𝟏𝟏   
𝟑𝟑  ∉ [𝟏𝟏 , 𝟒𝟒 ]

[𝟏𝟏 , 𝟒𝟒 ]

  

𝒇𝒇(𝒙𝒙)𝒙𝒙
𝟎𝟎 − 𝟎𝟎 = 𝟎𝟎𝟎𝟎
𝟒𝟒 − 𝟏𝟏 = 𝟑𝟑𝟏𝟏
𝟖𝟖 − 𝟒𝟒 = 𝟒𝟒𝟐𝟐
𝟏𝟏𝟏𝟏 − 𝟗𝟗 = 𝟑𝟑𝟑𝟑
𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏 = 𝟎𝟎𝟒𝟒

𝒇𝒇(𝒙𝒙)𝒙𝒙
𝟑𝟑 + 𝟐𝟐 = 𝟕𝟕𝟏𝟏

𝟏𝟏𝟏𝟏 + 𝟒𝟒 = 𝟏𝟏𝟏𝟏𝟐𝟐
𝟐𝟐𝟐𝟐 + 𝟔𝟔 = 𝟑𝟑𝟑𝟑𝟑𝟑
𝟒𝟒𝟒𝟒 + 𝟖𝟖 = 𝟓𝟓𝟓𝟓𝟒𝟒

 

𝑳𝑳( 𝝈𝝈 , 𝒇𝒇 )
𝑼𝑼( 𝝈𝝈 , 𝒇𝒇 )

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )
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↔                      

𝒇𝒇′
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𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟏𝟏𝟏𝟏𝟏𝟏𝟑𝟑𝟑𝟑𝟓𝟓𝟓𝟓𝟏𝟏𝟏𝟏𝟐𝟐[𝟐𝟐 , 𝟒𝟒]

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟏𝟏𝟏𝟏𝟏𝟏

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟑𝟑𝟑𝟑

𝑳𝑳(𝝈𝝈 , 𝒇𝒇) = 𝟑𝟑𝟑𝟑 , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇) = 𝟏𝟏𝟏𝟏𝟏𝟏 

(𝒃𝒃)

 𝒉𝒉 = 𝒃𝒃 − 𝒂𝒂
𝒏𝒏  ⟹ 𝒉𝒉 = 𝟒𝟒 − 𝟏𝟏

𝟑𝟑 = 𝟏𝟏 ⟹  𝝈𝝈 = (𝟏𝟏 , 𝟐𝟐 , 𝟑𝟑, 𝟒𝟒) ⟹  [𝟏𝟏 , 𝟐𝟐] , [𝟐𝟐 , 𝟑𝟑] , [𝟑𝟑 , 𝟒𝟒]

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟑𝟑𝟑𝟑𝟏𝟏𝟏𝟏𝟑𝟑𝟑𝟑𝟏𝟏𝟏𝟏𝟏𝟏[𝟐𝟐 , 𝟑𝟑]

𝟓𝟓𝟓𝟓𝟑𝟑𝟑𝟑𝟓𝟓𝟓𝟓𝟑𝟑𝟑𝟑𝟏𝟏[𝟑𝟑 , 𝟒𝟒]

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟏𝟏𝟏𝟏𝟏𝟏

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟓𝟓𝟓𝟓

𝑳𝑳(𝝈𝝈 , 𝒇𝒇) = 𝟓𝟓𝟓𝟓 , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇) = 𝟏𝟏𝟏𝟏𝟏𝟏 

• 𝒇𝒇: [𝒂𝒂 , 𝒃𝒃] → 𝑹𝑹[𝒂𝒂 , 𝒃𝒃]𝐊𝐊𝝈𝝈[𝒂𝒂 , 𝒃𝒃]
𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )  ≤ 𝑲𝑲 ≤   𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

• 𝐊𝐊𝒇𝒇[𝒂𝒂 , 𝒃𝒃]𝒂𝒂𝒃𝒃𝒇𝒇𝒂𝒂𝒃𝒃

𝟓𝟓 − 𝟏𝟏 = 𝟒𝟒𝟑𝟑 = 
𝒇𝒇(𝟏𝟏) = 𝟑𝟑   ,   𝒇𝒇(𝟓𝟓) = 𝟑𝟑    ∴ 𝑨𝑨 = (𝟒𝟒)(𝟑𝟑) = 𝟏𝟏𝟏𝟏𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐 

∴  ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓
𝟏𝟏 = 𝟏𝟏𝟏𝟏  

𝝈𝝈 = (𝟏𝟏 , 𝟑𝟑, 𝟓𝟓)
𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

∴ ∫ 𝟑𝟑𝟑𝟑𝟑𝟑
𝟓𝟓

𝟏𝟏

= 𝑳𝑳(𝝈𝝈, 𝒇𝒇) + 𝑼𝑼(𝝈𝝈, 𝒇𝒇)  
𝟐𝟐 =    𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏   

𝟐𝟐 =     𝟐𝟐𝟐𝟐      
𝟐𝟐 = 𝟏𝟏𝟏𝟏    

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟔𝟔𝟔𝟔𝟑𝟑𝟑𝟑𝟐𝟐[𝟏𝟏 , 𝟑𝟑]

𝟔𝟔𝟔𝟔𝟑𝟑𝟑𝟑𝟐𝟐[𝟑𝟑 , 𝟓𝟓]

𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝒇𝒇(𝒙𝒙)𝒙𝒙
𝟑𝟑𝟏𝟏
𝟑𝟑𝟑𝟑
𝟑𝟑𝟓𝟓

∫ 𝒇𝒇(𝒙𝒙) 𝒅𝒅𝒅𝒅
𝒃𝒃

𝒂𝒂
= 𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) +   𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )  

𝟐𝟐       ∶       

𝒇𝒇(𝒙𝒙) = 𝟑𝟑    𝒇𝒇 ∶ [𝟏𝟏 , 𝟓𝟓]  → 𝑹𝑹∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓
𝟏𝟏

(𝟓𝟓 , 𝟑𝟑) (𝟏𝟏 , 𝟑𝟑) 

𝒙𝒙

43



 

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟏𝟏𝟏𝟏𝟏𝟏𝟑𝟑𝟑𝟑𝟓𝟓𝟓𝟓𝟏𝟏𝟏𝟏𝟐𝟐[𝟐𝟐 , 𝟒𝟒]

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟏𝟏𝟏𝟏𝟏𝟏

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟑𝟑𝟑𝟑

𝑳𝑳(𝝈𝝈 , 𝒇𝒇) = 𝟑𝟑𝟑𝟑 , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇) = 𝟏𝟏𝟏𝟏𝟏𝟏 

(𝒃𝒃)

 𝒉𝒉 = 𝒃𝒃 − 𝒂𝒂
𝒏𝒏  ⟹ 𝒉𝒉 = 𝟒𝟒 − 𝟏𝟏

𝟑𝟑 = 𝟏𝟏 ⟹  𝝈𝝈 = (𝟏𝟏 , 𝟐𝟐 , 𝟑𝟑, 𝟒𝟒) ⟹  [𝟏𝟏 , 𝟐𝟐] , [𝟐𝟐 , 𝟑𝟑] , [𝟑𝟑 , 𝟒𝟒]

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏𝟏𝟏𝟓𝟓𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟑𝟑𝟑𝟑𝟏𝟏𝟏𝟏𝟑𝟑𝟑𝟑𝟏𝟏𝟏𝟏𝟏𝟏[𝟐𝟐 , 𝟑𝟑]

𝟓𝟓𝟓𝟓𝟑𝟑𝟑𝟑𝟓𝟓𝟓𝟓𝟑𝟑𝟑𝟑𝟏𝟏[𝟑𝟑 , 𝟒𝟒]

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟏𝟏𝟏𝟏𝟏𝟏

∑ 𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉
= 𝟓𝟓𝟓𝟓

𝑳𝑳(𝝈𝝈 , 𝒇𝒇) = 𝟓𝟓𝟓𝟓 , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇) = 𝟏𝟏𝟏𝟏𝟏𝟏 

• 𝒇𝒇: [𝒂𝒂 , 𝒃𝒃] → 𝑹𝑹[𝒂𝒂 , 𝒃𝒃]𝐊𝐊𝝈𝝈[𝒂𝒂 , 𝒃𝒃]
𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )  ≤ 𝑲𝑲 ≤   𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

• 𝐊𝐊𝒇𝒇[𝒂𝒂 , 𝒃𝒃]𝒂𝒂𝒃𝒃𝒇𝒇𝒂𝒂𝒃𝒃

𝟓𝟓 − 𝟏𝟏 = 𝟒𝟒𝟑𝟑 = 
𝒇𝒇(𝟏𝟏) = 𝟑𝟑   ,   𝒇𝒇(𝟓𝟓) = 𝟑𝟑    ∴ 𝑨𝑨 = (𝟒𝟒)(𝟑𝟑) = 𝟏𝟏𝟏𝟏𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐 

∴  ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓
𝟏𝟏 = 𝟏𝟏𝟏𝟏  

𝝈𝝈 = (𝟏𝟏 , 𝟑𝟑, 𝟓𝟓)
𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

∴ ∫ 𝟑𝟑𝟑𝟑𝟑𝟑
𝟓𝟓

𝟏𝟏

= 𝑳𝑳(𝝈𝝈, 𝒇𝒇) + 𝑼𝑼(𝝈𝝈, 𝒇𝒇)  
𝟐𝟐 =    𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏   

𝟐𝟐 =     𝟐𝟐𝟐𝟐      
𝟐𝟐 = 𝟏𝟏𝟏𝟏    

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟔𝟔𝟔𝟔𝟑𝟑𝟑𝟑𝟐𝟐[𝟏𝟏 , 𝟑𝟑]

𝟔𝟔𝟔𝟔𝟑𝟑𝟑𝟑𝟐𝟐[𝟑𝟑 , 𝟓𝟓]

𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝒇𝒇(𝒙𝒙)𝒙𝒙
𝟑𝟑𝟏𝟏
𝟑𝟑𝟑𝟑
𝟑𝟑𝟓𝟓

∫ 𝒇𝒇(𝒙𝒙) 𝒅𝒅𝒅𝒅
𝒃𝒃

𝒂𝒂
= 𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) +   𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )  

𝟐𝟐       ∶       

𝒇𝒇(𝒙𝒙) = 𝟑𝟑    𝒇𝒇 ∶ [𝟏𝟏 , 𝟓𝟓]  → 𝑹𝑹∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓
𝟏𝟏

(𝟓𝟓 , 𝟑𝟑) (𝟏𝟏 , 𝟑𝟑) 

𝒙𝒙

44



 

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐  ⟹ 𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 ⟹ 𝟐𝟐𝟐𝟐 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎 ∉ [𝟏𝟏 , 𝟑𝟑] 

[𝟏𝟏 , 𝟑𝟑]

𝒉𝒉 =   𝒃𝒃−𝒂𝒂  
𝒏𝒏 =     𝟑𝟑−𝟏𝟏    

𝟐𝟐 = 𝟏𝟏𝝈𝝈 = (𝟏𝟏 , 𝟐𝟐, 𝟑𝟑)
𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

∴𝒇𝒇′(𝒙𝒙) = 𝟑𝟑 ≠ 𝟎𝟎
∴  [ 𝟏𝟏 , 𝟐𝟐 ] , [ 𝟐𝟐 , 𝟑𝟑 ]

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 ) , 𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )

∴ ∫(𝟑𝟑𝟑𝟑 − 𝟑𝟑)𝒅𝒅𝒅𝒅
𝟒𝟒

𝟏𝟏

= 𝑳𝑳(𝝈𝝈, 𝒇𝒇) + 𝑼𝑼(𝝈𝝈, 𝒇𝒇)  
𝟐𝟐 =  𝟗𝟗 + 𝟏𝟏𝟏𝟏   

𝟐𝟐 =    𝟐𝟐𝟐𝟐   
𝟐𝟐  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

(𝟒𝟒 , 𝟗𝟗), (𝟏𝟏 , 𝟎𝟎)

𝒇𝒇(𝟏𝟏) = 𝟑𝟑 − 𝟑𝟑 = 𝟎𝟎                                (𝟏𝟏 , 𝟎𝟎)

𝒇𝒇(𝟒𝟒) = 𝟑𝟑(𝟒𝟒) − 𝟑𝟑 = 𝟏𝟏𝟏𝟏 − 𝟑𝟑 = 𝟗𝟗       (𝟒𝟒 , 𝟗𝟗)

𝑨𝑨   𝟏𝟏  
𝟐𝟐 =∴ 𝐀𝐀 =   𝟏𝟏   

𝟐𝟐 (𝟒𝟒 − 𝟏𝟏)(𝟗𝟗)

=    𝟏𝟏  𝟐𝟐 (𝟑𝟑)(𝟗𝟗) =   𝟐𝟐𝟐𝟐  
𝟐𝟐 = 𝟏𝟏𝟏𝟏   𝟏𝟏   

𝟐𝟐 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]

𝟒𝟒𝟏𝟏𝟒𝟒𝟏𝟏𝟏𝟏[𝟏𝟏 , 𝟐𝟐]

𝟗𝟗𝟒𝟒𝟗𝟗𝟒𝟒𝟏𝟏[𝟐𝟐 , 𝟑𝟑]

𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )
= 𝟓𝟓

𝒇𝒇(𝒙𝒙)𝒙𝒙

𝟏𝟏𝟏𝟏

𝟒𝟒𝟐𝟐

𝟗𝟗𝟑𝟑

𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝒉𝑴𝑴𝑴𝑴𝒎𝒎𝒎𝒎𝒉𝒉𝒉𝒉[𝒂𝒂 , 𝒃𝒃]
𝟑𝟑𝟎𝟎𝟑𝟑𝟎𝟎𝟏𝟏[𝟏𝟏 , 𝟐𝟐]
𝟔𝟔𝟑𝟑𝟔𝟔𝟑𝟑𝟏𝟏[𝟐𝟐 , 𝟑𝟑]
𝟗𝟗𝟔𝟔𝟗𝟗𝟔𝟔𝟏𝟏[𝟑𝟑 , 𝟒𝟒]

𝑼𝑼(𝝈𝝈 , 𝒇𝒇 )
= 𝟏𝟏𝟏𝟏

𝑳𝑳(𝝈𝝈 , 𝒇𝒇 )
= 𝟗𝟗

𝒇𝒇(𝒙𝒙)𝒙𝒙

𝟎𝟎𝟏𝟏

𝟑𝟑𝟐𝟐

𝟔𝟔𝟑𝟑

𝟗𝟗𝟒𝟒

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐   , 𝒇𝒇 ∶ [𝟏𝟏 , 𝟑𝟑]  → 𝑹𝑹∫ 𝒙𝒙𝟐𝟐𝒅𝒅𝒅𝒅𝟑𝟑
𝟏𝟏[𝟏𝟏 , 𝟑𝟑]

 

𝒇𝒇(𝒙𝒙)لتكن     (𝟐𝟐) = 𝟑𝟑𝟑𝟑 − 𝟑𝟑  ,  𝒇𝒇 ∶ [𝟏𝟏 , 𝟒𝟒]  → 𝑹𝑹      أوجد قيمة التكامل∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟒𝟒
 باستخدام التجزئة 𝟏𝟏

 𝝈𝝈 = ( 𝟏𝟏 , 𝟐𝟐 , 𝟑𝟑 ,  .  𝒇𝒇ثم تحقق هندسياً بحساب  مساحة المنطقة تحت منحني  ( 𝟒𝟒

𝒇𝒇′
−−−−−−−−−  𝟎𝟎+++++++++++
↔                        

 

∴ ∫𝟑𝟑𝒅𝒅𝒅𝒅
𝟓𝟓

𝟏𝟏

= 𝑳𝑳(𝝈𝝈, 𝒇𝒇) + 𝑼𝑼(𝝈𝝈, 𝒇𝒇)  
𝟐𝟐 =    𝟓𝟓 + 𝟏𝟏𝟏𝟏   

𝟐𝟐 =    𝟏𝟏𝟏𝟏    
𝟐𝟐 = 𝟗𝟗      

 

𝒇𝒇 

A 

1 4 

 

𝟏𝟏) ∫( 𝒙𝒙𝟐𝟐 − 𝟓𝟓)𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = ( 𝒙𝒙𝟐𝟐 − 𝟓𝟓 )𝟒𝟒

𝟒𝟒 + 𝒄𝒄 = 𝟏𝟏
𝟒𝟒 ( 𝒙𝒙𝟐𝟐 − 𝟓𝟓 )𝟒𝟒 + 𝒄𝒄                                                 

𝟐𝟐𝟐𝟐  
𝟐𝟐𝟐𝟐  

  

𝟐𝟐) ∫(𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)
𝟏𝟏
𝟐𝟐 (𝟐𝟐𝟐𝟐 − 𝟑𝟑)𝒅𝒅𝒅𝒅                                                       𝟑𝟑    

(𝟐𝟐𝟐𝟐 − 𝟑𝟑)  
(𝟔𝟔𝟔𝟔 − 𝟗𝟗)  

   

       = 𝟏𝟏
𝟑𝟑 ∫(𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)

𝟏𝟏
𝟐𝟐 (𝟔𝟔𝟔𝟔 − 𝟗𝟗)𝒅𝒅𝒅𝒅   = 𝟏𝟏

𝟑𝟑 . ( 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)
𝟑𝟑
𝟐𝟐

𝟑𝟑
𝟐𝟐

+ 𝒄𝒄 

       =   𝟏𝟏  
𝟑𝟑 .   𝟐𝟐  

𝟑𝟑 (𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝒙𝒙 + 𝟏𝟏)
  𝟑𝟑  
𝟐𝟐 + 𝒄𝒄 =    𝟐𝟐   

𝟗𝟗 √( 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)𝟑𝟑 + 𝒄𝒄

𝟑𝟑) ∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)(𝟐𝟐𝟐𝟐 − 𝟑𝟑) 𝒅𝒅𝒅𝒅 = ∫(𝟐𝟐𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 − 𝟑𝟑) 𝒅𝒅𝒅𝒅                                       

= 𝟐𝟐 ×   𝒙𝒙𝟒𝟒

𝟒𝟒 − 𝟑𝟑 ×   𝒙𝒙𝟑𝟑

𝟑𝟑 + 𝟐𝟐.   𝒙𝒙𝟐𝟐

𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝒄𝒄  =   𝟏𝟏  
𝟐𝟐 𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝒄𝒄 

𝟒𝟒) ∫ √𝒙𝒙𝟓𝟓 + 𝒙𝒙𝟑𝟑𝟑𝟑 𝒅𝒅𝒅𝒅 = ∫ √𝒙𝒙𝟑𝟑(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 𝒅𝒅𝒅𝒅                      𝑥𝑥3

                                    = ∫ √𝒙𝒙𝟑𝟑 × √𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙. √𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅         √𝑥𝑥33 = 𝑥𝑥 

                                    = 𝟏𝟏
𝟐𝟐 ∫ 𝟐𝟐𝟐𝟐(𝒙𝒙𝟐𝟐 + 𝟏𝟏)

𝟏𝟏
𝟑𝟑 𝒅𝒅𝒅𝒅                                                                                    

𝟐𝟐𝟐𝟐  
𝟐𝟐𝟐𝟐  

   

                                    =    𝟏𝟏    
𝟐𝟐 ×

(𝒙𝒙𝟐𝟐 + 𝟏𝟏)
  𝟒𝟒  
𝟑𝟑

   𝟒𝟒   
𝟑𝟑

+ 𝒄𝒄 =   𝟏𝟏  
𝟐𝟐 ×   𝟑𝟑  

𝟒𝟒 (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
 𝟒𝟒 
𝟑𝟑 + 𝒄𝒄

                                    =   𝟑𝟑  
𝟖𝟖 √(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟒𝟒𝟑𝟑 + 𝒄𝒄       

(𝒙𝒙𝟐𝟐 ± 𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒂𝒂𝟐𝟐)
 كل من  يكون الحد الأول والثالث موجباً ومربعاً يجب أن   
 يجب أن يكون الحد الثاني )الوسط( ناتج من ضعف جذرالأول في جذر الثالث          

    𝒙𝒙𝟐𝟐 ± 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟐𝟐𝟐𝟐               ⟹    (𝒙𝒙 ± 𝟓𝟓)𝟐𝟐                 

𝟓𝟓) ∫ 𝒅𝒅𝒅𝒅
√𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟒𝟒𝟒𝟒𝟓𝟓   

= ∫ 𝒅𝒅𝒅𝒅
√(𝑥𝑥 − 7)2𝟓𝟓   =  ∫ 𝒅𝒅𝒅𝒅

(𝒙𝒙 − 𝟕𝟕)
 𝟐𝟐 
𝟓𝟓

= ∫(𝒙𝒙 − 𝟕𝟕)
−𝟐𝟐 

𝟓𝟓 𝒅𝒅𝒅𝒅                                                                                                                               
𝟏𝟏  

𝟏𝟏  
   

=   𝟓𝟓  
𝟑𝟑   (𝒙𝒙 − 𝟕𝟕)

𝟑𝟑
𝟓𝟓 + 𝒄𝒄 =     𝟓𝟓     

𝟑𝟑 . √(𝒙𝒙 − 𝟕𝟕)𝟑𝟑𝟓𝟓 + 𝒄𝒄

𝒙𝒙 𝟓𝟓 𝟐𝟐 × 𝟓𝟓 × 𝒙𝒙 

√𝟐𝟐𝟐𝟐 √𝒙𝒙𝟐𝟐 
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𝟏𝟏) ∫( 𝒙𝒙𝟐𝟐 − 𝟓𝟓)𝟑𝟑  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = ( 𝒙𝒙𝟐𝟐 − 𝟓𝟓 )𝟒𝟒

𝟒𝟒 + 𝒄𝒄 = 𝟏𝟏
𝟒𝟒 ( 𝒙𝒙𝟐𝟐 − 𝟓𝟓 )𝟒𝟒 + 𝒄𝒄                                                 

𝟐𝟐𝟐𝟐  
𝟐𝟐𝟐𝟐  

  

𝟐𝟐) ∫(𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)
𝟏𝟏
𝟐𝟐 (𝟐𝟐𝟐𝟐 − 𝟑𝟑)𝒅𝒅𝒅𝒅                                                       𝟑𝟑    

(𝟐𝟐𝟐𝟐 − 𝟑𝟑)  
(𝟔𝟔𝟔𝟔 − 𝟗𝟗)  

   

       = 𝟏𝟏
𝟑𝟑 ∫(𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)

𝟏𝟏
𝟐𝟐 (𝟔𝟔𝟔𝟔 − 𝟗𝟗)𝒅𝒅𝒅𝒅   = 𝟏𝟏

𝟑𝟑 . ( 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)
𝟑𝟑
𝟐𝟐

𝟑𝟑
𝟐𝟐

+ 𝒄𝒄 

       =   𝟏𝟏  
𝟑𝟑 .   𝟐𝟐  

𝟑𝟑 (𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝒙𝒙 + 𝟏𝟏)
  𝟑𝟑  
𝟐𝟐 + 𝒄𝒄 =    𝟐𝟐   

𝟗𝟗 √( 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟗𝟗𝟗𝟗 + 𝟏𝟏)𝟑𝟑 + 𝒄𝒄

𝟑𝟑) ∫(𝒙𝒙𝟐𝟐 + 𝟏𝟏)(𝟐𝟐𝟐𝟐 − 𝟑𝟑) 𝒅𝒅𝒅𝒅 = ∫(𝟐𝟐𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 − 𝟑𝟑) 𝒅𝒅𝒅𝒅                                       

= 𝟐𝟐 ×   𝒙𝒙𝟒𝟒

𝟒𝟒 − 𝟑𝟑 ×   𝒙𝒙𝟑𝟑

𝟑𝟑 + 𝟐𝟐.   𝒙𝒙𝟐𝟐

𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝒄𝒄  =   𝟏𝟏  
𝟐𝟐 𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝒄𝒄 

𝟒𝟒) ∫ √𝒙𝒙𝟓𝟓 + 𝒙𝒙𝟑𝟑𝟑𝟑 𝒅𝒅𝒅𝒅 = ∫ √𝒙𝒙𝟑𝟑(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 𝒅𝒅𝒅𝒅                      𝑥𝑥3

                                    = ∫ √𝒙𝒙𝟑𝟑 × √𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙. √𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅         √𝑥𝑥33 = 𝑥𝑥 

                                    = 𝟏𝟏
𝟐𝟐 ∫ 𝟐𝟐𝟐𝟐(𝒙𝒙𝟐𝟐 + 𝟏𝟏)

𝟏𝟏
𝟑𝟑 𝒅𝒅𝒅𝒅                                                                                    

𝟐𝟐𝟐𝟐  
𝟐𝟐𝟐𝟐  

   

                                    =    𝟏𝟏    
𝟐𝟐 ×

(𝒙𝒙𝟐𝟐 + 𝟏𝟏)
  𝟒𝟒  
𝟑𝟑

   𝟒𝟒   
𝟑𝟑

+ 𝒄𝒄 =   𝟏𝟏  
𝟐𝟐 ×   𝟑𝟑  

𝟒𝟒 (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
 𝟒𝟒 
𝟑𝟑 + 𝒄𝒄

                                    =   𝟑𝟑  
𝟖𝟖 √(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟒𝟒𝟑𝟑 + 𝒄𝒄       

(𝒙𝒙𝟐𝟐 ± 𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒂𝒂𝟐𝟐)
 كل من  يكون الحد الأول والثالث موجباً ومربعاً يجب أن   
 يجب أن يكون الحد الثاني )الوسط( ناتج من ضعف جذرالأول في جذر الثالث          

    𝒙𝒙𝟐𝟐 ± 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟐𝟐𝟐𝟐               ⟹    (𝒙𝒙 ± 𝟓𝟓)𝟐𝟐                 

𝟓𝟓) ∫ 𝒅𝒅𝒅𝒅
√𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟒𝟒𝟒𝟒𝟓𝟓   

= ∫ 𝒅𝒅𝒅𝒅
√(𝑥𝑥 − 7)2𝟓𝟓   =  ∫ 𝒅𝒅𝒅𝒅

(𝒙𝒙 − 𝟕𝟕)
 𝟐𝟐 
𝟓𝟓

= ∫(𝒙𝒙 − 𝟕𝟕)
−𝟐𝟐 

𝟓𝟓 𝒅𝒅𝒅𝒅                                                                                                                               
𝟏𝟏  

𝟏𝟏  
   

=   𝟓𝟓  
𝟑𝟑   (𝒙𝒙 − 𝟕𝟕)

𝟑𝟑
𝟓𝟓 + 𝒄𝒄 =     𝟓𝟓     

𝟑𝟑 . √(𝒙𝒙 − 𝟕𝟕)𝟑𝟑𝟓𝟓 + 𝒄𝒄

𝒙𝒙 𝟓𝟓 𝟐𝟐 × 𝟓𝟓 × 𝒙𝒙 

√𝟐𝟐𝟐𝟐 √𝒙𝒙𝟐𝟐 
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𝟔𝟔) ∫(𝒙𝒙 − 𝟏𝟏) √(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)𝟒𝟒𝟕𝟕 𝒅𝒅𝒅𝒅

= ∫(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)
𝟒𝟒
𝟕𝟕 𝒅𝒅𝒅𝒅                                                                                𝟐𝟐    

(𝒙𝒙 − 𝟏𝟏)  
(𝟐𝟐𝟐𝟐 − 𝟐𝟐)  

=   𝟏𝟏  
𝟐𝟐 ∫ 𝟐𝟐(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)

𝟒𝟒
𝟕𝟕 𝒅𝒅𝒅𝒅   =   𝟏𝟏  

𝟐𝟐 ×  (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)
𝟏𝟏𝟏𝟏
𝟕𝟕  

𝟏𝟏𝟏𝟏
𝟕𝟕

+ 𝒄𝒄

=   𝟕𝟕  
𝟐𝟐𝟐𝟐  (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)

𝟏𝟏𝟏𝟏
𝟕𝟕 + 𝒄𝒄             =   𝟕𝟕  

𝟐𝟐𝟐𝟐  √(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐)𝟏𝟏𝟏𝟏𝟕𝟕 + 𝒄𝒄 

𝒇𝒇 ) ∫ 𝒙𝒙𝟑𝟑 − 𝟏𝟏
𝒙𝒙 − 𝟏𝟏

𝟐𝟐

𝟑𝟑
𝒅𝒅𝒅𝒅 = − ∫ 𝒙𝒙𝟑𝟑 − 𝟏𝟏

𝒙𝒙 − 𝟏𝟏
𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅 = − ∫

(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙𝟐𝟐 + 𝒙𝒙 + 𝟏𝟏)
𝒙𝒙 − 𝟏𝟏

𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅

 = − ∫ (𝒙𝒙𝟐𝟐 + 𝒙𝒙 + 𝟏𝟏)
𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅 = − [ 𝒙𝒙

𝟑𝟑

𝟑𝟑 + 𝒙𝒙𝟐𝟐

𝟐𝟐 + 𝒙𝒙 ]
𝟐𝟐

𝟑𝟑

𝟕𝟕) ∫ (𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟒𝟒)𝟐𝟐 − 𝟏𝟏𝟏𝟏
𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅

= ∫ 𝟗𝟗𝒙𝒙𝟒𝟒 − 𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏
𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅   = ∫ 𝟗𝟗𝒙𝒙𝟒𝟒 − 𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐

𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ 𝟗𝟗𝒙𝒙𝟒𝟒

𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐

𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 

= ∫(𝟗𝟗𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 = 𝟗𝟗 × 𝒙𝒙𝟑𝟑

𝟑𝟑 − 𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒄𝒄  = 𝟑𝟑𝒙𝒙𝟑𝟑 − 𝟐𝟐𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝟖𝟖) ∫ 𝒙𝒙 + 𝟏𝟏
( 𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 )𝟐𝟐 𝒅𝒅𝒅𝒅

= ∫(𝒙𝒙 + 𝟏𝟏)(𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)−𝟐𝟐 𝒅𝒅𝒅𝒅                                                                                  𝟐𝟐    
(𝒙𝒙 + 𝟏𝟏)  

(𝟐𝟐𝟐𝟐 + 𝟐𝟐)  
 

=   𝟏𝟏  
𝟐𝟐 ∫ 𝟐𝟐𝟐𝟐(𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)−𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 × ( 𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)−𝟏𝟏

−𝟏𝟏 + 𝒄𝒄 = −𝟏𝟏
𝟐𝟐(𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐) + 𝒄𝒄

𝟏𝟏) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = − 𝐜𝐜𝐜𝐜𝐜𝐜 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟐𝟐) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟑𝟑) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝒕𝒕𝒕𝒕𝒕𝒕 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟓𝟓) ∫ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒈𝒈(𝒙𝒙) 𝒔𝒔𝒔𝒔𝒔𝒔 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟔𝟔) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒈𝒈(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄 𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙)𝒅𝒅𝒅𝒅 = − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒈𝒈(𝒙𝒙) + 𝒄𝒄      

𝟏𝟏) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝟐𝟐  𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = − 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙𝟐𝟐 + 𝒄𝒄                                                                                       
𝟐𝟐𝟐𝟐  
𝟐𝟐𝟐𝟐  

  

𝟐𝟐) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑  𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟑𝟑 ∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑  𝟑𝟑𝒅𝒅𝒅𝒅                                               𝟑𝟑    

(𝟏𝟏)  
(𝟑𝟑)  

 

                                =   𝟏𝟏  
𝟑𝟑 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 + 𝒄𝒄 

𝑠𝑠𝑠𝑠𝑠𝑠 𝑐𝑐𝑐𝑐𝑐𝑐

𝑡𝑡𝑡𝑡𝑡𝑡 

𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠

𝑐𝑐𝑐𝑐𝑐𝑐 

𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐 

 

 

 

𝟑𝟑) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐(𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕 𝟐𝟐𝟐𝟐 + 𝒄𝒄      

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐(𝟓𝟓𝟓𝟓 − 𝟏𝟏𝟏𝟏) 𝒅𝒅𝒅𝒅 = −   𝟏𝟏  
𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄(𝟓𝟓𝟓𝟓 − 𝟏𝟏𝟏𝟏) + 𝒄𝒄                         

𝟓𝟓) ∫ 𝒕𝒕𝒕𝒕𝒕𝒕 ( 𝟑𝟑
  𝟐𝟐  𝒙𝒙) 𝒔𝒔𝒔𝒔𝒔𝒔 ( 𝟑𝟑

  𝟐𝟐  𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝟐𝟐
  𝟑𝟑  𝒔𝒔𝒔𝒔𝒔𝒔 ( 𝟑𝟑

  𝟐𝟐  𝒙𝒙) + 𝒄𝒄 

𝟔𝟔) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏
  𝟑𝟑  𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏

  𝟑𝟑  𝒙𝒙) 𝒅𝒅𝒅𝒅 = −𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏
  𝟑𝟑  𝒙𝒙) + 𝒄𝒄      

• 𝑭𝑭𝒇𝒇[𝒂𝒂 , 𝒃𝒃]

∵𝑭𝑭(𝒙𝒙) =      𝟏𝟏     
𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐𝑹𝑹

∴(𝟏𝟏)𝑭𝑭(𝒙𝒙)𝑹𝑹
(𝟐𝟐)𝑹𝑹
(𝟑𝟑)∵ 𝐅𝐅′(𝒙𝒙) = 𝟏𝟏

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐 (𝟐𝟐) = 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐 = 𝒇𝒇(𝒙𝒙)    ∀𝒙𝒙 ∈ 𝑹𝑹
∴𝑭𝑭𝒇𝒇𝑹𝑹

∴  ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐
𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 = [   𝟏𝟏    

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐]
𝟎𝟎

𝝅𝝅
𝟒𝟒

= [(   𝟏𝟏   
𝟐𝟐 ) 𝒔𝒔𝒔𝒔𝒔𝒔   𝝅𝝅   

𝟐𝟐  ] − [(   𝟏𝟏   
𝟐𝟐 ) 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎]

                               = (    𝟏𝟏   
𝟐𝟐 ) (𝟏𝟏) − (    𝟏𝟏   

𝟐𝟐 ) (𝟎𝟎) =     𝟏𝟏   
𝟐𝟐

𝒇𝒇(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]𝒄𝒄 ∈ (𝒂𝒂 , 𝒃𝒃)

∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝒃𝒃

𝒂𝒂
= ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅

𝒄𝒄

𝒂𝒂
+ ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅

𝒃𝒃

𝒄𝒄

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝟐𝟐 + 𝟏𝟏     , ∀  𝒙𝒙 ≥ 𝟏𝟏
𝟑𝟑             , ∀  𝒙𝒙 < 𝟏𝟏

𝟏𝟏 ∈ [𝟎𝟎, 𝟓𝟓] [𝟎𝟎, 𝟏𝟏], [𝟏𝟏, 𝟓𝟓]

𝒙𝒙 = 𝟏𝟏
𝒙𝒙 =   𝟏𝟏

(𝟏𝟏) 𝒇𝒇(𝟏𝟏)  =  𝟐𝟐(𝟏𝟏)  +  𝟏𝟏 = 𝟑𝟑

(𝟐𝟐) 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒇𝒇(𝒙𝒙) = {
𝑳𝑳𝟏𝟏 = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
(𝟐𝟐𝟐𝟐 + 𝟏𝟏) = 𝟐𝟐 + 𝟏𝟏 = 𝟑𝟑 = 𝑳𝑳𝟏𝟏   

𝑳𝑳𝟐𝟐 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

(𝟑𝟑) = 𝟑𝟑 = 𝑳𝑳𝟐𝟐                                
𝑳𝑳𝟏𝟏 =  𝑳𝑳𝟐𝟐

(𝟑𝟑) ∵   𝒇𝒇(𝟏𝟏) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒇𝒇(𝒙𝒙)      ⟹           ∴         

𝑭𝑭(𝒙𝒙) =       𝟏𝟏     
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐𝑭𝑭 ∶ 𝑹𝑹 → 𝑹𝑹

𝒇𝒇(𝒙𝒙) =  𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 𝒇𝒇 ∶ 𝑹𝑹 → 𝑹𝑹∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐
𝝅𝝅
𝟒𝟒

𝟎𝟎 𝒅𝒅𝒅𝒅 

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝟐𝟐 + 𝟏𝟏     , ∀  𝒙𝒙 ≥ 𝟏𝟏
𝟑𝟑             , ∀  𝒙𝒙 < 𝟏𝟏∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓

𝟎𝟎
 

 

𝑭𝑭(𝒙𝒙)𝒇𝒇(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]

(𝟏𝟏)𝐅𝐅(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]

(𝟐𝟐)𝐅𝐅(𝒙𝒙)(𝒂𝒂 , 𝒃𝒃)

(𝟑𝟑)∀ 𝒙𝒙 ∈ (𝒂𝒂 , 𝒃𝒃)   ,    𝐅𝐅′(𝒙𝒙) = 𝒇𝒇(𝒙𝒙) 

             (𝟐𝟐𝟐𝟐 + 𝟏𝟏)  
(𝟑𝟑)      𝟏𝟏                      

𝟓𝟓 𝟎𝟎 
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𝟑𝟑) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐(𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕 𝟐𝟐𝟐𝟐 + 𝒄𝒄      

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐(𝟓𝟓𝟓𝟓 − 𝟏𝟏𝟏𝟏) 𝒅𝒅𝒅𝒅 = −   𝟏𝟏  
𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄(𝟓𝟓𝟓𝟓 − 𝟏𝟏𝟏𝟏) + 𝒄𝒄                         

𝟓𝟓) ∫ 𝒕𝒕𝒕𝒕𝒕𝒕 ( 𝟑𝟑
  𝟐𝟐  𝒙𝒙) 𝒔𝒔𝒔𝒔𝒔𝒔 ( 𝟑𝟑

  𝟐𝟐  𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝟐𝟐
  𝟑𝟑  𝒔𝒔𝒔𝒔𝒔𝒔 ( 𝟑𝟑

  𝟐𝟐  𝒙𝒙) + 𝒄𝒄 

𝟔𝟔) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏
  𝟑𝟑  𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏

  𝟑𝟑  𝒙𝒙) 𝒅𝒅𝒅𝒅 = −𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 ( 𝟏𝟏
  𝟑𝟑  𝒙𝒙) + 𝒄𝒄      

• 𝑭𝑭𝒇𝒇[𝒂𝒂 , 𝒃𝒃]

∵𝑭𝑭(𝒙𝒙) =      𝟏𝟏     
𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐𝑹𝑹

∴(𝟏𝟏)𝑭𝑭(𝒙𝒙)𝑹𝑹
(𝟐𝟐)𝑹𝑹
(𝟑𝟑)∵ 𝐅𝐅′(𝒙𝒙) = 𝟏𝟏

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐 (𝟐𝟐) = 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐 = 𝒇𝒇(𝒙𝒙)    ∀𝒙𝒙 ∈ 𝑹𝑹
∴𝑭𝑭𝒇𝒇𝑹𝑹

∴  ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐
𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 = [   𝟏𝟏    

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐]
𝟎𝟎

𝝅𝝅
𝟒𝟒

= [(   𝟏𝟏   
𝟐𝟐 ) 𝒔𝒔𝒔𝒔𝒔𝒔   𝝅𝝅   

𝟐𝟐  ] − [(   𝟏𝟏   
𝟐𝟐 ) 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎]

                               = (    𝟏𝟏   
𝟐𝟐 ) (𝟏𝟏) − (    𝟏𝟏   

𝟐𝟐 ) (𝟎𝟎) =     𝟏𝟏   
𝟐𝟐

𝒇𝒇(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]𝒄𝒄 ∈ (𝒂𝒂 , 𝒃𝒃)

∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝒃𝒃

𝒂𝒂
= ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅

𝒄𝒄

𝒂𝒂
+ ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅

𝒃𝒃

𝒄𝒄

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝟐𝟐 + 𝟏𝟏     , ∀  𝒙𝒙 ≥ 𝟏𝟏
𝟑𝟑             , ∀  𝒙𝒙 < 𝟏𝟏

𝟏𝟏 ∈ [𝟎𝟎, 𝟓𝟓] [𝟎𝟎, 𝟏𝟏], [𝟏𝟏, 𝟓𝟓]

𝒙𝒙 = 𝟏𝟏
𝒙𝒙 =   𝟏𝟏

(𝟏𝟏) 𝒇𝒇(𝟏𝟏)  =  𝟐𝟐(𝟏𝟏)  +  𝟏𝟏 = 𝟑𝟑

(𝟐𝟐) 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒇𝒇(𝒙𝒙) = {
𝑳𝑳𝟏𝟏 = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
(𝟐𝟐𝟐𝟐 + 𝟏𝟏) = 𝟐𝟐 + 𝟏𝟏 = 𝟑𝟑 = 𝑳𝑳𝟏𝟏   

𝑳𝑳𝟐𝟐 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

(𝟑𝟑) = 𝟑𝟑 = 𝑳𝑳𝟐𝟐                                
𝑳𝑳𝟏𝟏 =  𝑳𝑳𝟐𝟐

(𝟑𝟑) ∵   𝒇𝒇(𝟏𝟏) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒇𝒇(𝒙𝒙)      ⟹           ∴         

𝑭𝑭(𝒙𝒙) =       𝟏𝟏     
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐𝑭𝑭 ∶ 𝑹𝑹 → 𝑹𝑹

𝒇𝒇(𝒙𝒙) =  𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 𝒇𝒇 ∶ 𝑹𝑹 → 𝑹𝑹∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐
𝝅𝝅
𝟒𝟒

𝟎𝟎 𝒅𝒅𝒅𝒅 

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝟐𝟐 + 𝟏𝟏     , ∀  𝒙𝒙 ≥ 𝟏𝟏
𝟑𝟑             , ∀  𝒙𝒙 < 𝟏𝟏∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅𝟓𝟓

𝟎𝟎
 

 

𝑭𝑭(𝒙𝒙)𝒇𝒇(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]

(𝟏𝟏)𝐅𝐅(𝒙𝒙)[𝒂𝒂 , 𝒃𝒃]

(𝟐𝟐)𝐅𝐅(𝒙𝒙)(𝒂𝒂 , 𝒃𝒃)

(𝟑𝟑)∀ 𝒙𝒙 ∈ (𝒂𝒂 , 𝒃𝒃)   ,    𝐅𝐅′(𝒙𝒙) = 𝒇𝒇(𝒙𝒙) 

             (𝟐𝟐𝟐𝟐 + 𝟏𝟏)  
(𝟑𝟑)      𝟏𝟏                      

𝟓𝟓 𝟎𝟎 

48



 

         ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝟓𝟓

𝟎𝟎
 = ∫ (𝟑𝟑)𝒅𝒅𝒅𝒅

𝟏𝟏

𝟎𝟎
+ ∫ (𝟐𝟐𝟐𝟐 + 𝟏𝟏)𝒅𝒅𝒅𝒅

𝟓𝟓

𝟏𝟏
= [ 𝟑𝟑𝟑𝟑 ]𝟎𝟎

𝟏𝟏 +  [ 𝒙𝒙𝟐𝟐 + 𝒙𝒙 ]𝟏𝟏
𝟓𝟓

                                = [ (𝟑𝟑) + (𝟎𝟎)] + [ (𝟐𝟐𝟐𝟐 + 𝟓𝟓) − (𝟏𝟏 + 𝟏𝟏)] = [𝟑𝟑] + [𝟐𝟐𝟐𝟐] = 𝟑𝟑𝟑𝟑

𝒅𝒅) ∫ |𝒙𝒙 − 𝟏𝟏|𝒅𝒅𝒅𝒅
𝟐𝟐

𝟎𝟎

𝒇𝒇(𝒙𝒙) = | 𝒙𝒙 − 𝟏𝟏 | = {(𝒙𝒙 − 𝟏𝟏)            , ∀ 𝒙𝒙 − 𝟏𝟏 ≥ 𝟎𝟎
−(𝒙𝒙 − 𝟏𝟏)         , ∀ 𝒙𝒙 − 𝟏𝟏 < 𝟎𝟎

𝒇𝒇(𝒙𝒙) = | 𝒙𝒙 − 𝟏𝟏 | = {𝒙𝒙 − 𝟏𝟏                  , ∀ 𝒙𝒙 ≥ 𝟏𝟏
𝟏𝟏 − 𝒙𝒙                 , ∀ 𝒙𝒙 < 𝟏𝟏

𝟏𝟏 ∈ [𝟎𝟎, 𝟐𝟐]  [𝟎𝟎, 𝟏𝟏], [𝟏𝟏, 𝟐𝟐]

∫ |𝒙𝒙 − 𝟏𝟏|𝒅𝒅𝒅𝒅
𝟐𝟐

𝟎𝟎
= ∫ (𝟏𝟏 − 𝒙𝒙)𝒅𝒅𝒅𝒅

𝟏𝟏

𝟎𝟎
+ ∫ (𝒙𝒙 − 𝟏𝟏)𝒅𝒅𝒅𝒅

𝟐𝟐

𝟏𝟏
=  [𝒙𝒙 − 𝒙𝒙𝟐𝟐

𝟐𝟐 ]𝟎𝟎
𝟏𝟏 + [𝒙𝒙𝟐𝟐

𝟐𝟐 − 𝒙𝒙]𝟏𝟏
𝟐𝟐

                          = [(𝟏𝟏 −  𝟏𝟏  
𝟐𝟐 ) − 𝟎𝟎] + [(𝟐𝟐 − 𝟐𝟐) − ( 𝟏𝟏  

𝟐𝟐 − 𝟏𝟏)] =    𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 = 𝟏𝟏 

𝑭𝑭(𝒙𝒙)𝑹𝑹[ 𝟎𝟎 , 𝝅𝝅
𝟔𝟔 ]

𝑭𝑭(𝒙𝒙)𝑹𝑹(𝟎𝟎 , 𝝅𝝅
𝟔𝟔)

∴   𝑭𝑭′(𝒙𝒙) = 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝟏𝟏 = 𝟏𝟏 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 = 𝒇𝒇(𝒙𝒙)
∴  𝑭𝑭𝒇𝒇

∫ 𝒇𝒇(𝒙𝒙)
𝝅𝝅
𝟔𝟔

𝟎𝟎
𝐝𝐝𝒙𝒙 = 𝑭𝑭 ( 𝝅𝝅 

𝟔𝟔 ) − 𝑭𝑭(𝟎𝟎) = [𝐬𝐬𝐬𝐬𝐬𝐬  𝝅𝝅 
𝟔𝟔 +  𝝅𝝅  

𝟔𝟔  ] − [ 𝐬𝐬𝐬𝐬𝐬𝐬 𝟎𝟎 + 𝟎𝟎] =  𝟏𝟏 
𝟐𝟐 +  𝝅𝝅  

𝟔𝟔 = 𝟑𝟑 + 𝝅𝝅
𝟔𝟔

∫ 𝒙𝒙 √𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏    𝒅𝒅𝒅𝒅𝟖𝟖
𝟒𝟒

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏𝟏𝟏𝟏𝟏]

∫ (𝒙𝒙 − 𝒙𝒙𝟑𝟑)  𝒅𝒅𝒅𝒅 = −𝟗𝟗  
𝟒𝟒

𝒂𝒂
−𝟏𝟏𝒂𝒂[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒂𝒂 = 𝟐𝟐  ]

∫ (𝟐𝟐𝟐𝟐 + 𝟑𝟑)𝒅𝒅𝒅𝒅 = 𝟏𝟏𝟏𝟏𝒃𝒃
𝒂𝒂𝒂𝒂 + 𝟐𝟐𝟐𝟐 = 𝟑𝟑𝒂𝒂, 𝒃𝒃 ∈ 𝑹𝑹[𝑨𝑨𝑨𝑨𝑨𝑨:     𝒂𝒂 = −𝟏𝟏 , 𝒃𝒃 = 𝟐𝟐   

   𝒐𝒐𝒐𝒐   𝒂𝒂 = −𝟕𝟕 , 𝒃𝒃 = 𝟓𝟓 ]  

∫ 𝒙𝒙 √𝒙𝒙𝟐𝟐 + 𝟗𝟗    𝒅𝒅𝒅𝒅𝟒𝟒
𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟗𝟗𝟗𝟗
    𝟑𝟑   ]

∫  √𝒙𝒙𝟐𝟐 + 𝟓𝟓𝟓𝟓   (𝟐𝟐𝟐𝟐 + 𝟓𝟓)  𝒅𝒅𝒅𝒅𝟒𝟒
𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏𝟏𝟏𝟏𝟏   ]

∫ 𝒅𝒅𝒅𝒅
𝟗𝟗−𝟏𝟏𝟏𝟏𝟏𝟏+𝟒𝟒𝒙𝒙𝟐𝟐

𝟏𝟏
−𝟏𝟏[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟐𝟐

    𝟓𝟓     ]

∫ 𝒅𝒅𝒅𝒅
𝟗𝟗−𝟏𝟏𝟏𝟏𝟏𝟏+𝟒𝟒𝒙𝒙𝟐𝟐

𝟏𝟏
𝟎𝟎[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏

    𝟑𝟑     ]    

∫  √𝒙𝒙𝟑𝟑 − 𝟐𝟐𝒙𝒙𝟓𝟓  𝟑𝟑   𝒅𝒅𝒅𝒅𝟏𝟏
−𝟏𝟏

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟎𝟎]

∫  𝒙𝒙
√𝒙𝒙𝟐𝟐+𝟗𝟗  

  𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝟒𝟒
𝒂𝒂𝒂𝒂[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒂𝒂 = 𝟎𝟎]

∫ 𝟏𝟏
(𝟓𝟓−𝟐𝟐𝟐𝟐)𝟐𝟐 𝒅𝒅𝒅𝒅𝟐𝟐

𝟏𝟏
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏

    𝟑𝟑     ]     

∫ 𝟏𝟏
(𝟑𝟑𝟑𝟑−𝟒𝟒)𝟐𝟐 𝒅𝒅𝒅𝒅𝟐𝟐

𝟏𝟏[𝑨𝑨𝑨𝑨𝑨𝑨: −𝟏𝟏
    𝟐𝟐     ]  

            (𝒙𝒙 − 𝟏𝟏)  
(𝟏𝟏 − 𝒙𝒙)        𝟏𝟏               

 
 

𝟐𝟐 𝟎𝟎 

(𝟏𝟏)
 

(𝟐𝟐)𝑭𝑭(𝒙𝒙)𝒇𝒇(𝒙𝒙)
𝑭𝑭(𝒙𝒙) = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 + 𝒙𝒙     𝑭𝑭: [ 𝟎𝟎 , 𝝅𝝅

𝟔𝟔 ]  → 𝑹𝑹

∫ 𝒇𝒇(𝒙𝒙)
𝝅𝝅
𝟔𝟔

𝟎𝟎
𝐝𝐝𝒙𝒙     𝒇𝒇:  [ 𝟎𝟎 , 𝝅𝝅

𝟔𝟔 ]  → 𝑹𝑹  𝒇𝒇(𝒙𝒙) = 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝟏𝟏

 
 

 

 

 

∫ 𝒙𝒙 (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
𝟑𝟑
𝟒𝟒  𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐

    𝟕𝟕   (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
𝟕𝟕
𝟒𝟒 + 𝒄𝒄 ]

∫ 𝟏𝟏
√𝒙𝒙+𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅𝟕𝟕

𝟎𝟎[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟗𝟗
    𝟐𝟐     ]

∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟑𝟑
𝟏𝟏 = 𝟔𝟔  , ∫ 𝒈𝒈(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟑𝟑

𝟏𝟏   ∫ [𝒇𝒇(𝒙𝒙) − 𝒈𝒈(𝒙𝒙) + 𝟒𝟒𝟒𝟒]𝒅𝒅𝒅𝒅𝟑𝟑
𝟏𝟏

∫(𝟒𝟒𝟒𝟒 + 𝟔𝟔) √𝟐𝟐𝟐𝟐 + 𝟑𝟑    𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐
   𝟓𝟓   √(𝟐𝟐𝟐𝟐 + 𝟑𝟑)𝟓𝟓  + 𝒄𝒄  ]

∫ |𝒙𝒙| 𝒅𝒅𝒅𝒅𝟒𝟒
−𝟑𝟑

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏𝟏𝟏    𝟏𝟏   
𝟐𝟐   ]

𝒇𝒇(𝒙𝒙) = {𝟑𝟑𝒙𝒙𝟐𝟐,  ∀ 𝒙𝒙 ≥ 𝟎𝟎
𝟐𝟐𝟐𝟐  ,  ∀ 𝒙𝒙 < 𝟎𝟎∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟑𝟑

−𝟏𝟏
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐𝟐𝟐   ]

𝟏𝟏) ∫ 𝟑𝟑𝟑𝟑−𝟔𝟔   
√𝒙𝒙−𝟐𝟐𝟑𝟑 𝒅𝒅𝒅𝒅       

𝑭𝑭(𝒙𝒙) = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒇𝒇(𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 

𝑭𝑭: [𝟏𝟏 , 𝟑𝟑] → 𝑹𝑹∫ 𝒇𝒇(𝒙𝒙) 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟔𝟔

𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝟐𝟐 − √𝟑𝟑
𝟐𝟐     ]

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝒙𝒙        ,  ∀ 𝒙𝒙 ≥ 𝟑𝟑
𝟔𝟔         ,  ∀ 𝒙𝒙 < 𝟑𝟑∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟒𝟒

−𝟏𝟏

𝟏𝟏) 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙      ,     𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙        ,      𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 = 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙      ,        𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝟐𝟐) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 =   𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) =  (  𝟏𝟏  
𝟐𝟐 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)

𝟑𝟑) 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 =   𝟏𝟏  
𝟐𝟐 (𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) =  (  𝟏𝟏  

𝟐𝟐 +   𝟏𝟏  
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)

• (𝟐𝟐)𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 , 𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝒙𝒙  (𝟑𝟑)
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝒙𝒙  

𝟑𝟑) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 − 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 + 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙

𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 − 𝟏𝟏
 

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏

  𝟒𝟒) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
• (𝟒𝟒)𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙  

∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) 𝒅𝒅𝒅𝒅
 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) 𝒅𝒅𝒅𝒅 = − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙

𝟑𝟑 + 𝒄𝒄  
𝟓𝟓) 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

     𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 = {
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙                                                                               
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) = 𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙) − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙

𝟏𝟏) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 −   𝟏𝟏  

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒙𝒙 −   𝟏𝟏  

𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝟐𝟐) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒙𝒙 +   𝟏𝟏  

𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝟑𝟑) ∫ 𝐭𝐭𝐭𝐭𝐭𝐭𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 − 𝟏𝟏) 𝒅𝒅𝒅𝒅 = 𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 − 𝒙𝒙 + 𝒄𝒄

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄 𝐭𝐭𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 − 𝟏𝟏) 𝒅𝒅𝒅𝒅 = −𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 − 𝒙𝒙 + 𝒄𝒄
𝟓𝟓) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = 𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 + 𝒄𝒄  𝟔𝟔) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = −𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 + 𝒄𝒄
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∫ 𝒙𝒙 (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
𝟑𝟑
𝟒𝟒  𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐

    𝟕𝟕   (𝒙𝒙𝟐𝟐 + 𝟏𝟏)
𝟕𝟕
𝟒𝟒 + 𝒄𝒄 ]

∫ 𝟏𝟏
√𝒙𝒙+𝟏𝟏𝟑𝟑 𝒅𝒅𝒅𝒅𝟕𝟕

𝟎𝟎[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟗𝟗
    𝟐𝟐     ]

∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟑𝟑
𝟏𝟏 = 𝟔𝟔  , ∫ 𝒈𝒈(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟑𝟑

𝟏𝟏   ∫ [𝒇𝒇(𝒙𝒙) − 𝒈𝒈(𝒙𝒙) + 𝟒𝟒𝟒𝟒]𝒅𝒅𝒅𝒅𝟑𝟑
𝟏𝟏

∫(𝟒𝟒𝟒𝟒 + 𝟔𝟔) √𝟐𝟐𝟐𝟐 + 𝟑𝟑    𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐
   𝟓𝟓   √(𝟐𝟐𝟐𝟐 + 𝟑𝟑)𝟓𝟓  + 𝒄𝒄  ]

∫ |𝒙𝒙| 𝒅𝒅𝒅𝒅𝟒𝟒
−𝟑𝟑

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏𝟏𝟏    𝟏𝟏   
𝟐𝟐   ]

𝒇𝒇(𝒙𝒙) = {𝟑𝟑𝒙𝒙𝟐𝟐,  ∀ 𝒙𝒙 ≥ 𝟎𝟎
𝟐𝟐𝟐𝟐  ,  ∀ 𝒙𝒙 < 𝟎𝟎∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟑𝟑

−𝟏𝟏
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟐𝟐𝟐𝟐   ]

𝟏𝟏) ∫ 𝟑𝟑𝟑𝟑−𝟔𝟔   
√𝒙𝒙−𝟐𝟐𝟑𝟑 𝒅𝒅𝒅𝒅       

𝑭𝑭(𝒙𝒙) = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒇𝒇(𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 

𝑭𝑭: [𝟏𝟏 , 𝟑𝟑] → 𝑹𝑹∫ 𝒇𝒇(𝒙𝒙) 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟔𝟔

𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:   𝟐𝟐 − √𝟑𝟑
𝟐𝟐     ]

𝒇𝒇(𝒙𝒙) = {𝟐𝟐𝒙𝒙        ,  ∀ 𝒙𝒙 ≥ 𝟑𝟑
𝟔𝟔         ,  ∀ 𝒙𝒙 < 𝟑𝟑∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 𝟒𝟒

−𝟏𝟏

𝟏𝟏) 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙      ,     𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙        ,      𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 = 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙      ,        𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝟐𝟐) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 =   𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) =  (  𝟏𝟏  
𝟐𝟐 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)

𝟑𝟑) 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 =   𝟏𝟏  
𝟐𝟐 (𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) =  (  𝟏𝟏  

𝟐𝟐 +   𝟏𝟏  
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)

• (𝟐𝟐)𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 , 𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝒙𝒙  (𝟑𝟑)
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝒙𝒙  

𝟑𝟑) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 − 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 + 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙

𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 − 𝟏𝟏
 

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏

  𝟒𝟒) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 ⇒ {
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
• (𝟒𝟒)𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙  

∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) 𝒅𝒅𝒅𝒅
 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) 𝒅𝒅𝒅𝒅 = − 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙

𝟑𝟑 + 𝒄𝒄  
𝟓𝟓) 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

     𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 = {
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙                                                                               
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) = 𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙) − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙

𝟏𝟏) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 −   𝟏𝟏  

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒙𝒙 −   𝟏𝟏  

𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝟐𝟐) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 𝒙𝒙 +   𝟏𝟏  

𝟒𝟒 𝐬𝐬𝐬𝐬𝐬𝐬 𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝟑𝟑) ∫ 𝐭𝐭𝐭𝐭𝐭𝐭𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 − 𝟏𝟏) 𝒅𝒅𝒅𝒅 = 𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 − 𝒙𝒙 + 𝒄𝒄

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄 𝐭𝐭𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 − 𝟏𝟏) 𝒅𝒅𝒅𝒅 = −𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 − 𝒙𝒙 + 𝒄𝒄
𝟓𝟓) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = 𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 + 𝒄𝒄  𝟔𝟔) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = −𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 + 𝒄𝒄
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𝟏𝟏) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 𝒅𝒅𝒅𝒅 =  ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝒙𝒙 . 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 𝒅𝒅𝒅𝒅

                                          = ∫(𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙)𝟒𝟒. 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟓𝟓 𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝒙𝒙 + 𝒄𝒄

𝟐𝟐) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒
𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝟐𝟐𝟐𝟐

𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅

    = ∫
(𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)(𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)

𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅

   = ∫(𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅 =  𝟏𝟏 
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 −  𝟏𝟏 

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒄𝒄
• (𝟐𝟐)𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 , 𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝒙𝒙  (𝟑𝟑)

𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝒙𝒙  

𝟑𝟑) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟒𝟒 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙)𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)
𝟐𝟐

𝒅𝒅𝒅𝒅

                             = ∫(  𝟏𝟏  
𝟒𝟒 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 +   𝟏𝟏  
𝟒𝟒 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐) 𝒅𝒅𝒅𝒅

                            = ∫ (  𝟏𝟏  
𝟒𝟒 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 +   𝟏𝟏  
𝟒𝟒 (  𝟏𝟏  

𝟐𝟐 −   𝟏𝟏  
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒)) 𝒅𝒅𝒅𝒅

  = ∫ (  𝟏𝟏  
𝟒𝟒 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 +   𝟏𝟏  
𝟖𝟖 −   𝟏𝟏  

𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒) 𝒅𝒅𝒅𝒅 = ∫ (  𝟑𝟑  
𝟖𝟖 −   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 −   𝟏𝟏  
𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒) 𝒅𝒅𝒅𝒅

                           =    𝟑𝟑   
𝟖𝟖 𝒙𝒙 −    𝟏𝟏   

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 +    𝟏𝟏   
𝟑𝟑𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔 𝟒𝟒𝟒𝟒 + 𝒄𝒄

𝟒𝟒) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙)𝒅𝒅𝒅𝒅      

𝟓𝟓) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙)𝟐𝟐𝒅𝒅𝒅𝒅 = ∫(𝟏𝟏
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐)𝟐𝟐𝒅𝒅𝒅𝒅

                                         = ∫    𝟏𝟏   
𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫    𝟏𝟏   

𝟒𝟒 (   𝟏𝟏   
𝟐𝟐 −    𝟏𝟏   

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒) 𝒅𝒅𝒅𝒅

                              = ∫ (    𝟏𝟏   
𝟖𝟖 −     𝟏𝟏   

𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒) 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟖𝟖 𝒙𝒙 −   𝟏𝟏  

𝟑𝟑𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔 𝟒𝟒𝟒𝟒 + 𝒄𝒄 =    𝟏𝟏    
𝟖𝟖 𝒙𝒙 −    𝟏𝟏    

𝟑𝟑𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔 𝟒𝟒𝟒𝟒 + 𝒄𝒄

𝟔𝟔) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅

     = ∫(𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙) 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝒙𝒙) 𝒅𝒅𝒅𝒅 = −𝟏𝟏    
𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙 +     𝟏𝟏   

𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄𝟓𝟓 𝒙𝒙 + 𝒄𝒄

𝟕𝟕) ∫ (𝟑𝟑 − √𝟓𝟓𝟓𝟓)𝟕𝟕

√𝟕𝟕𝟕𝟕
𝒅𝒅𝒅𝒅 = ∫ (𝟑𝟑 − √𝟓𝟓𝒙𝒙

𝟏𝟏
𝟐𝟐)𝟕𝟕

√𝟕𝟕𝒙𝒙
𝟏𝟏
𝟐𝟐

𝒅𝒅𝒅𝒅     

                                         = 𝟏𝟏
√𝟕𝟕

∫ 𝒙𝒙
−𝟏𝟏
𝟐𝟐 (𝟑𝟑 − √𝟓𝟓𝒙𝒙

𝟏𝟏
𝟐𝟐)

𝟕𝟕
𝒅𝒅𝒅𝒅                                                                                   

𝒙𝒙
−𝟏𝟏
𝟐𝟐   

−√𝟓𝟓
𝟐𝟐 𝒙𝒙

−𝟏𝟏
𝟐𝟐   

 

 

𝒔𝒔𝒔𝒔𝒔𝒔 𝒂𝒂𝒂𝒂 . 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐𝟐𝟐 . 𝒄𝒄𝒄𝒄𝒄𝒄 𝒂𝒂𝒂𝒂
𝟏𝟏) 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙             ,      𝟐𝟐) 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 =   𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐)

 

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝟐𝟐 𝒙𝒙 , 𝒔𝒔𝒔𝒔𝒔𝒔𝟏𝟏 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝟐𝟐 𝒙𝒙 , 𝒄𝒄𝒄𝒄𝒄𝒄𝟏𝟏 𝒙𝒙𝟏𝟏) 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙        𝟐𝟐)𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

 

𝒔𝒔𝒔𝒔𝒔𝒔𝒏𝒏 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝒏𝒏 𝒙𝒙  (𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙)𝒏𝒏

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 =   𝟏𝟏  
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐

 

 

𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙

𝟏𝟏) 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  , 𝟐𝟐)𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙

 

𝒔𝒔𝒔𝒔𝒔𝒔𝒏𝒏 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙𝒔𝒔𝒔𝒔𝒔𝒔𝒏𝒏 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝟏𝟏 𝒙𝒙  𝒔𝒔𝒔𝒔𝒔𝒔𝒏𝒏−𝟏𝟏 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙
 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

 

   = 𝟏𝟏
√𝟕𝟕

× −𝟐𝟐
√𝟓𝟓

∫ −√𝟓𝟓
𝟐𝟐 𝒙𝒙−𝟏𝟏

𝟐𝟐(𝟑𝟑 − √𝟓𝟓𝒙𝒙
𝟏𝟏
𝟐𝟐)𝟕𝟕 𝒅𝒅𝒅𝒅 = −𝟐𝟐

√𝟑𝟑𝟑𝟑
×  (𝟑𝟑 − √𝟓𝟓𝒙𝒙

𝟏𝟏
𝟐𝟐)𝟖𝟖

𝟖𝟖 + 𝒄𝒄 = −𝟏𝟏
𝟒𝟒√𝟑𝟑𝟑𝟑

(𝟑𝟑 − √𝟓𝟓𝒙𝒙
𝟏𝟏
𝟐𝟐)

𝟖𝟖
+ 𝒄𝒄

𝟖𝟖) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙
𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅 =  ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙
𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅         

                                   = ∫ (𝟏𝟏 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙)(𝟏𝟏 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙) 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙
𝟏𝟏 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙) 𝒅𝒅𝒅𝒅

                                  = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
𝟐𝟐 + 𝒄𝒄  = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 +    𝟏𝟏   

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄

𝟗𝟗) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 × 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 × 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅

                                         = ∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅𝒅𝒅     = −𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 + 𝒄𝒄

𝟏𝟏𝟏𝟏) ∫
√√𝒙𝒙 − 𝒙𝒙

√𝒙𝒙𝟑𝟑𝟒𝟒 𝒅𝒅𝒅𝒅 = ∫
√𝒙𝒙

 𝟏𝟏 
𝟐𝟐 (𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝒙𝒙
 𝟑𝟑 
𝟒𝟒

𝒅𝒅𝒅𝒅 = ∫
√𝒙𝒙

 𝟏𝟏 
𝟐𝟐 . √(𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝒙𝒙
  𝟑𝟑  
𝟒𝟒

𝒅𝒅𝒅𝒅

                                    = ∫ 𝒙𝒙−𝟑𝟑
𝟒𝟒 (𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝟏𝟏
𝟐𝟐

(𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐

𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙− 𝟑𝟑 
𝟒𝟒 𝒙𝒙

 𝟏𝟏 
𝟒𝟒 (𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐

𝒅𝒅𝒅𝒅

 = ∫ 𝒙𝒙
−𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅 = −𝟐𝟐 ∫ −𝟏𝟏  

𝟐𝟐 𝒙𝒙
−𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅 = −𝟒𝟒  

𝟑𝟑 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟑𝟑 
𝟐𝟐 + 𝒄𝒄

∫ 𝒕𝒕𝒕𝒕𝒕𝒕 𝟑𝟑𝟑𝟑   𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝟑𝟑𝟑𝟑 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:    𝟏𝟏  
𝟏𝟏𝟏𝟏   𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝟑𝟑𝟑𝟑 + 𝒄𝒄]

∫ (𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙)𝟐𝟐𝒅𝒅𝒅𝒅
𝝅𝝅
𝟐𝟐

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:    𝝅𝝅  

𝟐𝟐 + 𝟏𝟏]

∫    𝐜𝐜𝐜𝐜𝐜𝐜𝟑𝟑 𝒙𝒙   
𝟏𝟏−𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝒅𝒅𝒅𝒅

[
𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏

𝟐𝟐 (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙)𝟐𝟐 + 𝒄𝒄  ;

 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 −  𝟏𝟏
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄 

]

∫    𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙   
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟏𝟏   

𝟐𝟐   ]

∫( 𝒔𝒔𝒔𝒔𝒔𝒔 𝟔𝟔𝟔𝟔 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟑𝟑𝟑𝟑) 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:   −𝟏𝟏  
𝟔𝟔   𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝟑𝟑𝟑𝟑 + 𝒄𝒄]

𝟐𝟐) ∫  √𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐   
𝟏𝟏−𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐     𝒅𝒅𝒅𝒅  

𝟏𝟏) ∫  𝒅𝒅𝒅𝒅   
√𝟐𝟐𝟐𝟐 √𝟑𝟑+√𝒙𝒙      

                         

∫  𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒   
   𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐−𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅[    𝟏𝟏   

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 −    𝟏𝟏   
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒄𝒄]

𝟏𝟏) ∫ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐)𝒅𝒅𝒅𝒅 𝟎𝟎
𝟒𝟒        𝟐𝟐) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐𝒙𝒙

𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅     

𝟏𝟏) ∫ 𝒙𝒙 
√𝒙𝒙𝟑𝟑+𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 𝟖𝟖

𝟑𝟑        𝟐𝟐) ∫ 𝟏𝟏+𝐭𝐭𝐭𝐭𝐭𝐭𝟐𝟐𝒙𝒙
𝐭𝐭𝐭𝐭𝐭𝐭𝟑𝟑𝒙𝒙 𝒅𝒅𝒅𝒅

𝒂𝒂 ∈ 𝑹𝑹∫ (𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 ) 𝒅𝒅𝒅𝒅 = 𝟐𝟐 ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒂𝒂

𝟏𝟏

∫ [𝟖𝟖 − 𝟐𝟐𝟐𝟐(𝒙𝒙)]𝟒𝟒
−𝟏𝟏 𝒅𝒅𝒅𝒅∫ 𝒇𝒇(𝒙𝒙)𝟒𝟒

−𝟏𝟏 𝒅𝒅𝒅𝒅 = 𝟐𝟐

𝒈𝒈(𝒙𝒙)𝒙𝒙𝒈𝒈(𝒙𝒙)[ 𝑳𝑳𝑳𝑳 𝒈𝒈(𝒙𝒙) ]

𝒇𝒇(𝒙𝒙) =  𝑳𝑳𝑳𝑳 (𝒈𝒈(𝒙𝒙)) ⟹ 𝒇𝒇′(𝒙𝒙) = 𝒈𝒈′(𝒙𝒙)
𝒈𝒈(𝒙𝒙)  
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   = 𝟏𝟏
√𝟕𝟕

× −𝟐𝟐
√𝟓𝟓

∫ −√𝟓𝟓
𝟐𝟐 𝒙𝒙−𝟏𝟏

𝟐𝟐(𝟑𝟑 − √𝟓𝟓𝒙𝒙
𝟏𝟏
𝟐𝟐)𝟕𝟕 𝒅𝒅𝒅𝒅 = −𝟐𝟐

√𝟑𝟑𝟑𝟑
×  (𝟑𝟑 − √𝟓𝟓𝒙𝒙

𝟏𝟏
𝟐𝟐)𝟖𝟖

𝟖𝟖 + 𝒄𝒄 = −𝟏𝟏
𝟒𝟒√𝟑𝟑𝟑𝟑

(𝟑𝟑 − √𝟓𝟓𝒙𝒙
𝟏𝟏
𝟐𝟐)

𝟖𝟖
+ 𝒄𝒄

𝟖𝟖) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙
𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅 =  ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙) 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙
𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅         

                                   = ∫ (𝟏𝟏 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙)(𝟏𝟏 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙) 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙
𝟏𝟏 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫(𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙) 𝒅𝒅𝒅𝒅

                                  = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
𝟐𝟐 + 𝒄𝒄  = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 +    𝟏𝟏   

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄

𝟗𝟗) ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 × 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 × 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅

                                         = ∫ 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅𝒅𝒅     = −𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 + 𝒄𝒄

𝟏𝟏𝟏𝟏) ∫
√√𝒙𝒙 − 𝒙𝒙

√𝒙𝒙𝟑𝟑𝟒𝟒 𝒅𝒅𝒅𝒅 = ∫
√𝒙𝒙

 𝟏𝟏 
𝟐𝟐 (𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝒙𝒙
 𝟑𝟑 
𝟒𝟒

𝒅𝒅𝒅𝒅 = ∫
√𝒙𝒙

 𝟏𝟏 
𝟐𝟐 . √(𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝒙𝒙
  𝟑𝟑  
𝟒𝟒

𝒅𝒅𝒅𝒅

                                    = ∫ 𝒙𝒙−𝟑𝟑
𝟒𝟒 (𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

𝟏𝟏
𝟐𝟐

(𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐

𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙− 𝟑𝟑 
𝟒𝟒 𝒙𝒙

 𝟏𝟏 
𝟒𝟒 (𝟏𝟏 − 𝒙𝒙

 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐

𝒅𝒅𝒅𝒅

 = ∫ 𝒙𝒙
−𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅 = −𝟐𝟐 ∫ −𝟏𝟏  

𝟐𝟐 𝒙𝒙
−𝟏𝟏  

𝟐𝟐 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅 = −𝟒𝟒  

𝟑𝟑 (𝟏𝟏 − 𝒙𝒙
 𝟏𝟏 
𝟐𝟐 )

 𝟑𝟑 
𝟐𝟐 + 𝒄𝒄

∫ 𝒕𝒕𝒕𝒕𝒕𝒕 𝟑𝟑𝟑𝟑   𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝟑𝟑𝟑𝟑 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:    𝟏𝟏  
𝟏𝟏𝟏𝟏   𝒔𝒔𝒔𝒔𝒔𝒔𝟓𝟓 𝟑𝟑𝟑𝟑 + 𝒄𝒄]

∫ (𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙)𝟐𝟐𝒅𝒅𝒅𝒅
𝝅𝝅
𝟐𝟐

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:    𝝅𝝅  

𝟐𝟐 + 𝟏𝟏]

∫    𝐜𝐜𝐜𝐜𝐜𝐜𝟑𝟑 𝒙𝒙   
𝟏𝟏−𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝒅𝒅𝒅𝒅

[
𝑨𝑨𝑨𝑨𝑨𝑨: 𝟏𝟏

𝟐𝟐 (𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙)𝟐𝟐 + 𝒄𝒄  ;

 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 −  𝟏𝟏
𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 + 𝒄𝒄 

]

∫    𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙   
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟏𝟏   

𝟐𝟐   ]

∫( 𝒔𝒔𝒔𝒔𝒔𝒔 𝟔𝟔𝟔𝟔 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟑𝟑𝟑𝟑) 𝒅𝒅𝒅𝒅[𝑨𝑨𝑨𝑨𝑨𝑨:   −𝟏𝟏  
𝟔𝟔   𝒄𝒄𝒄𝒄𝒄𝒄𝟒𝟒 𝟑𝟑𝟑𝟑 + 𝒄𝒄]

𝟐𝟐) ∫  √𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐   
𝟏𝟏−𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟐𝟐𝟐𝟐     𝒅𝒅𝒅𝒅  

𝟏𝟏) ∫  𝒅𝒅𝒅𝒅   
√𝟐𝟐𝟐𝟐 √𝟑𝟑+√𝒙𝒙      

                         

∫  𝒄𝒄𝒄𝒄𝒄𝒄 𝟒𝟒𝟒𝟒   
   𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐−𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐   𝒅𝒅𝒅𝒅[    𝟏𝟏   

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 −    𝟏𝟏   
𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 + 𝒄𝒄]

𝟏𝟏) ∫ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐)𝒅𝒅𝒅𝒅 𝟎𝟎
𝟒𝟒        𝟐𝟐) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐𝒙𝒙

𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅     

𝟏𝟏) ∫ 𝒙𝒙 
√𝒙𝒙𝟑𝟑+𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 𝟖𝟖

𝟑𝟑        𝟐𝟐) ∫ 𝟏𝟏+𝐭𝐭𝐭𝐭𝐭𝐭𝟐𝟐𝒙𝒙
𝐭𝐭𝐭𝐭𝐭𝐭𝟑𝟑𝒙𝒙 𝒅𝒅𝒅𝒅

𝒂𝒂 ∈ 𝑹𝑹∫ (𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 ) 𝒅𝒅𝒅𝒅 = 𝟐𝟐 ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒂𝒂

𝟏𝟏

∫ [𝟖𝟖 − 𝟐𝟐𝟐𝟐(𝒙𝒙)]𝟒𝟒
−𝟏𝟏 𝒅𝒅𝒅𝒅∫ 𝒇𝒇(𝒙𝒙)𝟒𝟒

−𝟏𝟏 𝒅𝒅𝒅𝒅 = 𝟐𝟐

𝒈𝒈(𝒙𝒙)𝒙𝒙𝒈𝒈(𝒙𝒙)[ 𝑳𝑳𝑳𝑳 𝒈𝒈(𝒙𝒙) ]

𝒇𝒇(𝒙𝒙) =  𝑳𝑳𝑳𝑳 (𝒈𝒈(𝒙𝒙)) ⟹ 𝒇𝒇′(𝒙𝒙) = 𝒈𝒈′(𝒙𝒙)
𝒈𝒈(𝒙𝒙)  
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𝟏𝟏) 𝒚𝒚 = (𝒍𝒍𝒍𝒍|𝒙𝒙|)𝟒𝟒  ⟹  𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟒𝟒(𝒍𝒍𝒍𝒍 𝒙𝒙)𝟑𝟑 ×   𝟏𝟏  

𝒙𝒙 =   𝟒𝟒(𝒍𝒍𝒍𝒍 𝒙𝒙)𝟑𝟑  
𝒙𝒙     

𝟐𝟐)    𝒚𝒚 = 𝒍𝒍𝒍𝒍(𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒)𝟑𝟑 ⟹ 𝒚𝒚 = 𝟑𝟑 𝒍𝒍𝒍𝒍(𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒)  ⟹   𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = (𝟑𝟑) 𝟔𝟔𝟔𝟔

   𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒   

• 

𝟏𝟏) ∫     𝟏𝟏   
𝟒𝟒𝟒𝟒 𝒅𝒅𝒅𝒅 =   𝟏𝟏   

𝟒𝟒 ∫   𝟒𝟒  
𝟒𝟒𝟒𝟒 𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟒𝟒 𝒍𝒍𝒍𝒍|𝟒𝟒𝟒𝟒| + 𝒄𝒄              ⟸                 
𝟏𝟏  
𝟒𝟒  

𝟐𝟐) ∫ 𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 𝒅𝒅𝒅𝒅 = ∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅𝒅𝒅                                                   ⟸       

𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙   
−𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙   

                             = − ∫ − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅 = − 𝒍𝒍𝒍𝒍|𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙| + 𝒄𝒄 = 𝒍𝒍𝒍𝒍(𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙)−𝟏𝟏 + 𝒄𝒄     

                             = 𝒍𝒍𝒍𝒍 | 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙| + 𝒄𝒄 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙| + 𝒄𝒄  

 (𝒆𝒆𝒙𝒙)(𝒆𝒆𝒙𝒙)
𝒆𝒆𝒈𝒈(𝒙𝒙)𝒆𝒆𝒈𝒈(𝒙𝒙) (𝒈𝒈′(𝒙𝒙))

  𝟏𝟏) 𝒚𝒚 = 𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 ⟹   𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 × 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒆𝒆𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙               

  𝟐𝟐) 𝒚𝒚 = 𝒆𝒆𝒙𝒙𝟐𝟐+𝒙𝒙 ⟹   𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝒆𝒆𝒙𝒙𝟐𝟐+𝒙𝒙 × (𝟐𝟐𝟐𝟐 + 𝟏𝟏)  = (𝟐𝟐𝟐𝟐 + 𝟏𝟏) 𝒆𝒆𝒙𝒙𝟐𝟐+𝒙𝒙               

  𝟑𝟑) 𝒇𝒇(𝒙𝒙) = 𝒆𝒆(𝒙𝒙𝟐𝟐+𝟏𝟏)𝟒𝟒
⟹   𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅 = 𝒆𝒆(𝒙𝒙𝟐𝟐+𝟏𝟏)𝟒𝟒
× 𝟒𝟒(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑(𝟐𝟐𝟐𝟐)

                                                      = 𝟖𝟖𝟖𝟖(𝒙𝒙𝟐𝟐 + 𝟏𝟏)𝟑𝟑 𝒆𝒆(𝒙𝒙𝟐𝟐+𝟏𝟏)𝟒𝟒
 

𝒆𝒆𝒙𝒙

𝟏𝟏) ∫ 𝒙𝒙𝒆𝒆𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙𝒆𝒆𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 ∫ 𝟐𝟐𝒙𝒙𝒆𝒆𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 𝒆𝒆𝒙𝒙𝟐𝟐 + 𝒄𝒄   ⟸         
𝒙𝒙  

𝟐𝟐𝟐𝟐  

𝟐𝟐) ∫ 𝒆𝒆√𝒙𝒙

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = ∫ 𝒆𝒆√𝒙𝒙 𝟏𝟏

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐 ∫ 𝒆𝒆√𝒙𝒙 𝟏𝟏

𝟐𝟐√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐𝒆𝒆√𝒙𝒙 + 𝒄𝒄    ⟸    

𝟏𝟏
√𝒙𝒙   
𝟏𝟏

𝟐𝟐√𝒙𝒙   
𝒂𝒂𝒙𝒙

𝒂𝒂𝒇𝒇(𝒙𝒙) = 𝒂𝒂𝒙𝒙𝒂𝒂𝒙𝒙𝒂𝒂 ≠ 𝟏𝟏 , 𝒂𝒂 > 𝟎𝟎 , 𝒇𝒇: 𝑹𝑹 → 𝑹𝑹+ 𝒂𝒂𝒖𝒖 =
𝒆𝒆𝒖𝒖 𝒍𝒍𝒍𝒍 𝒂𝒂

𝟏𝟏) 𝒚𝒚 = 𝟑𝟑𝟐𝟐𝟐𝟐−𝟓𝟓        ⟹ 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟐𝟐𝟐𝟐−𝟓𝟓. (𝟐𝟐). 𝒍𝒍𝒍𝒍 𝟑𝟑                ⟹  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒍𝒍𝒍𝒍 𝟑𝟑 . 𝟑𝟑𝟐𝟐𝟐𝟐−𝟓𝟓            

𝟐𝟐) 𝒚𝒚 = 𝟓𝟓𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙        ⟹  𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟓𝟓𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙. 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 . 𝒍𝒍𝒍𝒍 𝟓𝟓           ⟹  𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍 𝟓𝟓 . 𝟓𝟓𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 

∫ 𝒈𝒈′(𝒙𝒙)
𝒈𝒈(𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝑳𝑳𝑳𝑳 | 𝒈𝒈(𝒙𝒙) | + 𝒄𝒄 

 

𝒇𝒇(𝒙𝒙) = 𝒆𝒆𝒈𝒈(𝒙𝒙) ⟹ 𝒇𝒇′(𝒙𝒙) = 𝒆𝒆𝒈𝒈(𝒙𝒙) × 𝒈𝒈′(𝒙𝒙) 

∫ 𝒆𝒆𝒈𝒈(𝒙𝒙)𝒈𝒈′(𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝒆𝒆𝒈𝒈(𝒙𝒙) + 𝒄𝒄 

 

𝒚𝒚 = 𝒂𝒂𝒈𝒈(𝒙𝒙) ⟹ 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒂𝒂𝒈𝒈(𝒙𝒙)𝒈𝒈′(𝒙𝒙) 𝒍𝒍𝒍𝒍 𝒂𝒂 

 

𝒂𝒂𝒙𝒙

𝟏𝟏) ∫ 𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 ∫ 𝟐𝟐𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 𝒍𝒍𝒍𝒍 𝟓𝟓 𝒆𝒆𝒙𝒙𝟐𝟐 + 𝒄𝒄  ⟸
𝒙𝒙  

𝟐𝟐𝟐𝟐  

𝟐𝟐) ∫ 𝟐𝟐√𝒙𝒙

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = ∫ 𝟐𝟐√𝒙𝒙 𝟏𝟏

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐 ∫ 𝟐𝟐√𝒙𝒙 𝟏𝟏

𝟐𝟐√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐  𝟐𝟐√𝒙𝒙

𝒍𝒍𝒍𝒍 𝟓𝟓 + 𝒄𝒄    ⟸
𝟏𝟏

√𝒙𝒙   
𝟏𝟏

𝟐𝟐√𝒙𝒙   

𝒂𝒂) ∫ 𝒆𝒆𝟐𝟐𝟐𝟐
𝒍𝒍𝒍𝒍 𝟓𝟓

𝒍𝒍𝒍𝒍 𝟑𝟑
𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 ∫ 𝟐𝟐𝒆𝒆𝟐𝟐𝟐𝟐
𝒍𝒍𝒍𝒍 𝟓𝟓

𝒍𝒍𝒍𝒍 𝟑𝟑
𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐  [𝒆𝒆𝟐𝟐𝟐𝟐]𝒍𝒍𝒍𝒍 𝟑𝟑
𝒍𝒍𝒍𝒍 𝟓𝟓  =   𝟏𝟏  

𝟐𝟐 [𝒆𝒆𝟐𝟐 𝒍𝒍𝒍𝒍 𝟓𝟓 − 𝒆𝒆𝟐𝟐 𝒍𝒍𝒍𝒍 𝟑𝟑]

                              =   𝟏𝟏  
𝟐𝟐 [ 𝒆𝒆𝒍𝒍𝒍𝒍 𝟓𝟓𝟐𝟐 − 𝒆𝒆𝒍𝒍𝒍𝒍 𝟑𝟑𝟐𝟐 ] =    𝟏𝟏   

𝟐𝟐 (𝟐𝟐𝟐𝟐 − 𝟗𝟗) =    𝟏𝟏   
𝟐𝟐 (𝟏𝟏𝟏𝟏) = 𝟖𝟖

𝒃𝒃) ∫ 𝒆𝒆−𝒙𝒙
𝒍𝒍𝒍𝒍 𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 = [−𝒆𝒆−𝒙𝒙]𝟎𝟎

𝒍𝒍𝒍𝒍 𝟐𝟐 = −[𝒆𝒆−𝒙𝒙]𝟎𝟎
𝒍𝒍𝒍𝒍 𝟐𝟐  = −(𝒆𝒆− 𝒍𝒍𝒍𝒍 𝟐𝟐 − 𝒆𝒆𝟎𝟎)

                              = − (𝒆𝒆𝒍𝒍𝒍𝒍 𝟐𝟐−𝟏𝟏 − 𝟏𝟏) = −(𝟐𝟐−𝟏𝟏 − 𝟏𝟏) = − (  𝟏𝟏  
𝟐𝟐 − 𝟏𝟏) =   𝟏𝟏   

𝟐𝟐            

𝒄𝒄) ∫ 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒
𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = [ 𝒍𝒍𝒍𝒍( 𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)]𝟎𝟎

𝟏𝟏                    ⟸      
𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒  
𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒  

    

                                           = [ 𝒍𝒍𝒍𝒍( 𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)]𝟎𝟎
𝟏𝟏 = = [ 𝒍𝒍𝒍𝒍(𝟏𝟏 + 𝟒𝟒 + 𝟏𝟏)] − [ 𝒍𝒍𝒍𝒍 𝟏𝟏]  

                                           = 𝒍𝒍𝒍𝒍 𝟔𝟔 − 𝟎𝟎 = 𝒍𝒍𝒍𝒍 𝟔𝟔     

𝒅𝒅) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙

𝝅𝝅
𝟒𝟒

−𝝅𝝅
𝟒𝟒

𝒅𝒅𝒅𝒅 = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 |]
−𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟒𝟒                      ⟸      

𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   

    

                                        = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 |]
−𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟒𝟒 = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝝅𝝅

𝟒𝟒 |] − [𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 − 𝝅𝝅
𝟒𝟒 |]

                                       = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝟏𝟏|] − [𝒍𝒍𝒍𝒍 |𝟐𝟐 − 𝟏𝟏|] = 𝒍𝒍𝒍𝒍 𝟑𝟑 − 𝒍𝒍𝒍𝒍 𝟏𝟏 = 𝒍𝒍𝒍𝒍 𝟑𝟑 − 𝟎𝟎 = 𝒍𝒍𝒍𝒍 𝟑𝟑 
𝒆𝒆) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟑𝟑 𝟓𝟓𝟓𝟓 𝒅𝒅𝒅𝒅       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝟓𝟓 𝒙𝒙). 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅        

                                       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 − 𝟏𝟏) 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 𝒅𝒅𝒅𝒅 = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅

                                       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅 = ∫ (𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓
𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅

                                      =  −𝟏𝟏  
𝟓𝟓 . 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓

𝟐𝟐 −   𝟏𝟏  
𝟓𝟓 𝒍𝒍𝒍𝒍 | 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 | + 𝒄𝒄 = −𝟏𝟏  

𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 −   𝟏𝟏  
𝟓𝟓 𝒍𝒍𝒍𝒍 | 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 | + 𝒄𝒄

𝒂𝒂) ∫
√√𝒙𝒙𝟑𝟑 − 𝟏𝟏

√𝒙𝒙𝟐𝟐𝟑𝟑

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅 = 𝟐𝟐                 

 = ∫ 𝒙𝒙
−𝟐𝟐
𝟑𝟑 (𝒙𝒙

 𝟏𝟏 
𝟑𝟑 − 𝟏𝟏)

𝟏𝟏
𝟐𝟐

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅 = 𝟑𝟑 ∫   𝟏𝟏  

𝟑𝟑 𝒙𝒙
−𝟐𝟐
𝟑𝟑 (𝒙𝒙

𝟏𝟏
𝟑𝟑 − 𝟏𝟏)

𝟏𝟏
𝟐𝟐

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅                                     

𝒙𝒙
−𝟐𝟐
𝟑𝟑   

  𝟏𝟏  
𝟑𝟑 𝒙𝒙

−𝟐𝟐
𝟑𝟑   

 

                     = 𝟑𝟑 [𝟑𝟑 (𝒙𝒙
𝟏𝟏
𝟑𝟑 − 𝟏𝟏)

𝟑𝟑
𝟐𝟐

𝟑𝟑
𝟐𝟐

]
𝟏𝟏

𝟖𝟖

= 𝟐𝟐 [√(√𝒙𝒙𝟑𝟑 − 𝟏𝟏)𝟑𝟑]
𝟏𝟏

𝟖𝟖

= 𝟐𝟐 [√(√𝟖𝟖𝟑𝟑 − 𝟏𝟏)𝟑𝟑 − √(√𝟏𝟏𝟑𝟑 − 𝟏𝟏)𝟑𝟑]

                     = 𝟐𝟐 [√(𝟐𝟐 − 𝟏𝟏)𝟑𝟑 − √(𝟏𝟏 − 𝟏𝟏)𝟑𝟑] = 𝟐𝟐[√𝟏𝟏 − √𝟎𝟎  ] = 𝟐𝟐(𝟏𝟏) = 𝟐𝟐    

𝒃𝒃) ∫ |𝟑𝟑𝟑𝟑 − 𝟔𝟔|
𝟒𝟒

−𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑 ⟹ |𝟑𝟑𝟑𝟑 − 𝟔𝟔| = { 𝟑𝟑𝟑𝟑 − 𝟔𝟔          𝒊𝒊𝒊𝒊     𝟑𝟑𝟑𝟑 − 𝟔𝟔 ≥ 𝟎𝟎   

𝟔𝟔 − 𝟑𝟑𝟑𝟑          𝒊𝒊𝒊𝒊        𝟑𝟑𝟑𝟑 − 𝟔𝟔 < 𝟎𝟎  

𝒇𝒇(𝒙𝒙) = {𝟑𝟑𝟑𝟑 − 𝟔𝟔          𝒊𝒊𝒊𝒊  𝒙𝒙 ≥ 𝟐𝟐              
𝟔𝟔 − 𝟑𝟑𝟑𝟑       𝒊𝒊𝒊𝒊    𝒙𝒙 < 𝟐𝟐            

              𝟑𝟑𝟑𝟑 − 𝟔𝟔  
𝟔𝟔 − 𝟑𝟑𝟑𝟑        𝟐𝟐                

 
 

𝟒𝟒 −𝟐𝟐 

 

∫ 𝒂𝒂𝒈𝒈(𝒙𝒙)𝒈𝒈′(𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝒂𝒂𝒈𝒈(𝒙𝒙) ×   𝟏𝟏  
𝒍𝒍𝒍𝒍 𝒂𝒂 + 𝒄𝒄    , 𝒂𝒂 ∈ 𝑹𝑹 
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𝒂𝒂𝒙𝒙

𝟏𝟏) ∫ 𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫ 𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  
𝟐𝟐 ∫ 𝟐𝟐𝒙𝒙𝟓𝟓𝒙𝒙𝟐𝟐 𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 𝒍𝒍𝒍𝒍 𝟓𝟓 𝒆𝒆𝒙𝒙𝟐𝟐 + 𝒄𝒄  ⟸
𝒙𝒙  

𝟐𝟐𝟐𝟐  

𝟐𝟐) ∫ 𝟐𝟐√𝒙𝒙

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = ∫ 𝟐𝟐√𝒙𝒙 𝟏𝟏

√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐 ∫ 𝟐𝟐√𝒙𝒙 𝟏𝟏

𝟐𝟐√𝒙𝒙 
𝒅𝒅𝒅𝒅 = 𝟐𝟐  𝟐𝟐√𝒙𝒙

𝒍𝒍𝒍𝒍 𝟓𝟓 + 𝒄𝒄    ⟸
𝟏𝟏

√𝒙𝒙   
𝟏𝟏

𝟐𝟐√𝒙𝒙   

𝒂𝒂) ∫ 𝒆𝒆𝟐𝟐𝟐𝟐
𝒍𝒍𝒍𝒍 𝟓𝟓

𝒍𝒍𝒍𝒍 𝟑𝟑
𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐 ∫ 𝟐𝟐𝒆𝒆𝟐𝟐𝟐𝟐
𝒍𝒍𝒍𝒍 𝟓𝟓

𝒍𝒍𝒍𝒍 𝟑𝟑
𝒅𝒅𝒅𝒅 =   𝟏𝟏  

𝟐𝟐  [𝒆𝒆𝟐𝟐𝟐𝟐]𝒍𝒍𝒍𝒍 𝟑𝟑
𝒍𝒍𝒍𝒍 𝟓𝟓  =   𝟏𝟏  

𝟐𝟐 [𝒆𝒆𝟐𝟐 𝒍𝒍𝒍𝒍 𝟓𝟓 − 𝒆𝒆𝟐𝟐 𝒍𝒍𝒍𝒍 𝟑𝟑]

                              =   𝟏𝟏  
𝟐𝟐 [ 𝒆𝒆𝒍𝒍𝒍𝒍 𝟓𝟓𝟐𝟐 − 𝒆𝒆𝒍𝒍𝒍𝒍 𝟑𝟑𝟐𝟐 ] =    𝟏𝟏   

𝟐𝟐 (𝟐𝟐𝟐𝟐 − 𝟗𝟗) =    𝟏𝟏   
𝟐𝟐 (𝟏𝟏𝟏𝟏) = 𝟖𝟖

𝒃𝒃) ∫ 𝒆𝒆−𝒙𝒙
𝒍𝒍𝒍𝒍 𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 = [−𝒆𝒆−𝒙𝒙]𝟎𝟎

𝒍𝒍𝒍𝒍 𝟐𝟐 = −[𝒆𝒆−𝒙𝒙]𝟎𝟎
𝒍𝒍𝒍𝒍 𝟐𝟐  = −(𝒆𝒆− 𝒍𝒍𝒍𝒍 𝟐𝟐 − 𝒆𝒆𝟎𝟎)

                              = − (𝒆𝒆𝒍𝒍𝒍𝒍 𝟐𝟐−𝟏𝟏 − 𝟏𝟏) = −(𝟐𝟐−𝟏𝟏 − 𝟏𝟏) = − (  𝟏𝟏  
𝟐𝟐 − 𝟏𝟏) =   𝟏𝟏   

𝟐𝟐            

𝒄𝒄) ∫ 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒
𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = [ 𝒍𝒍𝒍𝒍( 𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)]𝟎𝟎

𝟏𝟏                    ⟸      
𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒  
𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟒𝟒  

    

                                           = [ 𝒍𝒍𝒍𝒍( 𝒙𝒙𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝟏𝟏)]𝟎𝟎
𝟏𝟏 = = [ 𝒍𝒍𝒍𝒍(𝟏𝟏 + 𝟒𝟒 + 𝟏𝟏)] − [ 𝒍𝒍𝒍𝒍 𝟏𝟏]  

                                           = 𝒍𝒍𝒍𝒍 𝟔𝟔 − 𝟎𝟎 = 𝒍𝒍𝒍𝒍 𝟔𝟔     

𝒅𝒅) ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙

𝝅𝝅
𝟒𝟒

−𝝅𝝅
𝟒𝟒

𝒅𝒅𝒅𝒅 = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 |]
−𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟒𝟒                      ⟸      

𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   
𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   

    

                                        = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 |]
−𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟒𝟒 = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 𝝅𝝅

𝟒𝟒 |] − [𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝒕𝒕𝒕𝒕𝒕𝒕 − 𝝅𝝅
𝟒𝟒 |]

                                       = [ 𝒍𝒍𝒍𝒍 |𝟐𝟐 + 𝟏𝟏|] − [𝒍𝒍𝒍𝒍 |𝟐𝟐 − 𝟏𝟏|] = 𝒍𝒍𝒍𝒍 𝟑𝟑 − 𝒍𝒍𝒍𝒍 𝟏𝟏 = 𝒍𝒍𝒍𝒍 𝟑𝟑 − 𝟎𝟎 = 𝒍𝒍𝒍𝒍 𝟑𝟑 
𝒆𝒆) ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝟑𝟑 𝟓𝟓𝟓𝟓 𝒅𝒅𝒅𝒅       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝟓𝟓 𝒙𝒙). 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 𝒅𝒅𝒅𝒅        

                                       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 − 𝟏𝟏) 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 𝒅𝒅𝒅𝒅 = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅

                                       = ∫(𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅 = ∫ (𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝟓𝟓𝟓𝟓
𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓) 𝒅𝒅𝒅𝒅

                                      =  −𝟏𝟏  
𝟓𝟓 . 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓

𝟐𝟐 −   𝟏𝟏  
𝟓𝟓 𝒍𝒍𝒍𝒍 | 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 | + 𝒄𝒄 = −𝟏𝟏  

𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝟓𝟓𝟓𝟓 −   𝟏𝟏  
𝟓𝟓 𝒍𝒍𝒍𝒍 | 𝒔𝒔𝒔𝒔𝒔𝒔 𝟓𝟓𝟓𝟓 | + 𝒄𝒄

𝒂𝒂) ∫
√√𝒙𝒙𝟑𝟑 − 𝟏𝟏

√𝒙𝒙𝟐𝟐𝟑𝟑

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅 = 𝟐𝟐                 

 = ∫ 𝒙𝒙
−𝟐𝟐
𝟑𝟑 (𝒙𝒙

 𝟏𝟏 
𝟑𝟑 − 𝟏𝟏)

𝟏𝟏
𝟐𝟐

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅 = 𝟑𝟑 ∫   𝟏𝟏  

𝟑𝟑 𝒙𝒙
−𝟐𝟐
𝟑𝟑 (𝒙𝒙

𝟏𝟏
𝟑𝟑 − 𝟏𝟏)

𝟏𝟏
𝟐𝟐

𝟖𝟖

𝟏𝟏
𝒅𝒅𝒅𝒅                                     

𝒙𝒙
−𝟐𝟐
𝟑𝟑   

  𝟏𝟏  
𝟑𝟑 𝒙𝒙

−𝟐𝟐
𝟑𝟑   

 

                     = 𝟑𝟑 [𝟑𝟑 (𝒙𝒙
𝟏𝟏
𝟑𝟑 − 𝟏𝟏)

𝟑𝟑
𝟐𝟐

𝟑𝟑
𝟐𝟐

]
𝟏𝟏

𝟖𝟖

= 𝟐𝟐 [√(√𝒙𝒙𝟑𝟑 − 𝟏𝟏)𝟑𝟑]
𝟏𝟏

𝟖𝟖

= 𝟐𝟐 [√(√𝟖𝟖𝟑𝟑 − 𝟏𝟏)𝟑𝟑 − √(√𝟏𝟏𝟑𝟑 − 𝟏𝟏)𝟑𝟑]

                     = 𝟐𝟐 [√(𝟐𝟐 − 𝟏𝟏)𝟑𝟑 − √(𝟏𝟏 − 𝟏𝟏)𝟑𝟑] = 𝟐𝟐[√𝟏𝟏 − √𝟎𝟎  ] = 𝟐𝟐(𝟏𝟏) = 𝟐𝟐    

𝒃𝒃) ∫ |𝟑𝟑𝟑𝟑 − 𝟔𝟔|
𝟒𝟒

−𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑 ⟹ |𝟑𝟑𝟑𝟑 − 𝟔𝟔| = { 𝟑𝟑𝟑𝟑 − 𝟔𝟔          𝒊𝒊𝒊𝒊     𝟑𝟑𝟑𝟑 − 𝟔𝟔 ≥ 𝟎𝟎   

𝟔𝟔 − 𝟑𝟑𝟑𝟑          𝒊𝒊𝒊𝒊        𝟑𝟑𝟑𝟑 − 𝟔𝟔 < 𝟎𝟎  

𝒇𝒇(𝒙𝒙) = {𝟑𝟑𝟑𝟑 − 𝟔𝟔          𝒊𝒊𝒊𝒊  𝒙𝒙 ≥ 𝟐𝟐              
𝟔𝟔 − 𝟑𝟑𝟑𝟑       𝒊𝒊𝒊𝒊    𝒙𝒙 < 𝟐𝟐            

              𝟑𝟑𝟑𝟑 − 𝟔𝟔  
𝟔𝟔 − 𝟑𝟑𝟑𝟑        𝟐𝟐                

 
 

𝟒𝟒 −𝟐𝟐 

 

∫ 𝒂𝒂𝒈𝒈(𝒙𝒙)𝒈𝒈′(𝒙𝒙) 𝒅𝒅𝒅𝒅 = 𝒂𝒂𝒈𝒈(𝒙𝒙) ×   𝟏𝟏  
𝒍𝒍𝒍𝒍 𝒂𝒂 + 𝒄𝒄    , 𝒂𝒂 ∈ 𝑹𝑹 
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• 𝟐𝟐 ∈ [−𝟐𝟐, 𝟒𝟒]  [−𝟐𝟐, 𝟐𝟐], [𝟐𝟐, 𝟒𝟒]

∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝟒𝟒

−𝟑𝟑
 = ∫ (𝟔𝟔 − 𝟑𝟑𝟑𝟑)𝒅𝒅𝒅𝒅

𝟐𝟐

−𝟐𝟐
+ ∫ (𝟑𝟑𝟑𝟑 − 𝟔𝟔)𝒅𝒅𝒅𝒅

𝟒𝟒

𝟐𝟐

                      = [𝟔𝟔𝟔𝟔 −   𝟑𝟑  
𝟐𝟐 𝒙𝒙𝟐𝟐]

−𝟐𝟐

𝟐𝟐
+ [  𝟑𝟑  𝟐𝟐 𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔]

𝟐𝟐

𝟒𝟒

                     = [(𝟏𝟏𝟏𝟏 −   𝟑𝟑  
𝟐𝟐 (𝟒𝟒)) − (−𝟏𝟏𝟏𝟏 −   𝟑𝟑  

𝟐𝟐 (𝟐𝟐))] + [(  𝟑𝟑  𝟐𝟐 (𝟏𝟏𝟏𝟏) − 𝟐𝟐𝟐𝟐) − (  𝟑𝟑  𝟐𝟐 (𝟒𝟒) − 𝟏𝟏𝟏𝟏)]

                     = [(𝟏𝟏𝟏𝟏 − 𝟔𝟔) − (−𝟏𝟏𝟏𝟏 − 𝟔𝟔)] + [(𝟐𝟐𝟐𝟐 − 𝟐𝟐𝟐𝟐) − (𝟔𝟔 − 𝟏𝟏𝟏𝟏)]
                     = (𝟔𝟔 + 𝟏𝟏𝟏𝟏) + (𝟎𝟎 + 𝟔𝟔) = 𝟑𝟑𝟑𝟑      

∫ [𝒇𝒇(𝒙𝒙) + 𝟑𝟑]
𝟔𝟔

−𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑 ⟹ ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅 + ∫ 𝟑𝟑

𝟔𝟔

−𝟐𝟐
𝒅𝒅𝒅𝒅

𝟔𝟔

−𝟐𝟐
= 𝟑𝟑𝟑𝟑

∴  ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝟔𝟔

−𝟐𝟐
= 𝟑𝟑𝟑𝟑 − ∫ 𝟑𝟑

𝟔𝟔

−𝟐𝟐
𝒅𝒅𝒅𝒅           

𝒃𝒃𝒃𝒃𝒃𝒃 ∫ 𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅
𝟔𝟔

−𝟐𝟐
=  ∫ 𝒇𝒇(𝒙𝒙)

𝟏𝟏

−𝟐𝟐
𝒅𝒅𝒅𝒅 + ∫ 𝒇𝒇(𝒙𝒙)

𝟔𝟔

𝟏𝟏
𝒅𝒅𝒅𝒅                 𝒂𝒂𝒂𝒂𝒂𝒂          ∫ 𝒇𝒇(𝒙𝒙)

𝟔𝟔

𝟏𝟏
𝒅𝒅𝒅𝒅 = 𝟔𝟔   

∴ 𝟑𝟑𝟑𝟑 − ∫ 𝟑𝟑
𝟔𝟔

−𝟐𝟐
𝒅𝒅𝒅𝒅 =  ∫ 𝒇𝒇(𝒙𝒙)

𝟏𝟏

−𝟐𝟐
𝒅𝒅𝒅𝒅 + 𝟔𝟔 ⟹  ∫ 𝒇𝒇(𝒙𝒙)

𝟏𝟏

−𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑 −∫ 𝟑𝟑

𝟔𝟔

−𝟐𝟐
𝒅𝒅𝒅𝒅 − 𝟔𝟔   

∴ ∫ 𝒇𝒇(𝒙𝒙)
𝟏𝟏

−𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑 − [ 𝟑𝟑𝟑𝟑 ]−𝟐𝟐𝟔𝟔 − 𝟔𝟔 = 𝟑𝟑𝟑𝟑 − [𝟏𝟏𝟏𝟏 + 𝟔𝟔] − 𝟔𝟔 = 𝟑𝟑𝟑𝟑 − 𝟐𝟐𝟐𝟐 − 𝟔𝟔 = 𝟐𝟐         

  [  𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 +   𝟏𝟏  
𝟐𝟐 𝒙𝒙]

𝟏𝟏

𝒂𝒂
= 𝟐𝟐[𝐭𝐭𝐭𝐭𝐭𝐭𝒙𝒙]𝟎𝟎

𝝅𝝅
𝟒𝟒  

   𝟏𝟏  𝟐𝟐  [𝒙𝒙𝟐𝟐 + 𝒙𝒙]𝟏𝟏
𝒂𝒂 = 𝟐𝟐[𝐭𝐭𝐭𝐭𝐭𝐭𝒙𝒙]𝟎𝟎

𝝅𝝅
𝟒𝟒                      × 𝟐𝟐 

[(𝒂𝒂𝟐𝟐 + 𝒂𝒂) − (𝟏𝟏 + 𝟏𝟏)] = 𝟒𝟒 [𝐭𝐭𝐭𝐭𝐭𝐭𝝅𝝅𝟒𝟒 − 𝐭𝐭𝐭𝐭𝐭𝐭𝟎𝟎]        ⟹    (𝒂𝒂𝟐𝟐 + 𝒂𝒂) − 𝟐𝟐 = 𝟒𝟒(𝟏𝟏 − 𝟎𝟎) 
(𝒂𝒂𝟐𝟐 + 𝒂𝒂) − 𝟐𝟐 = 𝟒𝟒       ⟹      𝒂𝒂𝟐𝟐 + 𝒂𝒂 − 𝟔𝟔 = 𝟎𝟎   ⟹  (𝒂𝒂 + 𝟑𝟑)(𝒂𝒂 − 𝟐𝟐) = 𝟎𝟎    

∴   𝒂𝒂 = −𝟑𝟑          𝒐𝒐𝒐𝒐             𝒂𝒂 = 𝟐𝟐

𝒇𝒇′(𝒙𝒙) = 𝟐𝟐𝟐𝟐 + 𝟐𝟐 ⟹ 𝟐𝟐𝟐𝟐 + 𝟐𝟐 = 𝟎𝟎 ⟹ 𝟐𝟐𝒙𝒙 = −𝟐𝟐 ⟹ 𝒙𝒙 = −𝟏𝟏
 
−−−−−−−  −𝟏𝟏 ++++++++++
↔                       ∴   (−𝟏𝟏 , نهاية صغرى محلية   وتحقق المعادلة (𝟓𝟓−

−𝟓𝟓 = (−𝟏𝟏)𝟐𝟐 + 𝟐𝟐(−𝟏𝟏) + 𝒌𝒌 ⟹ 𝒌𝒌 = −𝟓𝟓 + 𝟏𝟏 = −𝟒𝟒
∴ 𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 − 𝟒𝟒

∫ 𝒇𝒇(𝒙𝒙)
𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅 = ∫ (𝒙𝒙𝟐𝟐 + 𝟐𝟐𝒙𝒙 − 𝟒𝟒)

𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅 = [𝟏𝟏𝟑𝟑𝒙𝒙

𝟑𝟑 + 𝒙𝒙𝟐𝟐 − 𝟒𝟒𝟒𝟒]
𝟏𝟏

𝟑𝟑
          

= [(  𝟏𝟏  𝟑𝟑 (𝟐𝟐𝟐𝟐) + 𝟗𝟗 − 𝟏𝟏𝟏𝟏) − (   𝟏𝟏  𝟑𝟑 + 𝟏𝟏 − 𝟒𝟒)]

= [(𝟗𝟗 − 𝟑𝟑) − (   𝟏𝟏  𝟑𝟑 + −𝟑𝟑)] = 𝟔𝟔 − (   𝟏𝟏  𝟑𝟑 − 𝟑𝟑) = 𝟔𝟔 + 𝟑𝟑 −    𝟏𝟏  
𝟑𝟑 = 𝟗𝟗 −    𝟏𝟏  

𝟑𝟑 =    𝟐𝟐𝟐𝟐  
𝟑𝟑

∵𝒇𝒇′(𝒙𝒙) = 𝟑𝟑(𝒙𝒙 − 𝟑𝟑)𝟐𝟐  ⟹ 𝒇𝒇′′(𝒙𝒙) = 𝟔𝟔(𝒙𝒙 − 𝟑𝟑)
∴   𝒇𝒇′′(𝐱𝐱) = 𝟎𝟎 ⟹  𝟔𝟔(𝐱𝐱 − 𝟑𝟑) = 𝟎𝟎 

÷𝟔𝟔
⇒  𝒙𝒙 − 𝟑𝟑 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟑𝟑

𝒇𝒇′′(𝒙𝒙)− − − −   𝟑𝟑 + + + +∴  𝒇𝒇(𝟑𝟑) = (𝟑𝟑 − 𝟑𝟑)𝟑𝟑 + 𝟏𝟏 = 𝟏𝟏                                                                      

= ∫ 𝟑𝟑(𝒙𝒙 − 𝟑𝟑)𝟐𝟐
𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 − ∫ 𝟔𝟔(𝒙𝒙 − 𝟑𝟑)

𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅

           = [𝟑𝟑 × (𝒙𝒙 − 𝟑𝟑)𝟑𝟑
𝟑𝟑 ]

𝟎𝟎

𝟏𝟏
− [𝟔𝟔 × (𝒙𝒙 − 𝟑𝟑)𝟐𝟐

𝟐𝟐 ]
𝟎𝟎

𝟑𝟑
= [(𝒙𝒙 − 𝟑𝟑)𝟑𝟑] 𝟎𝟎𝟏𝟏 − 𝟑𝟑[(𝒙𝒙 − 𝟑𝟑)𝟐𝟐]𝟎𝟎

𝟑𝟑

           = [(𝟏𝟏 − 𝟑𝟑)𝟑𝟑 − (𝟎𝟎 − 𝟑𝟑)𝟑𝟑] − 𝟑𝟑[(𝟑𝟑 − 𝟑𝟑)𝟐𝟐 − (𝟎𝟎 − 𝟑𝟑)𝟐𝟐]
           = [(−𝟖𝟖) − (−𝟐𝟐𝟐𝟐)] − 𝟑𝟑[(𝟎𝟎) − (𝟗𝟗)] = −𝟖𝟖 + 𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐 = 𝟒𝟒𝟒𝟒

 𝒇𝒇(𝒙𝒙) [ −𝟐𝟐 , 𝟔𝟔 ]∫ 𝒇𝒇(𝒙𝒙)𝟔𝟔
𝟏𝟏 𝒅𝒅𝒅𝒅 = 𝟔𝟔∫ [𝒇𝒇(𝒙𝒙) + 𝟑𝟑]𝟔𝟔

−𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟑𝟑𝟑𝟑∫ 𝒇𝒇(𝒙𝒙)𝟏𝟏
−𝟐𝟐 𝒅𝒅𝒅𝒅

 

𝒂𝒂 ∈ 𝑹𝑹∫ (𝒙𝒙 + 𝟏𝟏
𝟐𝟐)

𝒂𝒂
𝟏𝟏 𝒅𝒅𝒅𝒅 = 𝟐𝟐∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙

𝝅𝝅
𝟒𝟒
𝟎𝟎 𝒅𝒅𝒅𝒅

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝒌𝒌𝒌𝒌 ∈ 𝑹𝑹(−𝟓𝟓)∫ 𝒇𝒇(𝒙𝒙)𝟑𝟑
𝟏𝟏 𝒅𝒅𝒅𝒅                

 

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 − 𝟑𝟑)𝟑𝟑 + 𝟏𝟏(𝒂𝒂 , 𝒃𝒃)∫ 𝒇𝒇′(𝒙𝒙)𝒃𝒃
𝟎𝟎 𝒅𝒅𝒅𝒅 − ∫ 𝒇𝒇′′(𝒙𝒙)𝒅𝒅𝒅𝒅𝒂𝒂

𝟎𝟎

 

   (𝟑𝟑 , 𝟏𝟏) 

 

 

∫ 𝒆𝒆𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙  𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟐𝟐

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒆𝒆 − 𝟏𝟏]

∫     𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   
𝟐𝟐+𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

−𝝅𝝅
𝟒𝟒

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒍𝒍𝒍𝒍 𝟑𝟑]

∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟑𝟑

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨: − 𝒍𝒍𝒍𝒍    𝟏𝟏   

𝟐𝟐 = 𝒍𝒍𝒍𝒍 𝟐𝟐  ] 

∫ (𝟏𝟏 + 𝒆𝒆𝒙𝒙)𝟐𝟐𝒆𝒆𝒙𝒙 𝒅𝒅𝒅𝒅𝟏𝟏
𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟏𝟏   
𝟑𝟑 ((𝟏𝟏 + 𝒆𝒆)𝟑𝟑 − 𝟖𝟖)  ]

∫ √ 𝒆𝒆𝟐𝟐𝟐𝟐−𝟒𝟒 𝒅𝒅𝒅𝒅 [
 

𝑨𝑨𝑨𝑨𝑨𝑨:   𝒆𝒆𝒙𝒙−𝟐𝟐 + 𝒄𝒄     ]

𝟏𝟏) ∫ 𝒆𝒆√𝒙𝒙 
𝟐𝟐√𝒙𝒙 𝒅𝒅𝒅𝒅 𝟒𝟒

𝟎𝟎    𝟐𝟐) ∫(𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 − 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐𝒙𝒙) 𝒅𝒅𝒅𝒅  

𝟏𝟏) ∫ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐)𝒅𝒅𝒅𝒅 𝟎𝟎
𝟒𝟒    𝟐𝟐) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐𝒙𝒙

𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅𝒅𝒅  

 أولًا : المساحة بين منحني ومحور السينات : 

𝒇𝒇(𝒙𝒙) = 𝟎𝟎
𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 = 𝟎𝟎  ⟹ 𝒙𝒙(𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟐𝟐) = 𝟎𝟎 ⟹ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐) = 𝟎𝟎

𝒙𝒙 = 𝟎𝟎  , 𝒙𝒙 = 𝟏𝟏  , 𝒙𝒙 = 𝟐𝟐∴[𝟏𝟏 , 𝟐𝟐 ][ 𝟎𝟎 , 𝟏𝟏 ]

  𝑨𝑨 = |∫ (𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)
𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅| + |∫ (𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)

𝟐𝟐

𝟏𝟏
𝒅𝒅𝒅𝒅|

       = | [ 𝒙𝒙𝟒𝟒

   𝟒𝟒     − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐]
𝟎𝟎

𝟏𝟏
| + | [ 𝒙𝒙𝟒𝟒

   𝟒𝟒    − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐]
𝟏𝟏

𝟐𝟐
|

      = |[ 𝟏𝟏
   𝟒𝟒   − 𝟏𝟏 + 𝟏𝟏] − [𝟎𝟎]| + |[𝟒𝟒 − 𝟖𝟖 + 𝟒𝟒] − [ 𝟏𝟏

   𝟒𝟒    − 𝟏𝟏 + 𝟏𝟏]|

      = 𝟏𝟏
   𝟒𝟒    + 𝟏𝟏

   𝟒𝟒    = 𝟐𝟐
   𝟒𝟒    = 𝟏𝟏

   𝟐𝟐       𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

𝒌𝒌 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎 ∈  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]                    ,   𝒌𝒌 = 𝟐𝟐 ⟹ 𝒙𝒙 = 𝟐𝟐𝟐𝟐 ∉  [ −𝝅𝝅

𝟐𝟐  , 𝝅𝝅]

𝒌𝒌 = 𝟏𝟏 ⟹ 𝒙𝒙 = 𝝅𝝅 ∈  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]               ,   𝒌𝒌 = −𝟏𝟏 ⟹ 𝒙𝒙 = −𝝅𝝅 ∉  [ −𝝅𝝅

𝟐𝟐  , 𝝅𝝅] 

𝒌𝒌 = −𝟐𝟐 ⟹ 𝒙𝒙 = −𝟐𝟐𝟐𝟐 ∉  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]

∴

𝟐𝟐𝟐𝟐𝟑𝟑𝛑𝛑
𝟐𝟐𝝅𝝅𝛑𝛑

𝟐𝟐
−𝝅𝝅
𝟐𝟐𝝅𝝅−𝟑𝟑𝛑𝛑

𝟐𝟐−𝟐𝟐𝟐𝟐

𝑨𝑨 = |∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝟎𝟎

−𝝅𝝅
𝟐𝟐

𝒅𝒅𝒅𝒅| + | ∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅| = |[ − 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]−𝝅𝝅

𝟐𝟐
𝟎𝟎  | + | [− 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]𝟎𝟎

𝝅𝝅|

     = |[− 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎] − [− 𝐜𝐜𝐜𝐜𝐜𝐜 −𝝅𝝅
𝟐𝟐 ]| + |[− 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅] − [− 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎]|

    = |−𝟏𝟏 + 𝟎𝟎| + |𝟏𝟏 + 𝟏𝟏| = 𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐     

𝒔𝒔𝒔𝒔𝒔𝒔منحني ال ـ 

1 + 

1- 

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎 + 𝒌𝒌 𝝅𝝅    , 𝒌𝒌 ∈ 𝒁𝒁 

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐

𝒚𝒚 =  𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙[ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅] 

𝝅𝝅𝝅𝝅

55



 

 

∫ 𝒆𝒆𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙  𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟐𝟐

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒆𝒆 − 𝟏𝟏]

∫     𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   
𝟐𝟐+𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 𝒅𝒅𝒅𝒅

𝝅𝝅
𝟒𝟒

−𝝅𝝅
𝟒𝟒

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒍𝒍𝒍𝒍 𝟑𝟑]

∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒅𝒅𝒅𝒅
𝝅𝝅
𝟑𝟑

𝟎𝟎
[𝑨𝑨𝑨𝑨𝑨𝑨: − 𝒍𝒍𝒍𝒍    𝟏𝟏   

𝟐𝟐 = 𝒍𝒍𝒍𝒍 𝟐𝟐  ] 

∫ (𝟏𝟏 + 𝒆𝒆𝒙𝒙)𝟐𝟐𝒆𝒆𝒙𝒙 𝒅𝒅𝒅𝒅𝟏𝟏
𝟎𝟎

[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟏𝟏   
𝟑𝟑 ((𝟏𝟏 + 𝒆𝒆)𝟑𝟑 − 𝟖𝟖)  ]

∫ √ 𝒆𝒆𝟐𝟐𝟐𝟐−𝟒𝟒 𝒅𝒅𝒅𝒅 [
 

𝑨𝑨𝑨𝑨𝑨𝑨:   𝒆𝒆𝒙𝒙−𝟐𝟐 + 𝒄𝒄     ]

𝟏𝟏) ∫ 𝒆𝒆√𝒙𝒙 
𝟐𝟐√𝒙𝒙 𝒅𝒅𝒅𝒅 𝟒𝟒

𝟎𝟎    𝟐𝟐) ∫(𝐭𝐭𝐭𝐭𝐭𝐭 𝒙𝒙 − 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐𝒙𝒙) 𝒅𝒅𝒅𝒅  

𝟏𝟏) ∫ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐)𝒅𝒅𝒅𝒅 𝟎𝟎
𝟒𝟒    𝟐𝟐) ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐𝒙𝒙

𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 𝒅𝒅𝒅𝒅  

 أولًا : المساحة بين منحني ومحور السينات : 

𝒇𝒇(𝒙𝒙) = 𝟎𝟎
𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 = 𝟎𝟎  ⟹ 𝒙𝒙(𝒙𝒙𝟐𝟐 − 𝟑𝟑𝟑𝟑 + 𝟐𝟐) = 𝟎𝟎 ⟹ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏)(𝒙𝒙 − 𝟐𝟐) = 𝟎𝟎

𝒙𝒙 = 𝟎𝟎  , 𝒙𝒙 = 𝟏𝟏  , 𝒙𝒙 = 𝟐𝟐∴[𝟏𝟏 , 𝟐𝟐 ][ 𝟎𝟎 , 𝟏𝟏 ]

  𝑨𝑨 = |∫ (𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)
𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅| + |∫ (𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐)

𝟐𝟐

𝟏𝟏
𝒅𝒅𝒅𝒅|

       = | [ 𝒙𝒙𝟒𝟒

   𝟒𝟒     − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐]
𝟎𝟎

𝟏𝟏
| + | [ 𝒙𝒙𝟒𝟒

   𝟒𝟒    − 𝒙𝒙𝟑𝟑 + 𝒙𝒙𝟐𝟐]
𝟏𝟏

𝟐𝟐
|

      = |[ 𝟏𝟏
   𝟒𝟒   − 𝟏𝟏 + 𝟏𝟏] − [𝟎𝟎]| + |[𝟒𝟒 − 𝟖𝟖 + 𝟒𝟒] − [ 𝟏𝟏

   𝟒𝟒    − 𝟏𝟏 + 𝟏𝟏]|

      = 𝟏𝟏
   𝟒𝟒    + 𝟏𝟏

   𝟒𝟒    = 𝟐𝟐
   𝟒𝟒    = 𝟏𝟏

   𝟐𝟐       𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

𝒌𝒌 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎 ∈  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]                    ,   𝒌𝒌 = 𝟐𝟐 ⟹ 𝒙𝒙 = 𝟐𝟐𝟐𝟐 ∉  [ −𝝅𝝅

𝟐𝟐  , 𝝅𝝅]

𝒌𝒌 = 𝟏𝟏 ⟹ 𝒙𝒙 = 𝝅𝝅 ∈  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]               ,   𝒌𝒌 = −𝟏𝟏 ⟹ 𝒙𝒙 = −𝝅𝝅 ∉  [ −𝝅𝝅

𝟐𝟐  , 𝝅𝝅] 

𝒌𝒌 = −𝟐𝟐 ⟹ 𝒙𝒙 = −𝟐𝟐𝟐𝟐 ∉  [ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅]

∴

𝟐𝟐𝟐𝟐𝟑𝟑𝛑𝛑
𝟐𝟐𝝅𝝅𝛑𝛑

𝟐𝟐
−𝝅𝝅
𝟐𝟐𝝅𝝅−𝟑𝟑𝛑𝛑

𝟐𝟐−𝟐𝟐𝟐𝟐

𝑨𝑨 = |∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝟎𝟎

−𝝅𝝅
𝟐𝟐

𝒅𝒅𝒅𝒅| + | ∫ 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙
𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅| = |[ − 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]−𝝅𝝅

𝟐𝟐
𝟎𝟎  | + | [− 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]𝟎𝟎

𝝅𝝅|

     = |[− 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎] − [− 𝐜𝐜𝐜𝐜𝐜𝐜 −𝝅𝝅
𝟐𝟐 ]| + |[− 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅] − [− 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎]|

    = |−𝟏𝟏 + 𝟎𝟎| + |𝟏𝟏 + 𝟏𝟏| = 𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐     

𝒔𝒔𝒔𝒔𝒔𝒔منحني ال ـ 

1 + 

1- 

𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎 + 𝒌𝒌 𝝅𝝅    , 𝒌𝒌 ∈ 𝒁𝒁 

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟑𝟑𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐

𝒚𝒚 =  𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙[ −𝝅𝝅
𝟐𝟐  , 𝝅𝝅] 

𝝅𝝅𝝅𝝅

56



 

𝒏𝒏 = −𝟏𝟏 ⟹ 𝒙𝒙 = −𝝅𝝅
𝟐𝟐 ∈  [−𝝅𝝅 , 𝝅𝝅]                ,   𝒏𝒏 = −𝟐𝟐 ⟹ 𝒙𝒙 = −𝟑𝟑𝟑𝟑

𝟐𝟐 ∉  [−𝝅𝝅 , 𝝅𝝅]  

𝒏𝒏 = 𝟎𝟎 ⟹ 𝒙𝒙 =   𝝅𝝅  
𝟐𝟐 ∈  [−𝝅𝝅 , 𝝅𝝅]                  ,    𝒏𝒏 = 𝟏𝟏 ⟹ 𝒙𝒙 = 𝟑𝟑𝟑𝟑

𝟐𝟐 ∉  [−𝝅𝝅 , 𝝅𝝅] 
∴[−𝝅𝝅 , −𝝅𝝅  

𝟐𝟐 ] , [ −𝝅𝝅  
𝟐𝟐  ,   𝝅𝝅  

𝟐𝟐 ]  , [   𝝅𝝅  
𝟐𝟐  , 𝝅𝝅]

𝟐𝟐𝟐𝟐𝟑𝟑𝛑𝛑
𝟐𝟐𝝅𝝅𝛑𝛑

𝟐𝟐
−𝝅𝝅
𝟐𝟐𝝅𝝅−𝟑𝟑𝛑𝛑

𝟐𝟐−𝟐𝟐𝟐𝟐

𝑨𝑨 = | ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙−𝝅𝝅
𝟐𝟐

−𝝅𝝅 𝒅𝒅𝒅𝒅| + | ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙
𝝅𝝅
𝟐𝟐

−𝝅𝝅
𝟐𝟐

𝒅𝒅𝒅𝒅| + | ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝝅𝝅
𝝅𝝅
𝟐𝟐

𝒅𝒅𝒅𝒅| 

  = |[ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙]−𝝅𝝅

−𝝅𝝅
𝟐𝟐  | + | [𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙]−𝝅𝝅

𝟐𝟐

𝝅𝝅
𝟐𝟐 | +  |[ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙]𝝅𝝅

𝟐𝟐

𝝅𝝅 | 

     = |𝒔𝒔𝒔𝒔𝒔𝒔(−𝝅𝝅
𝟐𝟐 ) − 𝒔𝒔𝒔𝒔𝒔𝒔(−𝝅𝝅)| + |𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅

𝟐𝟐 − 𝒔𝒔𝒔𝒔𝒔𝒔(−𝝅𝝅
𝟐𝟐 )| + | 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝝅𝝅

𝟐𝟐 |
     = |−𝟏𝟏 + 𝟎𝟎| + |𝟏𝟏 + 𝟏𝟏| + |𝟎𝟎 − 𝟏𝟏| = 𝟒𝟒

 ثانياً : مساحة المنطقة المحددة بمنحنيين:

𝒇𝒇(𝒙𝒙) = √𝒙𝒙 − 𝒙𝒙 ⟹  √𝒙𝒙 − 𝒙𝒙 = 𝟎𝟎 ⟹  √𝒙𝒙 = 𝒙𝒙             
𝒙𝒙𝟐𝟐 − 𝒙𝒙 = 𝟎𝟎 ⟹ 𝒙𝒙(𝒙𝒙 − 𝟏𝟏) = 𝟎𝟎

∴[𝟎𝟎 , 𝟏𝟏]𝒙𝒙 = 𝟎𝟎  , 𝒙𝒙 = 𝟏𝟏

𝑨𝑨 = |∫ (√𝒙𝒙 − 𝒙𝒙)𝟏𝟏
𝟎𝟎 𝒅𝒅𝒅𝒅| = |∫ (𝒙𝒙

𝟏𝟏
𝟐𝟐 − 𝒙𝒙)𝟏𝟏

𝟎𝟎 𝒅𝒅𝒅𝒅|

    = |[    𝒙𝒙
  𝟑𝟑  
𝟐𝟐

  𝟑𝟑  
𝟐𝟐

− 𝒙𝒙𝟐𝟐

   𝟐𝟐    ]
𝟎𝟎

𝟏𝟏

| = |[   𝟐𝟐   
𝟑𝟑 𝒙𝒙

   𝟑𝟑  
𝟐𝟐 −     𝒙𝒙𝟐𝟐  

𝟐𝟐 ]
𝟎𝟎

𝟏𝟏
|

    = |[  𝟐𝟐  
𝟑𝟑 (𝟏𝟏)

𝟑𝟑
𝟐𝟐 −   𝟏𝟏   

𝟐𝟐 ] − [   𝟐𝟐   
𝟑𝟑 (𝟎𝟎)

  𝟑𝟑   
𝟐𝟐 − 𝟎𝟎]|

= |   𝟐𝟐  
𝟑𝟑 −   𝟏𝟏  

𝟐𝟐 | = |  𝟒𝟒−𝟑𝟑  
𝟔𝟔 | =   𝟏𝟏  

𝟔𝟔     

𝒚𝒚 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙  ⟹  𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 − 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 = 𝟎𝟎 ⟹  𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙  ⟹  𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 = 𝟏𝟏 

∴   𝒙𝒙 = 𝛑𝛑
𝟒𝟒 ∈ [ −𝝅𝝅  

𝟐𝟐  ,  𝝅𝝅  
𝟐𝟐  ]   ,   𝒙𝒙 = 𝟓𝟓𝟓𝟓  

𝟒𝟒 ∉ [ −𝝅𝝅  
𝟐𝟐  ,  𝝅𝝅  

𝟐𝟐 ]       𝒕𝒕𝒕𝒕𝒕𝒕 +

 𝑨𝑨 = |∫ (𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙)𝒅𝒅𝒅𝒅
𝛑𝛑
𝟒𝟒

−𝝅𝝅
𝟐𝟐

| + |∫ (𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 − 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙)
𝝅𝝅
𝟐𝟐

𝛑𝛑
𝟒𝟒

𝒅𝒅𝒅𝒅|

      = |[𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]−𝝅𝝅
𝟐𝟐

𝛑𝛑
𝟒𝟒 | + |[𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙]𝛑𝛑

𝟒𝟒

𝝅𝝅
𝟐𝟐|                             

= |[𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅 
𝟒𝟒 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅

𝟒𝟒] − [𝐬𝐬𝐬𝐬𝐬𝐬 −𝝅𝝅
𝟐𝟐 + 𝐜𝐜𝐜𝐜𝐜𝐜 −𝝅𝝅

𝟐𝟐 ]| + |[𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅
𝟐𝟐 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅

𝟐𝟐] − [𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅
𝟒𝟒 + 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅

𝟒𝟒]|

𝐬𝐬𝐬𝐬𝐬𝐬(−𝜽𝜽) = − 𝐬𝐬𝐬𝐬𝐬𝐬 𝜽𝜽 
𝐜𝐜𝐜𝐜𝐜𝐜(−𝜽𝜽) = 𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽 

𝒄𝒄𝒄𝒄𝒄𝒄منحني ال ـ 

𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 = 𝟎𝟎 ⟹ 𝒙𝒙 =   𝝅𝝅   
𝟐𝟐 + 𝒏𝒏𝒏𝒏    , 𝒏𝒏 ∈ 𝒁𝒁 

𝒚𝒚 =  𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙[ −𝝅𝝅 , 𝝅𝝅]
 

𝒚𝒚 =  √𝒙𝒙𝒚𝒚 = 𝒙𝒙
 

𝒇𝒇(𝒙𝒙) =  𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙𝒈𝒈(𝒙𝒙) = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙[ −   𝝅𝝅  
𝟐𝟐  ,   𝝅𝝅  

𝟐𝟐 ]
 

 

      = |[ 𝟏𝟏
√𝟐𝟐

+ 𝟏𝟏
√𝟐𝟐

] − [−𝟏𝟏 + 𝟎𝟎]| + |[𝟏𝟏 + 𝟎𝟎] − [ 𝟏𝟏
√𝟐𝟐

+ 𝟏𝟏
√𝟐𝟐

]|

      = | 𝟐𝟐
√𝟐𝟐

+ 𝟏𝟏| + |𝟏𝟏 − 𝟐𝟐
√𝟐𝟐

| = |√𝟐𝟐 + 𝟏𝟏| + |𝟏𝟏 − √𝟐𝟐|

= √𝟐𝟐 + 𝟏𝟏 + √𝟐𝟐 − 𝟏𝟏 = 𝟐𝟐√𝟐𝟐

𝒇𝒇(𝒙𝒙) = 𝟎𝟎 𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐 = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐(𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒙𝒙𝟐𝟐 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎    𝒐𝒐𝒐𝒐   𝒙𝒙𝟐𝟐 − 𝟏𝟏 = 𝟎𝟎  ⟹   𝒙𝒙𝟐𝟐 = 𝟏𝟏 ⟹ 𝒙𝒙 = ∓𝟏𝟏

∴[ 𝟎𝟎 , 𝟏𝟏 ][ −𝟏𝟏 , 𝟎𝟎 ]
                    𝑨𝑨 = 𝑨𝑨𝟏𝟏 + 𝑨𝑨𝟐𝟐

   𝑨𝑨 = |∫ (𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐)
𝟎𝟎

−𝟏𝟏
𝒅𝒅𝒅𝒅| + |∫ (𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐)

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅| = | [  𝒙𝒙𝟓𝟓

𝟓𝟓 −   𝒙𝒙𝟑𝟑

𝟑𝟑 ]
−𝟏𝟏

𝟎𝟎
| + | [  𝒙𝒙𝟓𝟓

𝟓𝟓 −   𝒙𝒙𝟑𝟑

𝟑𝟑 ]
𝟎𝟎

𝟏𝟏
|

        = |(𝟎𝟎) − (−𝟏𝟏  
𝟓𝟓 +   𝟏𝟏  

𝟑𝟑 )| + |(  𝟏𝟏  
𝟓𝟓  −   𝟏𝟏  

𝟑𝟑  ) − (𝟎𝟎)| = |  𝟏𝟏  
𝟓𝟓 −   𝟏𝟏  

𝟑𝟑 | + |  𝟏𝟏  
𝟓𝟓 −   𝟏𝟏  

𝟑𝟑 |

        = |  𝟑𝟑 − 𝟓𝟓  
𝟏𝟏𝟏𝟏 | + |   𝟑𝟑 − 𝟓𝟓  

𝟏𝟏𝟏𝟏 | = |  −𝟐𝟐    
𝟏𝟏𝟏𝟏 | + |−𝟐𝟐    

𝟏𝟏𝟏𝟏 | =    𝟐𝟐   
𝟏𝟏𝟏𝟏 +    𝟐𝟐   

𝟏𝟏𝟏𝟏 =    𝟒𝟒   
𝟏𝟏𝟏𝟏    𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

𝒚𝒚 =  𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏  ⟹    𝒚𝒚 = 𝟐𝟐 (  𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) − 𝟏𝟏 ⟹    𝒚𝒚 = 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝟏𝟏 
⟹ ∴   𝒚𝒚 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐

 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 = 𝟎𝟎 ⟹ 𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐 + 𝒌𝒌𝒌𝒌    , 𝒌𝒌 ∈ 𝒁𝒁     

𝒊𝒊𝒊𝒊    𝒌𝒌 = 𝟎𝟎 ⟹ 𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐              ⟹        𝒙𝒙 =   𝝅𝝅   

𝟒𝟒 ∈ [𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ]      

 𝒊𝒊𝒊𝒊    𝒌𝒌 = 𝟏𝟏  ⟹  𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐 + 𝝅𝝅   ⟹    𝒙𝒙 =    𝟑𝟑𝟑𝟑  

𝟒𝟒 ∉ [𝟎𝟎 ,   𝝅𝝅   
𝟐𝟐 ]   

[ 𝟎𝟎 ,   𝝅𝝅   
𝟒𝟒   ]  , [  𝝅𝝅   

𝟒𝟒  ,   𝝅𝝅   
𝟐𝟐   ]       ∴   

                    𝑨𝑨 = 𝑨𝑨𝟏𝟏 + 𝑨𝑨𝟐𝟐

𝑨𝑨 = | ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙
𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅| + | ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙

𝝅𝝅
𝟐𝟐

𝝅𝝅
𝟒𝟒

𝒅𝒅𝒅𝒅| = |[ 𝟏𝟏𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙]
𝟎𝟎

𝝅𝝅
𝟒𝟒

 | + | [𝟏𝟏
𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙]𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟐𝟐

 |

    =   𝟏𝟏  
𝟐𝟐 |(𝐬𝐬𝐬𝐬𝐬𝐬   𝝅𝝅  

𝟐𝟐 ) − (𝐬𝐬𝐬𝐬𝐬𝐬 𝟎𝟎)| +   𝟏𝟏  
𝟐𝟐 |(𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅) − (𝐬𝐬𝐬𝐬𝐬𝐬   𝝅𝝅  

𝟐𝟐 )|

    =   𝟏𝟏  
𝟐𝟐 | 𝟏𝟏 − 𝟎𝟎 | +   𝟏𝟏  

𝟐𝟐 |𝟎𝟎 − 𝟏𝟏| =   𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 = 𝟏𝟏  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐 

 𝒚𝒚 = √𝒙𝒙 𝒚𝒚 = 𝒙𝒙

   𝒚𝒚 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   ,   𝒚𝒚 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 [𝟎𝟎 , 𝝅𝝅
𝟐𝟐][𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏 −    𝝅𝝅   

𝟒𝟒 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒚𝒚 = 𝒙𝒙𝟒𝟒 − 𝟖𝟖    ,   𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 [𝑨𝑨𝑨𝑨𝑨𝑨:     𝟒𝟒𝟒𝟒𝟒𝟒   
𝟏𝟏𝟏𝟏 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 − 𝟏𝟏)𝟑𝟑[−𝟏𝟏 , 𝟑𝟑]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟗𝟗𝟗𝟗[−𝟑𝟑 , 𝟑𝟑]
[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟖𝟖𝟖𝟖  

𝟐𝟐 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒚𝒚 = 𝒙𝒙𝟐𝟐    ,   𝒚𝒚 = 𝒙𝒙𝟒𝟒 − 𝟏𝟏𝟏𝟏

𝒇𝒇(𝒙𝒙) = 𝟏𝟏 − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
[𝟎𝟎 ,     𝝅𝝅    

𝟐𝟐 ]
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐  ]

  𝒇𝒇(𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑 [𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ][𝑨𝑨𝑨𝑨𝑨𝑨:       𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒄𝒄𝒄𝒄𝒄𝒄 𝒂𝒂𝒂𝒂 = 𝟎𝟎 ⟹ 𝒂𝒂𝒂𝒂 =   𝝅𝝅   
𝟐𝟐 + 𝒌𝒌𝒌𝒌    , 𝒌𝒌 ∈ 𝒁𝒁 

𝒇𝒇(𝒙𝒙) =  𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐

 

𝒚𝒚 =  𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 − 𝟏𝟏[ 𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ]
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      = |[ 𝟏𝟏
√𝟐𝟐

+ 𝟏𝟏
√𝟐𝟐

] − [−𝟏𝟏 + 𝟎𝟎]| + |[𝟏𝟏 + 𝟎𝟎] − [ 𝟏𝟏
√𝟐𝟐

+ 𝟏𝟏
√𝟐𝟐

]|

      = | 𝟐𝟐
√𝟐𝟐

+ 𝟏𝟏| + |𝟏𝟏 − 𝟐𝟐
√𝟐𝟐

| = |√𝟐𝟐 + 𝟏𝟏| + |𝟏𝟏 − √𝟐𝟐|

= √𝟐𝟐 + 𝟏𝟏 + √𝟐𝟐 − 𝟏𝟏 = 𝟐𝟐√𝟐𝟐

𝒇𝒇(𝒙𝒙) = 𝟎𝟎 𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐 = 𝟎𝟎    ⟹     𝒙𝒙𝟐𝟐(𝒙𝒙𝟐𝟐 − 𝟏𝟏) = 𝟎𝟎
𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆   𝒙𝒙𝟐𝟐 = 𝟎𝟎 ⟹ 𝒙𝒙 = 𝟎𝟎    𝒐𝒐𝒐𝒐   𝒙𝒙𝟐𝟐 − 𝟏𝟏 = 𝟎𝟎  ⟹   𝒙𝒙𝟐𝟐 = 𝟏𝟏 ⟹ 𝒙𝒙 = ∓𝟏𝟏

∴[ 𝟎𝟎 , 𝟏𝟏 ][ −𝟏𝟏 , 𝟎𝟎 ]
                    𝑨𝑨 = 𝑨𝑨𝟏𝟏 + 𝑨𝑨𝟐𝟐

   𝑨𝑨 = |∫ (𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐)
𝟎𝟎

−𝟏𝟏
𝒅𝒅𝒅𝒅| + |∫ (𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐)

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅| = | [  𝒙𝒙𝟓𝟓

𝟓𝟓 −   𝒙𝒙𝟑𝟑

𝟑𝟑 ]
−𝟏𝟏

𝟎𝟎
| + | [  𝒙𝒙𝟓𝟓

𝟓𝟓 −   𝒙𝒙𝟑𝟑

𝟑𝟑 ]
𝟎𝟎

𝟏𝟏
|

        = |(𝟎𝟎) − (−𝟏𝟏  
𝟓𝟓 +   𝟏𝟏  

𝟑𝟑 )| + |(  𝟏𝟏  
𝟓𝟓  −   𝟏𝟏  

𝟑𝟑  ) − (𝟎𝟎)| = |  𝟏𝟏  
𝟓𝟓 −   𝟏𝟏  

𝟑𝟑 | + |  𝟏𝟏  
𝟓𝟓 −   𝟏𝟏  

𝟑𝟑 |

        = |  𝟑𝟑 − 𝟓𝟓  
𝟏𝟏𝟏𝟏 | + |   𝟑𝟑 − 𝟓𝟓  

𝟏𝟏𝟏𝟏 | = |  −𝟐𝟐    
𝟏𝟏𝟏𝟏 | + |−𝟐𝟐    

𝟏𝟏𝟏𝟏 | =    𝟐𝟐   
𝟏𝟏𝟏𝟏 +    𝟐𝟐   

𝟏𝟏𝟏𝟏 =    𝟒𝟒   
𝟏𝟏𝟏𝟏    𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐

𝒚𝒚 =  𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏  ⟹    𝒚𝒚 = 𝟐𝟐 (  𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐) − 𝟏𝟏 ⟹    𝒚𝒚 = 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 − 𝟏𝟏 
⟹ ∴   𝒚𝒚 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐

 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 = 𝟎𝟎 ⟹ 𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐 + 𝒌𝒌𝒌𝒌    , 𝒌𝒌 ∈ 𝒁𝒁     

𝒊𝒊𝒊𝒊    𝒌𝒌 = 𝟎𝟎 ⟹ 𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐              ⟹        𝒙𝒙 =   𝝅𝝅   

𝟒𝟒 ∈ [𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ]      

 𝒊𝒊𝒊𝒊    𝒌𝒌 = 𝟏𝟏  ⟹  𝟐𝟐𝟐𝟐 =   𝝅𝝅   
𝟐𝟐 + 𝝅𝝅   ⟹    𝒙𝒙 =    𝟑𝟑𝟑𝟑  

𝟒𝟒 ∉ [𝟎𝟎 ,   𝝅𝝅   
𝟐𝟐 ]   

[ 𝟎𝟎 ,   𝝅𝝅   
𝟒𝟒   ]  , [  𝝅𝝅   

𝟒𝟒  ,   𝝅𝝅   
𝟐𝟐   ]       ∴   

                    𝑨𝑨 = 𝑨𝑨𝟏𝟏 + 𝑨𝑨𝟐𝟐

𝑨𝑨 = | ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙
𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅| + | ∫ 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙

𝝅𝝅
𝟐𝟐

𝝅𝝅
𝟒𝟒

𝒅𝒅𝒅𝒅| = |[ 𝟏𝟏𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙]
𝟎𝟎

𝝅𝝅
𝟒𝟒

 | + | [𝟏𝟏
𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙]𝝅𝝅

𝟒𝟒

𝝅𝝅
𝟐𝟐

 |

    =   𝟏𝟏  
𝟐𝟐 |(𝐬𝐬𝐬𝐬𝐬𝐬   𝝅𝝅  

𝟐𝟐 ) − (𝐬𝐬𝐬𝐬𝐬𝐬 𝟎𝟎)| +   𝟏𝟏  
𝟐𝟐 |(𝐬𝐬𝐬𝐬𝐬𝐬 𝝅𝝅) − (𝐬𝐬𝐬𝐬𝐬𝐬   𝝅𝝅  

𝟐𝟐 )|

    =   𝟏𝟏  
𝟐𝟐 | 𝟏𝟏 − 𝟎𝟎 | +   𝟏𝟏  

𝟐𝟐 |𝟎𝟎 − 𝟏𝟏| =   𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 = 𝟏𝟏  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐 

 𝒚𝒚 = √𝒙𝒙 𝒚𝒚 = 𝒙𝒙

   𝒚𝒚 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙   ,   𝒚𝒚 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 [𝟎𝟎 , 𝝅𝝅
𝟐𝟐][𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏 −    𝝅𝝅   

𝟒𝟒 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒚𝒚 = 𝒙𝒙𝟒𝟒 − 𝟖𝟖    ,   𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 [𝑨𝑨𝑨𝑨𝑨𝑨:     𝟒𝟒𝟒𝟒𝟒𝟒   
𝟏𝟏𝟏𝟏 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒇𝒇(𝒙𝒙) = (𝒙𝒙 − 𝟏𝟏)𝟑𝟑[−𝟏𝟏 , 𝟑𝟑]

𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝟗𝟗𝟗𝟗[−𝟑𝟑 , 𝟑𝟑]
[𝑨𝑨𝑨𝑨𝑨𝑨:     𝟖𝟖𝟖𝟖  

𝟐𝟐 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒚𝒚 = 𝒙𝒙𝟐𝟐    ,   𝒚𝒚 = 𝒙𝒙𝟒𝟒 − 𝟏𝟏𝟏𝟏

𝒇𝒇(𝒙𝒙) = 𝟏𝟏 − 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙
[𝟎𝟎 ,     𝝅𝝅    

𝟐𝟐 ]
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐  ]

  𝒇𝒇(𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑 [𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ][𝑨𝑨𝑨𝑨𝑨𝑨:       𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]

𝒄𝒄𝒄𝒄𝒄𝒄 𝒂𝒂𝒂𝒂 = 𝟎𝟎 ⟹ 𝒂𝒂𝒂𝒂 =   𝝅𝝅   
𝟐𝟐 + 𝒌𝒌𝒌𝒌    , 𝒌𝒌 ∈ 𝒁𝒁 

𝒇𝒇(𝒙𝒙) =  𝒙𝒙𝟒𝟒 − 𝒙𝒙𝟐𝟐

 

𝒚𝒚 =  𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙 − 𝟏𝟏[ 𝟎𝟎 ,   𝝅𝝅  
𝟐𝟐 ]
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   𝒇𝒇(𝒙𝒙) = 𝒙𝒙𝟑𝟑 − 𝒙𝒙    
𝒙𝒙 = −𝟏𝟏    ,    𝒙𝒙 =  𝟏𝟏

[𝑨𝑨𝑨𝑨𝑨𝑨:    𝟏𝟏  
 𝟐𝟐     𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟐𝟐]  

𝒇𝒇(𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 , 𝒈𝒈(𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙  
[  − 𝝅𝝅   

𝟐𝟐  ,     𝝅𝝅    
𝟐𝟐 ]

𝒇𝒇(𝒙𝒙) = √𝟐𝟐𝟐𝟐 − 𝟏𝟏 𝒈𝒈(𝒙𝒙) = 𝒙𝒙[𝟏𝟏 , 𝟓𝟓]

𝒚𝒚 = 𝒙𝒙  , 𝒚𝒚 = 𝒙𝒙𝟑𝟑

 𝒚𝒚 = √𝒙𝒙 − 𝟏𝟏 𝒚𝒚 = 𝟏𝟏
  𝟐𝟐  𝒙𝒙

[𝟐𝟐 , 𝟓𝟓]

𝑺𝑺(𝒕𝒕)                                     𝒗𝒗( 𝒕𝒕)                                      𝒂𝒂(𝒕𝒕)

• 𝒗𝒗( 𝒕𝒕)[ 𝒕𝒕𝟏𝟏 , 𝒕𝒕𝟐𝟐 ] 

𝒅𝒅 = |∫ 𝒗𝒗( 𝒕𝒕) 
𝒕𝒕𝟐𝟐

𝒕𝒕𝟏𝟏
𝒅𝒅𝒅𝒅|       ,      𝑺𝑺 = ∫ 𝒗𝒗( 𝒕𝒕) 

𝒕𝒕𝟐𝟐

𝒕𝒕𝟏𝟏
𝒅𝒅𝒅𝒅      ,     𝒗𝒗 = ∫ 𝒂𝒂( 𝒕𝒕) 𝒅𝒅𝒅𝒅   

• 𝒅𝒅𝑺𝑺𝒗𝒗𝒂𝒂

[ 𝒕𝒕𝟏𝟏 , 𝒕𝒕𝟐𝟐 ]
• 𝒗𝒗(𝒕𝒕) = 𝟎𝟎
• 

• 𝒅𝒅 = |∫ 𝒗𝒗( 𝒕𝒕) 𝒕𝒕𝟐𝟐
𝒕𝒕𝟏𝟏

𝒅𝒅𝒅𝒅|
• 

[ 𝒕𝒕𝟏𝟏 , 𝒕𝒕𝟐𝟐 ][ 𝒕𝒕𝟏𝟏 , 𝒕𝒕𝟐𝟐 ]

(𝟏𝟏𝒕𝒕
𝟐𝟐𝟐𝟐 − 𝟒𝟒 = 𝟎𝟎   ⟹     𝟐𝟐𝟐𝟐 = 𝟒𝟒   ⟹     𝒕𝒕 = 𝟐𝟐 ∈ [𝟏𝟏 , 𝟑𝟑]     ⟹ [𝟏𝟏 , 𝟐𝟐], [𝟐𝟐 , 𝟑𝟑]

    ∴ 𝐝𝐝 = |∫ (𝟐𝟐𝟐𝟐 − 𝟒𝟒)𝒅𝒅𝒅𝒅
𝟐𝟐

𝟏𝟏
| + |∫ (𝟐𝟐𝟐𝟐 − 𝟒𝟒)

𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅| = |[𝒕𝒕𝟐𝟐 − 𝟒𝟒𝟒𝟒]𝟏𝟏

𝟐𝟐| + |[𝒕𝒕𝟐𝟐 − 𝟒𝟒𝟒𝟒]𝟐𝟐
𝟑𝟑|

           = |[𝟒𝟒 − 𝟖𝟖] − [𝟏𝟏 − 𝟒𝟒]| + |[𝟗𝟗 − 𝟏𝟏𝟏𝟏] − [𝟒𝟒 − 𝟖𝟖]|
           = |−𝟒𝟒 + 𝟑𝟑| + |−𝟑𝟑 + 𝟒𝟒| = 𝟏𝟏 + 𝟏𝟏 = 𝟐𝟐𝟐𝟐

𝟐𝟐) 𝑺𝑺 = ∫ (𝟐𝟐𝟐𝟐 − 𝟒𝟒)
𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅 = [𝒕𝒕𝟐𝟐 − 𝟒𝟒𝟒𝟒]𝟏𝟏

𝟑𝟑 = [𝟗𝟗 − 𝟏𝟏𝟏𝟏] − [𝟏𝟏 − 𝟒𝟒] = −𝟑𝟑 + 𝟑𝟑 = 𝟎𝟎               
[𝟒𝟒 , 𝟓𝟓]

𝟑𝟑)  𝐝𝐝 = |∫ (𝟐𝟐𝟐𝟐 − 𝟒𝟒)
𝟓𝟓

𝟒𝟒
𝒅𝒅𝒅𝒅| = |[𝒕𝒕𝟐𝟐 − 𝟒𝟒𝟒𝟒]𝟒𝟒

𝟓𝟓| = |[𝟐𝟐𝟐𝟐 − 𝟐𝟐𝟐𝟐] − [𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏]| = 𝟓𝟓𝟓𝟓           
[𝟎𝟎 , 𝟒𝟒]

𝟒𝟒)  𝑺𝑺 = ∫ (𝟐𝟐𝟐𝟐 − 𝟒𝟒)
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 = [𝒕𝒕𝟐𝟐 − 𝟒𝟒𝟒𝟒]𝟎𝟎

𝟒𝟒 = [𝟏𝟏𝟏𝟏 − 𝟏𝟏𝟏𝟏] − [𝟎𝟎] = 𝟎𝟎                                   

 

𝒂𝒂( 𝒕𝒕)𝒄𝒄

𝑽𝑽(𝒕𝒕) = 𝟐𝟐𝟐𝟐 − 𝟒𝟒
(𝟏𝟏)[ 𝟏𝟏 , 𝟑𝟑 ]
(𝟑𝟑)
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𝒂𝒂𝒃𝒃

𝒂𝒂) 𝒗𝒗 = ∫ 𝒂𝒂(𝒕𝒕) 𝒅𝒅𝒅𝒅 = ∫ 𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅         ⟹ 𝒗𝒗 = 𝟏𝟏𝟏𝟏𝒕𝒕 + 𝒄𝒄          ⟹      𝒗𝒗 = 𝟖𝟖𝟖𝟖   ,    𝒕𝒕 = 𝟒𝟒  
     𝟖𝟖𝟖𝟖 = 𝟏𝟏𝟏𝟏(𝟒𝟒) + 𝒄𝒄     ⟹    𝟖𝟖𝟖𝟖 = 𝟕𝟕𝟕𝟕 + 𝒄𝒄    ⟹     𝒄𝒄 = 𝟏𝟏𝟏𝟏
                                                       ∴  𝒗𝒗 = 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏    

     ∴ 𝐝𝐝 = |∫ (𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅| = |𝟗𝟗𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏|𝟐𝟐

𝟑𝟑             
                       = |[𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑] − [𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐]| = |𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟓𝟓𝟓𝟓| = 𝟓𝟓𝟓𝟓𝟓𝟓

 𝒃𝒃) 𝑺𝑺 = ∫ (𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅 = [𝟗𝟗𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏]𝟎𝟎

𝟑𝟑   = [𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑] − [𝟎𝟎] = 𝟏𝟏𝟏𝟏𝟏𝟏 𝒎𝒎 

(𝒂𝒂)      𝒗𝒗(𝒕𝒕) = ∫(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏) 𝒅𝒅𝒅𝒅 ⟹       𝒗𝒗(𝒕𝒕) = 𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒄𝒄     
           ∴   𝟗𝟗𝟗𝟗 = 𝟐𝟐(𝟏𝟏𝟏𝟏) + 𝟏𝟏𝟏𝟏(𝟒𝟒) + 𝑪𝑪     ⟹    𝟗𝟗𝟗𝟗 = 𝟑𝟑𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝒄𝒄   
           𝑪𝑪 = 𝟗𝟗𝟗𝟗 − 𝟖𝟖𝟖𝟖         ⟹           𝒄𝒄 = 𝟏𝟏𝟏𝟏  
            ∴ 𝒗𝒗(𝒕𝒕) = 𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏                 
            ∴  𝒗𝒗(𝟐𝟐) = 𝟐𝟐(𝟒𝟒) + 𝟏𝟏𝟏𝟏(𝟐𝟐) + 𝟏𝟏𝟏𝟏 = 𝟖𝟖 + 𝟐𝟐𝟐𝟐 + 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 𝒎𝒎/𝒔𝒔

(𝒃𝒃)     𝒅𝒅 = |∫ (𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟐𝟐

𝟏𝟏
𝒅𝒅𝒅𝒅| = |[  𝟐𝟐  

 𝟑𝟑  𝒕𝒕𝟑𝟑 + 𝟔𝟔𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 ]
𝟏𝟏

𝟐𝟐
|

               = |(   𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐) − (   𝟐𝟐   

𝟑𝟑 + 𝟔𝟔 + 𝟏𝟏𝟏𝟏)| = |  𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟒𝟒𝟒𝟒 −    𝟐𝟐   

𝟑𝟑 − 𝟏𝟏𝟏𝟏|   = |  𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟐𝟐𝟐𝟐| =   𝟗𝟗𝟗𝟗  

𝟑𝟑  𝒎𝒎

(𝒄𝒄)  𝑺𝑺 = ∫ (𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟏𝟏𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = [  𝟐𝟐  

 𝟑𝟑  𝒕𝒕𝟑𝟑 + 𝟔𝟔𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 ]
𝟎𝟎

𝟏𝟏𝟏𝟏

           = [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐
𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔 + 𝟏𝟏𝟏𝟏𝟏𝟏] − [𝟎𝟎] = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐

𝟑𝟑 + 𝟕𝟕𝟕𝟕𝟕𝟕 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐
𝟑𝟑 = 𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒

𝟑𝟑  𝒎𝒎

𝑽𝑽(𝒕𝒕) = (𝟑𝟑𝒕𝒕𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟑𝟑) 𝒎𝒎/𝒎𝒎𝒎𝒎𝒎𝒎 

(𝟏𝟏)[𝟐𝟐 , 𝟒𝟒](𝟐𝟐)𝟓𝟓
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏)  𝒅𝒅 = 𝟐𝟐𝟐𝟐 𝒎𝒎   

   𝟐𝟐)  𝑺𝑺 = 𝟔𝟔𝟔𝟔 𝒎𝒎    ]

(𝒕𝒕)

𝑽𝑽(𝒕𝒕) = (𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟔𝟔𝒕𝒕𝟐𝟐) 𝒎𝒎/𝒔𝒔 
[ 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒔𝒔  
 𝟐𝟐)𝒂𝒂(𝟐𝟐𝟐𝟐) = −𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐/𝒔𝒔𝟐𝟐 ]

[𝟏𝟏𝟏𝟏  𝒎𝒎/𝒔𝒔𝟐𝟐 ]𝟐𝟐
𝟐𝟐𝟐𝟐 𝒎𝒎/𝒔𝒔(𝟏𝟏(𝟐𝟐

𝟒𝟒
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒅𝒅 = 𝟒𝟒𝟒𝟒

      𝑺𝑺 = 𝟗𝟗𝟗𝟗 ]

(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏)  𝒎𝒎/𝒔𝒔𝟐𝟐

𝟒𝟒𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔

(𝟏𝟏(𝟐𝟐[𝟏𝟏 , 𝟐𝟐]

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒅𝒅 =   𝟗𝟗𝟗𝟗   
𝟑𝟑 𝒎𝒎]

[𝟏𝟏𝟏𝟏  𝒎𝒎/𝒔𝒔𝟐𝟐 ]
𝟖𝟖𝟖𝟖 𝒎𝒎/𝒔𝒔(𝟏𝟏)(𝟐𝟐)

(𝟏𝟏𝟏𝟏)
(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏)  𝒎𝒎/𝒔𝒔𝟐𝟐(𝟒𝟒)

𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔(𝟏𝟏)(𝟐𝟐)𝟏𝟏𝟏𝟏
[𝟏𝟏 , 𝟐𝟐]

𝑽𝑽(𝒕𝒕) = (𝟐𝟐𝟐𝟐 − 𝟒𝟒) 𝒎𝒎/𝒔𝒔 
(𝟏𝟏)[𝟏𝟏 , 𝟔𝟔]
(𝟐𝟐)𝟒𝟒

(𝟏𝟏𝟏𝟏)𝒎𝒎/𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝟖𝟖𝟖𝟖𝟖𝟖/𝒔𝒔  (𝟒𝟒)
 

(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏) 𝒎𝒎/𝒔𝒔𝟐𝟐(𝟒𝟒)𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔
(𝒂𝒂)𝒕𝒕 = 𝟐𝟐(𝒃𝒃)[ 𝟏𝟏 , 𝟐𝟐 ](𝒄𝒄)(𝟏𝟏𝟏𝟏)
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𝒂𝒂) 𝒗𝒗 = ∫ 𝒂𝒂(𝒕𝒕) 𝒅𝒅𝒅𝒅 = ∫ 𝟏𝟏𝟏𝟏 𝒅𝒅𝒅𝒅         ⟹ 𝒗𝒗 = 𝟏𝟏𝟏𝟏𝒕𝒕 + 𝒄𝒄          ⟹      𝒗𝒗 = 𝟖𝟖𝟖𝟖   ,    𝒕𝒕 = 𝟒𝟒  
     𝟖𝟖𝟖𝟖 = 𝟏𝟏𝟏𝟏(𝟒𝟒) + 𝒄𝒄     ⟹    𝟖𝟖𝟖𝟖 = 𝟕𝟕𝟕𝟕 + 𝒄𝒄    ⟹     𝒄𝒄 = 𝟏𝟏𝟏𝟏
                                                       ∴  𝒗𝒗 = 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏    

     ∴ 𝐝𝐝 = |∫ (𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟑𝟑

𝟐𝟐
𝒅𝒅𝒅𝒅| = |𝟗𝟗𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏|𝟐𝟐

𝟑𝟑             
                       = |[𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑] − [𝟑𝟑𝟑𝟑 + 𝟐𝟐𝟐𝟐]| = |𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟓𝟓𝟓𝟓| = 𝟓𝟓𝟓𝟓𝟓𝟓

 𝒃𝒃) 𝑺𝑺 = ∫ (𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅 = [𝟗𝟗𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏]𝟎𝟎

𝟑𝟑   = [𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑] − [𝟎𝟎] = 𝟏𝟏𝟏𝟏𝟏𝟏 𝒎𝒎 

(𝒂𝒂)      𝒗𝒗(𝒕𝒕) = ∫(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏) 𝒅𝒅𝒅𝒅 ⟹       𝒗𝒗(𝒕𝒕) = 𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝒄𝒄     
           ∴   𝟗𝟗𝟗𝟗 = 𝟐𝟐(𝟏𝟏𝟏𝟏) + 𝟏𝟏𝟏𝟏(𝟒𝟒) + 𝑪𝑪     ⟹    𝟗𝟗𝟗𝟗 = 𝟑𝟑𝟑𝟑 + 𝟒𝟒𝟒𝟒 + 𝒄𝒄   
           𝑪𝑪 = 𝟗𝟗𝟗𝟗 − 𝟖𝟖𝟖𝟖         ⟹           𝒄𝒄 = 𝟏𝟏𝟏𝟏  
            ∴ 𝒗𝒗(𝒕𝒕) = 𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏                 
            ∴  𝒗𝒗(𝟐𝟐) = 𝟐𝟐(𝟒𝟒) + 𝟏𝟏𝟏𝟏(𝟐𝟐) + 𝟏𝟏𝟏𝟏 = 𝟖𝟖 + 𝟐𝟐𝟐𝟐 + 𝟏𝟏𝟏𝟏 = 𝟒𝟒𝟒𝟒 𝒎𝒎/𝒔𝒔

(𝒃𝒃)     𝒅𝒅 = |∫ (𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟐𝟐

𝟏𝟏
𝒅𝒅𝒅𝒅| = |[  𝟐𝟐  

 𝟑𝟑  𝒕𝒕𝟑𝟑 + 𝟔𝟔𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 ]
𝟏𝟏

𝟐𝟐
|

               = |(   𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐) − (   𝟐𝟐   

𝟑𝟑 + 𝟔𝟔 + 𝟏𝟏𝟏𝟏)| = |  𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟒𝟒𝟒𝟒 −    𝟐𝟐   

𝟑𝟑 − 𝟏𝟏𝟏𝟏|   = |  𝟏𝟏𝟏𝟏  
𝟑𝟑 + 𝟐𝟐𝟐𝟐| =   𝟗𝟗𝟗𝟗  

𝟑𝟑  𝒎𝒎

(𝒄𝒄)  𝑺𝑺 = ∫ (𝟐𝟐𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏)
𝟏𝟏𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = [  𝟐𝟐  

 𝟑𝟑  𝒕𝒕𝟑𝟑 + 𝟔𝟔𝒕𝒕𝟐𝟐 + 𝟏𝟏𝟏𝟏𝟏𝟏 ]
𝟎𝟎

𝟏𝟏𝟏𝟏

           = [𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐
𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔 + 𝟏𝟏𝟏𝟏𝟏𝟏] − [𝟎𝟎] = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐

𝟑𝟑 + 𝟕𝟕𝟕𝟕𝟕𝟕 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐
𝟑𝟑 = 𝟒𝟒𝟒𝟒𝟒𝟒𝟒𝟒

𝟑𝟑  𝒎𝒎

𝑽𝑽(𝒕𝒕) = (𝟑𝟑𝒕𝒕𝟐𝟐 − 𝟔𝟔𝟔𝟔 + 𝟑𝟑) 𝒎𝒎/𝒎𝒎𝒎𝒎𝒎𝒎 

(𝟏𝟏)[𝟐𝟐 , 𝟒𝟒](𝟐𝟐)𝟓𝟓
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝟏𝟏)  𝒅𝒅 = 𝟐𝟐𝟐𝟐 𝒎𝒎   

   𝟐𝟐)  𝑺𝑺 = 𝟔𝟔𝟔𝟔 𝒎𝒎    ]

(𝒕𝒕)

𝑽𝑽(𝒕𝒕) = (𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟔𝟔𝒕𝒕𝟐𝟐) 𝒎𝒎/𝒔𝒔 
[ 𝒕𝒕 = 𝟐𝟐𝟐𝟐 𝒔𝒔  
 𝟐𝟐)𝒂𝒂(𝟐𝟐𝟐𝟐) = −𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐/𝒔𝒔𝟐𝟐 ]

[𝟏𝟏𝟏𝟏  𝒎𝒎/𝒔𝒔𝟐𝟐 ]𝟐𝟐
𝟐𝟐𝟐𝟐 𝒎𝒎/𝒔𝒔(𝟏𝟏(𝟐𝟐

𝟒𝟒
[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒅𝒅 = 𝟒𝟒𝟒𝟒

      𝑺𝑺 = 𝟗𝟗𝟗𝟗 ]

(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏)  𝒎𝒎/𝒔𝒔𝟐𝟐

𝟒𝟒𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔

(𝟏𝟏(𝟐𝟐[𝟏𝟏 , 𝟐𝟐]

[𝑨𝑨𝑨𝑨𝑨𝑨:  𝒅𝒅 =   𝟗𝟗𝟗𝟗   
𝟑𝟑 𝒎𝒎]

[𝟏𝟏𝟏𝟏  𝒎𝒎/𝒔𝒔𝟐𝟐 ]
𝟖𝟖𝟖𝟖 𝒎𝒎/𝒔𝒔(𝟏𝟏)(𝟐𝟐)

(𝟏𝟏𝟏𝟏)
(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏)  𝒎𝒎/𝒔𝒔𝟐𝟐(𝟒𝟒)

𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔(𝟏𝟏)(𝟐𝟐)𝟏𝟏𝟏𝟏
[𝟏𝟏 , 𝟐𝟐]

𝑽𝑽(𝒕𝒕) = (𝟐𝟐𝟐𝟐 − 𝟒𝟒) 𝒎𝒎/𝒔𝒔 
(𝟏𝟏)[𝟏𝟏 , 𝟔𝟔]
(𝟐𝟐)𝟒𝟒

(𝟏𝟏𝟏𝟏)𝒎𝒎/𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝟖𝟖𝟖𝟖𝟖𝟖/𝒔𝒔  (𝟒𝟒)
 

(𝟒𝟒𝟒𝟒 + 𝟏𝟏𝟏𝟏) 𝒎𝒎/𝒔𝒔𝟐𝟐(𝟒𝟒)𝟗𝟗𝟗𝟗 𝒎𝒎/𝒔𝒔
(𝒂𝒂)𝒕𝒕 = 𝟐𝟐(𝒃𝒃)[ 𝟏𝟏 , 𝟐𝟐 ](𝒄𝒄)(𝟏𝟏𝟏𝟏)
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𝒚𝒚 = 𝒇𝒇(𝒙𝒙)𝒙𝒙 = 𝒂𝒂𝒙𝒙 = 𝒃𝒃

 
  

  

𝒚𝒚 = 𝒇𝒇(𝒙𝒙) 𝒙𝒙 ∈ [𝒂𝒂 , 𝒃𝒃]𝒂𝒂 ≤ 𝒙𝒙 ≤ 𝒃𝒃𝒙𝒙 = 𝒂𝒂  ,   𝒙𝒙 =
𝒃𝒃  

(𝒚𝒚)(𝒙𝒙)(𝒚𝒚)
𝒙𝒙𝒙𝒙𝒙𝒙 = 𝐚𝐚𝒙𝒙

𝒚𝒚 = 𝟎𝟎𝒙𝒙
𝒚𝒚 = 𝒇𝒇(𝒙𝒙)𝒙𝒙 = 𝒂𝒂𝒙𝒙 = 𝒃𝒃

 
  

𝒚𝒚 = 𝒇𝒇(𝒙𝒙) 𝒚𝒚 ∈ [𝒂𝒂 , 𝒃𝒃]𝒂𝒂 ≤ 𝒚𝒚 ≤ 𝒃𝒃𝒚𝒚 = 𝒂𝒂 , 𝒚𝒚 = 𝒃𝒃  
(𝒙𝒙)(𝒚𝒚)(𝒙𝒙)

𝒚𝒚𝒚𝒚𝒚𝒚 = 𝐚𝐚𝒚𝒚
𝒙𝒙 = 𝟎𝟎𝒚𝒚

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 

𝒗𝒗 = 𝝅𝝅 ∫ (√𝒙𝒙)𝟐𝟐𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 

𝒗𝒗 = 𝝅𝝅 [ 𝒙𝒙𝟐𝟐

   𝟐𝟐      ]𝟎𝟎

𝟒𝟒
   

𝒗𝒗 = 𝝅𝝅[ 𝟖𝟖 − 𝟎𝟎] = 𝟖𝟖𝟖𝟖   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  
 

          
  

     𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅     

     𝒗𝒗 = 𝝅𝝅 ∫ (    𝟏𝟏    
√ 𝒚𝒚 

)
𝟐𝟐𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  

     𝒗𝒗 = 𝝅𝝅 ∫ 𝟏𝟏
    𝒚𝒚    

𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅      

      𝒗𝒗 = 𝝅𝝅 [ 𝒍𝒍𝒍𝒍 𝒚𝒚 ]𝟏𝟏
𝟒𝟒   = 𝝅𝝅[𝒍𝒍𝒍𝒍 𝟒𝟒 − 𝒍𝒍𝒍𝒍 𝟏𝟏] 

      𝒗𝒗 = 𝝅𝝅[𝒍𝒍𝒍𝒍 𝟐𝟐𝟐𝟐 − 𝟎𝟎] 
      𝒗𝒗 = 𝟐𝟐𝟐𝟐 𝒍𝒍𝒍𝒍 𝟐𝟐  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑          
 

 

𝒚𝒚 = √𝒙𝒙𝟎𝟎 ≤ 𝒙𝒙 ≤ 𝟒𝟒

𝟏𝟏 ≤ 𝒚𝒚 ≤ 𝟒𝟒 𝒙𝒙 = 𝟏𝟏
√𝒚𝒚 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 

 

 

 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 

 

 

 

 

 

 

 

 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  𝒗𝒗 = 𝝅𝝅 ∫ 𝟖𝟖𝟖𝟖

𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅  

𝒗𝒗 =  𝝅𝝅 [𝟒𝟒𝒙𝒙𝟐𝟐 ]𝟎𝟎
𝟐𝟐 = 𝝅𝝅[𝟏𝟏𝟏𝟏 − 𝟎𝟎] 

= 𝟏𝟏𝟏𝟏𝟏𝟏  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑    

 
 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  

  𝒗𝒗 = 𝝅𝝅 ∫ 𝟒𝟒𝒙𝒙𝟒𝟒
𝟓𝟓

𝟎𝟎
𝒅𝒅𝒅𝒅   

𝒗𝒗 =  𝝅𝝅 [ 𝟒𝟒𝟒𝟒𝟓𝟓

𝟓𝟓  ]
𝟎𝟎

𝟓𝟓

  

 𝒗𝒗 = 𝝅𝝅 [ 𝟒𝟒(𝟓𝟓)𝟓𝟓

𝟓𝟓 − 𝟎𝟎] = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

 
 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  

    𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚
𝟒𝟒

𝟏𝟏𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 [ 𝒚𝒚
𝟐𝟐

𝟖𝟖  ]
𝟎𝟎

𝟏𝟏𝟏𝟏
 

𝒗𝒗 = 𝝅𝝅
𝟖𝟖 [(𝟏𝟏𝟏𝟏)𝟐𝟐 − 𝟎𝟎] = 𝟑𝟑𝟑𝟑𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑   

 
𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐

𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 = 𝝅𝝅 ∫    𝟗𝟗  

𝒚𝒚𝟐𝟐

𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅  

𝒗𝒗 = 𝟗𝟗𝟗𝟗 ∫ 𝒚𝒚−𝟐𝟐
𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅 

 𝒗𝒗 =  𝟗𝟗𝝅𝝅 [ −𝟏𝟏   
𝒚𝒚  ]

𝟏𝟏

𝟑𝟑
   

= 𝟗𝟗𝟗𝟗 [−𝟏𝟏
𝟑𝟑 + 𝟏𝟏] = 𝟔𝟔𝟔𝟔 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑

 
 

(𝒂𝒂)  𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 ⟹ 𝒗𝒗 = 𝝅𝝅 ∫ 𝟖𝟖𝟖𝟖

𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 ⟹ 𝒗𝒗 = 𝝅𝝅 [ 𝟖𝟖𝒙𝒙𝟐𝟐

   𝟐𝟐      ]𝟎𝟎

𝟐𝟐
 

        𝒗𝒗 = 𝝅𝝅 [𝟒𝟒 𝒙𝒙𝟐𝟐 ]𝟎𝟎
𝟐𝟐  ⟹ 𝒗𝒗 = 𝝅𝝅[ 𝟏𝟏𝟏𝟏 − 𝟎𝟎] ⟹ 𝒗𝒗 = 𝟏𝟏𝟏𝟏𝟏𝟏   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

 
 

𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖
𝒙𝒙 = 𝟐𝟐 , 𝒙𝒙 = 𝟎𝟎

𝒚𝒚 = 𝟐𝟐 𝒙𝒙𝟐𝟐

𝒙𝒙 = 𝟓𝟓 , 𝒙𝒙 = 𝟎𝟎

𝒚𝒚 = 𝟒𝟒 𝒙𝒙𝟐𝟐

𝒚𝒚 = 𝟎𝟎 , 𝒚𝒚 = 𝟏𝟏𝟏𝟏

𝒚𝒚 =   𝟑𝟑  
𝒙𝒙     𝟏𝟏 ≤ 𝒚𝒚 ≤ 𝟑𝟑

𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖  𝒙𝒙 ∈ [𝟎𝟎 , 𝟐𝟐]
(𝒂𝒂)
(𝒃𝒃)
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𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  𝒗𝒗 = 𝝅𝝅 ∫ 𝟖𝟖𝟖𝟖

𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅  

𝒗𝒗 =  𝝅𝝅 [𝟒𝟒𝒙𝒙𝟐𝟐 ]𝟎𝟎
𝟐𝟐 = 𝝅𝝅[𝟏𝟏𝟏𝟏 − 𝟎𝟎] 

= 𝟏𝟏𝟏𝟏𝟏𝟏  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑    

 
 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  

  𝒗𝒗 = 𝝅𝝅 ∫ 𝟒𝟒𝒙𝒙𝟒𝟒
𝟓𝟓

𝟎𝟎
𝒅𝒅𝒅𝒅   

𝒗𝒗 =  𝝅𝝅 [ 𝟒𝟒𝟒𝟒𝟓𝟓

𝟓𝟓  ]
𝟎𝟎

𝟓𝟓

  

 𝒗𝒗 = 𝝅𝝅 [ 𝟒𝟒(𝟓𝟓)𝟓𝟓

𝟓𝟓 − 𝟎𝟎] = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

 
 

𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  

    𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚
𝟒𝟒

𝟏𝟏𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 [ 𝒚𝒚
𝟐𝟐

𝟖𝟖  ]
𝟎𝟎

𝟏𝟏𝟏𝟏
 

𝒗𝒗 = 𝝅𝝅
𝟖𝟖 [(𝟏𝟏𝟏𝟏)𝟐𝟐 − 𝟎𝟎] = 𝟑𝟑𝟑𝟑𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑   

 
𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐

𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 = 𝝅𝝅 ∫    𝟗𝟗  

𝒚𝒚𝟐𝟐

𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅  

𝒗𝒗 = 𝟗𝟗𝟗𝟗 ∫ 𝒚𝒚−𝟐𝟐
𝟑𝟑

𝟏𝟏
𝒅𝒅𝒅𝒅 

 𝒗𝒗 =  𝟗𝟗𝝅𝝅 [ −𝟏𝟏   
𝒚𝒚  ]

𝟏𝟏

𝟑𝟑
   

= 𝟗𝟗𝟗𝟗 [−𝟏𝟏
𝟑𝟑 + 𝟏𝟏] = 𝟔𝟔𝟔𝟔 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑

 
 

(𝒂𝒂)  𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅 ⟹ 𝒗𝒗 = 𝝅𝝅 ∫ 𝟖𝟖𝟖𝟖

𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 ⟹ 𝒗𝒗 = 𝝅𝝅 [ 𝟖𝟖𝒙𝒙𝟐𝟐

   𝟐𝟐      ]𝟎𝟎

𝟐𝟐
 

        𝒗𝒗 = 𝝅𝝅 [𝟒𝟒 𝒙𝒙𝟐𝟐 ]𝟎𝟎
𝟐𝟐  ⟹ 𝒗𝒗 = 𝝅𝝅[ 𝟏𝟏𝟏𝟏 − 𝟎𝟎] ⟹ 𝒗𝒗 = 𝟏𝟏𝟏𝟏𝟏𝟏   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

 
 

𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖
𝒙𝒙 = 𝟐𝟐 , 𝒙𝒙 = 𝟎𝟎

𝒚𝒚 = 𝟐𝟐 𝒙𝒙𝟐𝟐

𝒙𝒙 = 𝟓𝟓 , 𝒙𝒙 = 𝟎𝟎

𝒚𝒚 = 𝟒𝟒 𝒙𝒙𝟐𝟐

𝒚𝒚 = 𝟎𝟎 , 𝒚𝒚 = 𝟏𝟏𝟏𝟏

𝒚𝒚 =   𝟑𝟑  
𝒙𝒙     𝟏𝟏 ≤ 𝒚𝒚 ≤ 𝟑𝟑

𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖  𝒙𝒙 ∈ [𝟎𝟎 , 𝟐𝟐]
(𝒂𝒂)
(𝒃𝒃)

62



 

(𝒃𝒃)(𝒙𝒙𝟐𝟐)(𝒚𝒚)(𝒙𝒙 = 𝟎𝟎, 𝒙𝒙 = 𝟐𝟐)
𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘   𝒙𝒙 = 𝟎𝟎 ⟹   𝒚𝒚𝟐𝟐 = 𝟖𝟖 (𝟎𝟎)   ⟹   𝒚𝒚 = 𝟎𝟎 
𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘   𝒙𝒙 = 𝟐𝟐 ⟹   𝒚𝒚𝟐𝟐 = 𝟖𝟖 (𝟐𝟐)   ⟹   𝒚𝒚𝟐𝟐 = 𝟏𝟏𝟏𝟏 ⟹   𝒚𝒚 = 𝟒𝟒   ⟹   𝒚𝒚 ∈ [𝟎𝟎 , 𝟒𝟒]  

𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖     ⟹   𝒙𝒙 =    𝟏𝟏  
𝟖𝟖 𝒚𝒚𝟐𝟐     ⟹   𝒙𝒙𝟐𝟐 =    𝟏𝟏  

𝟔𝟔𝟔𝟔 𝒚𝒚𝟒𝟒        

𝒗𝒗 = 𝝅𝝅 ∫ 𝒙𝒙𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  ⟹    𝒗𝒗 = 𝝅𝝅 ∫    𝟏𝟏  

𝟔𝟔𝟔𝟔 𝒚𝒚𝟒𝟒
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅  ⟹   𝒗𝒗 =    𝝅𝝅  

𝟔𝟔𝟔𝟔  [ 𝒚𝒚𝟓𝟓

   𝟓𝟓      ]𝟎𝟎

𝟒𝟒
 

𝒗𝒗 =    𝝅𝝅  
(𝟒𝟒)𝟑𝟑 [ 

(𝟒𝟒)𝟓𝟓

   𝟓𝟓     − 𝟎𝟎]  ⟹ 𝒗𝒗 =    𝝅𝝅  
(𝟒𝟒)𝟑𝟑 ( 

(𝟒𝟒)𝟓𝟓

   𝟓𝟓     ) ⟹ 𝒗𝒗 =   𝟏𝟏𝟏𝟏  
𝟓𝟓 𝝅𝝅   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑 

 
 

𝒚𝒚 = 𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙        ⟹    𝒚𝒚𝟐𝟐 = (𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙)𝟐𝟐   ⟹  𝒚𝒚𝟐𝟐 = 𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅     ⟹      𝒗𝒗 = 𝝅𝝅 ∫ (𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙)

𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 ∫ (𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 −    𝟏𝟏   

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐)
𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 [𝒙𝒙 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 𝒙𝒙 −    𝟏𝟏   

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐]
𝟎𝟎

𝝅𝝅
    

    = 𝝅𝝅 [(𝝅𝝅 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 +   𝟏𝟏  
𝟐𝟐 𝝅𝝅 −  𝟏𝟏  

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐) − (𝟎𝟎 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎 +   𝟏𝟏  
𝟐𝟐 (𝟎𝟎) −  𝟏𝟏 

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎)] 

    = 𝝅𝝅 [(  𝟑𝟑  
𝟐𝟐 𝝅𝝅 − 𝟐𝟐(−𝟏𝟏) −  𝟏𝟏  

𝟒𝟒 (𝟎𝟎)) − (−𝟐𝟐(𝟏𝟏) −  𝟏𝟏 
𝟒𝟒 (𝟎𝟎))] 

   = 𝝅𝝅 [(  𝟑𝟑  
𝟐𝟐 𝝅𝝅 + 𝟐𝟐) − (−𝟐𝟐(𝟏𝟏))] = 𝝅𝝅 [(  𝟑𝟑  

𝟐𝟐 𝝅𝝅 + 𝟐𝟐) + (𝟐𝟐)] = (  𝟑𝟑  
𝟐𝟐 𝝅𝝅 + 𝟒𝟒) 𝝅𝝅   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

𝒚𝒚 = 𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙    ⟹    𝒚𝒚𝟐𝟐 = (𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙)𝟐𝟐   ⟹  𝒚𝒚𝟐𝟐 = 𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙  

 𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅     ⟹      𝒗𝒗 = 𝝅𝝅 ∫ (𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 + 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙)

𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 ∫ (𝟏𝟏 + 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 −    𝟏𝟏   

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟐𝟐𝟐𝟐)
𝝅𝝅

𝟎𝟎
𝒅𝒅𝒅𝒅    

𝒗𝒗 = 𝝅𝝅 [𝒙𝒙 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 +    𝟏𝟏   
𝟐𝟐 𝒙𝒙 −    𝟏𝟏   

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐]
𝟎𝟎

𝝅𝝅
    

    = 𝝅𝝅 [(𝝅𝝅 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝝅𝝅 +   𝟏𝟏  
𝟐𝟐 𝝅𝝅 −  𝟏𝟏  

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐) − (𝟎𝟎 − 𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜 𝟎𝟎 +   𝟏𝟏  
𝟐𝟐 (𝟎𝟎) −  𝟏𝟏 

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟎𝟎)] 

 = 𝝅𝝅 [(  𝟑𝟑  
𝟐𝟐 𝝅𝝅 − 𝟐𝟐(−𝟏𝟏) −  𝟏𝟏  

𝟒𝟒 (𝟎𝟎)) − (−𝟐𝟐(𝟏𝟏) −  𝟏𝟏 
𝟒𝟒 (𝟎𝟎))] 

= 𝝅𝝅 [(  𝟑𝟑  
𝟐𝟐 𝝅𝝅 + 𝟐𝟐) − (−𝟐𝟐(𝟏𝟏))] = 𝝅𝝅 [(  𝟑𝟑  

𝟐𝟐 𝝅𝝅 + 𝟐𝟐) + (𝟐𝟐)] = (  𝟑𝟑  
𝟐𝟐 𝝅𝝅 + 𝟒𝟒) 𝝅𝝅   𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

 

 𝒚𝒚 = 𝒆𝒆𝒙𝒙    ⟹    𝒚𝒚𝟐𝟐 = (𝒆𝒆𝒙𝒙)𝟐𝟐   ⟹  𝒚𝒚𝟐𝟐 = 𝒆𝒆𝟐𝟐𝟐𝟐  

𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅     ⟹      𝒗𝒗 = 𝝅𝝅 ∫ 𝒆𝒆𝟐𝟐𝟐𝟐

𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅  ⟹    𝒗𝒗 = 𝝅𝝅

   𝟐𝟐   [𝒆𝒆𝟐𝟐𝟐𝟐]𝟎𝟎
𝟐𝟐     

 𝒗𝒗 = 𝝅𝝅
   𝟐𝟐   (𝒆𝒆𝟒𝟒 − 𝒆𝒆𝟎𝟎)          ⟹    𝒗𝒗 = (𝒆𝒆𝟒𝟒 − 𝟏𝟏)

𝟐𝟐  𝝅𝝅  𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  

     𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝒓𝒓𝟐𝟐 ⟹  𝒊𝒊𝒊𝒊  𝒚𝒚 = 𝟎𝟎 ⟹ 𝒙𝒙𝟐𝟐 + (𝟎𝟎)𝟐𝟐 = 𝒓𝒓𝟐𝟐  ⟹    𝒙𝒙𝟐𝟐 = 𝒓𝒓𝟐𝟐  ⟹  𝒙𝒙 ∈ [−𝒓𝒓, 𝒓𝒓] 
                                ⟹  𝒚𝒚𝟐𝟐 = 𝒓𝒓𝟐𝟐 − 𝒙𝒙𝟐𝟐  

    𝒗𝒗 = 𝝅𝝅 ∫ 𝒚𝒚𝟐𝟐
𝒃𝒃

𝒂𝒂
𝒅𝒅𝒅𝒅  ⟹    𝒗𝒗 = 𝝅𝝅 ∫ (𝒓𝒓𝟐𝟐 − 𝒙𝒙𝟐𝟐)

𝒓𝒓

−𝒓𝒓
𝒅𝒅𝒅𝒅  ⟹    𝒗𝒗 = 𝝅𝝅 [𝒓𝒓𝟐𝟐𝒙𝒙 − 𝒙𝒙𝟑𝟑

   𝟑𝟑   ]−𝒓𝒓

𝒓𝒓
     

     𝒗𝒗 = 𝝅𝝅 [(𝒓𝒓𝟐𝟐(𝒓𝒓) − 𝒓𝒓𝟑𝟑

   𝟑𝟑   ) − (𝒓𝒓𝟐𝟐(−𝒓𝒓) −
(−𝒓𝒓)𝟑𝟑

   𝟑𝟑   )]    

     𝒗𝒗 = 𝝅𝝅 [(𝒓𝒓𝟑𝟑 − 𝟏𝟏
   𝟑𝟑   𝒓𝒓𝟑𝟑) − (−𝒓𝒓𝟑𝟑 + 𝟏𝟏

   𝟑𝟑   𝒓𝒓𝟑𝟑)] 

      𝒗𝒗 = 𝝅𝝅 (𝒓𝒓𝟑𝟑 − 𝟏𝟏
   𝟑𝟑   𝒓𝒓𝟑𝟑 + 𝒓𝒓𝟑𝟑 − 𝟏𝟏

   𝟑𝟑   𝒓𝒓𝟑𝟑)       ⟹        𝒗𝒗 = (𝟐𝟐 𝒓𝒓𝟑𝟑 − 𝟐𝟐
   𝟑𝟑   𝒓𝒓𝟑𝟑) 𝝅𝝅 

𝒗𝒗 = (𝟐𝟐 − 𝟐𝟐
   𝟑𝟑   ) 𝝅𝝅 𝒓𝒓𝟑𝟑      ⟹   𝒗𝒗 =    𝟒𝟒   

𝟑𝟑  𝝅𝝅 𝒓𝒓𝟑𝟑    𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖 𝟑𝟑  
 

𝒚𝒚 = 𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙𝟎𝟎 ≤ 𝒙𝒙 ≤ 𝝅𝝅

𝒚𝒚 = 𝒆𝒆𝒙𝒙𝒙𝒙 = 𝟎𝟎 , 𝒙𝒙 = 𝟐𝟐

𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝒓𝒓𝟐𝟐𝒗𝒗 =   𝟒𝟒  
𝟑𝟑 𝝅𝝅 𝒓𝒓𝟑𝟑

 

( 𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟗𝟗 )[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟑𝟑𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟑𝟑]

( 𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖 )

 𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 
𝒙𝒙 = 𝟎𝟎 , 𝒙𝒙 = 𝟓𝟓  

 𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 
𝒙𝒙 = 𝟎𝟎 , 𝒙𝒙 = 𝟓𝟓  

 

 

 

 

 

) 

) 

) 

) 

 𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 ⟹ 𝒚𝒚′ = 𝟐𝟐𝟐𝟐 + 𝟑𝟑
 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒙𝒙(𝟐𝟐𝟐𝟐 + 𝟑𝟑) = 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑                          
𝑹𝑹𝑹𝑹𝑹𝑹 = 𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 = 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑                ⟹   ∴ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹

∴𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝒙𝒙𝒚𝒚′ = 𝒙𝒙𝟐𝟐 + 𝒚𝒚 

𝒚𝒚 = 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙| − 𝒙𝒙  ⟹  𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝒙𝒙 ×   𝟏𝟏  

𝒙𝒙 +  𝒍𝒍𝒍𝒍|𝒙𝒙| (𝟏𝟏) − 𝟏𝟏  

⟹  𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝟏𝟏 +  𝒍𝒍𝒍𝒍|𝒙𝒙| − 𝟏𝟏 ⟹  𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍 |𝒙𝒙| 

𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒙𝒙 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒙𝒙 (𝒍𝒍𝒍𝒍 |𝒙𝒙|) = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙|

𝑹𝑹𝑹𝑹𝑹𝑹 = 𝒙𝒙 + 𝒚𝒚 = 𝒙𝒙 + 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙| − 𝒙𝒙 = 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙|     ⟹    ∴ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹
𝒚𝒚 = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙| − 𝒙𝒙 𝒙𝒙 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚  

𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 𝒙𝒙𝒚𝒚′ = 𝒙𝒙𝟐𝟐 + 𝒚𝒚 
 

 

𝒚𝒚 = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙| − 𝒙𝒙 𝒙𝒙 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚   , 𝒙𝒙 > 𝟎𝟎
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( 𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟗𝟗 )[𝑨𝑨𝑨𝑨𝑨𝑨: 𝟑𝟑𝟑𝟑 𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝒖𝟑𝟑]

( 𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟖𝟖𝟖𝟖 )

 𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 
𝒙𝒙 = 𝟎𝟎 , 𝒙𝒙 = 𝟓𝟓  

 𝒚𝒚 = 𝟐𝟐𝒙𝒙𝟐𝟐 
𝒙𝒙 = 𝟎𝟎 , 𝒙𝒙 = 𝟓𝟓  

 

 

 

 

 

) 

) 

) 

) 

 𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 ⟹ 𝒚𝒚′ = 𝟐𝟐𝟐𝟐 + 𝟑𝟑
 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒙𝒙(𝟐𝟐𝟐𝟐 + 𝟑𝟑) = 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑                          
𝑹𝑹𝑹𝑹𝑹𝑹 = 𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 = 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑                ⟹   ∴ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹

∴𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑𝒙𝒙𝒚𝒚′ = 𝒙𝒙𝟐𝟐 + 𝒚𝒚 

𝒚𝒚 = 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙| − 𝒙𝒙  ⟹  𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝒙𝒙 ×   𝟏𝟏  

𝒙𝒙 +  𝒍𝒍𝒍𝒍|𝒙𝒙| (𝟏𝟏) − 𝟏𝟏  

⟹  𝒅𝒅𝒅𝒅 
𝒅𝒅𝒅𝒅 = 𝟏𝟏 +  𝒍𝒍𝒍𝒍|𝒙𝒙| − 𝟏𝟏 ⟹  𝒅𝒅𝒅𝒅 

𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍 |𝒙𝒙| 

𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒙𝒙 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒙𝒙 (𝒍𝒍𝒍𝒍 |𝒙𝒙|) = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙|

𝑹𝑹𝑹𝑹𝑹𝑹 = 𝒙𝒙 + 𝒚𝒚 = 𝒙𝒙 + 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙| − 𝒙𝒙 = 𝒙𝒙 𝒍𝒍𝒍𝒍 |𝒙𝒙|     ⟹    ∴ 𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑹𝑹𝑹𝑹𝑹𝑹
𝒚𝒚 = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙| − 𝒙𝒙 𝒙𝒙 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚  

𝒚𝒚 = 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 𝒙𝒙𝒚𝒚′ = 𝒙𝒙𝟐𝟐 + 𝒚𝒚 
 

 

𝒚𝒚 = 𝒙𝒙 𝐥𝐥𝐥𝐥 |𝒙𝒙| − 𝒙𝒙 𝒙𝒙 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚   , 𝒙𝒙 > 𝟎𝟎
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 𝐥𝐥𝐥𝐥 𝒚𝒚𝟐𝟐 = 𝒙𝒙 + 𝒂𝒂  ⟹     𝟐𝟐 𝐥𝐥𝐥𝐥|𝒚𝒚| = 𝒙𝒙 + 𝒂𝒂   ⟹  𝟐𝟐   𝟏𝟏    
𝒚𝒚  × 𝒚𝒚′ = 𝟏𝟏

      ⟹  𝟐𝟐𝒚𝒚′ = 𝒚𝒚       ⟹        𝟐𝟐𝒚𝒚′ − 𝒚𝒚 = 𝟎𝟎
∴𝒍𝒍𝒍𝒍 𝒚𝒚𝟐𝟐 = 𝒙𝒙 + 𝒂𝒂𝟐𝟐𝒚𝒚′ − 𝒚𝒚 = 𝟎𝟎

   𝑺𝑺 = 𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝟑𝟑𝟑𝟑     ⟹     𝑺𝑺′ = −𝟐𝟐𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝟑𝟑𝟑𝟑 + 𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑
                                                                𝑺𝑺′′ = −𝟕𝟕𝟕𝟕 𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 − 𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓𝟓 𝟑𝟑𝟑𝟑           
𝑳𝑳𝑳𝑳𝑳𝑳 = 𝑺𝑺′′ + 𝟗𝟗𝟗𝟗 = −𝟕𝟕𝟕𝟕 𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 − 𝟓𝟓𝟓𝟓 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 + 𝟗𝟗(𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄 𝟑𝟑𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝟑𝟑𝟑𝟑 )       
                                = −𝟕𝟕𝟕𝟕 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 − 𝟓𝟓𝟓𝟓 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑  + 𝟕𝟕𝟕𝟕 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 + 𝟓𝟓𝟓𝟓 𝐬𝐬𝐬𝐬𝐬𝐬 𝟑𝟑𝟑𝟑 = 𝟎𝟎 = 𝐑𝐑𝐑𝐑𝐑𝐑

∴𝑺𝑺 = 𝟖𝟖 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝟑𝟑𝟑𝟑 𝒅𝒅𝟐𝟐𝑺𝑺
𝒅𝒅𝒕𝒕𝟐𝟐 + 𝟗𝟗𝟗𝟗 = 𝟎𝟎 

     𝒚𝒚 = 𝒙𝒙 + 𝟐𝟐   ⟹       𝒚𝒚′ = 𝟏𝟏      ⟹        𝒚𝒚′′ = 𝟎𝟎            
     𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒚𝒚′′ + 𝟑𝟑𝒚𝒚′ + 𝒚𝒚 = 𝟎𝟎 + 𝟑𝟑(𝟏𝟏) + (𝒙𝒙 + 𝟐𝟐 )
                                               = 𝒙𝒙 + 𝟓𝟓 ≠ 𝑹𝑹𝑹𝑹𝑹𝑹 

∴𝒚𝒚 = 𝒙𝒙 + 𝟐𝟐 𝒚𝒚′′ + 𝟑𝟑𝒚𝒚′ + 𝒚𝒚 = 𝒙𝒙 

     𝒚𝒚 = 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙    ⟹       𝒚𝒚′ = 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙       ⟹ 𝒚𝒚′′ =  𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 . 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙   
                                                                              𝒚𝒚′′ = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙
     𝑳𝑳𝑳𝑳𝑳𝑳 = 𝒚𝒚′′ = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 = 𝟐𝟐(𝟏𝟏 + 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 ) 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 = 𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙 (𝟏𝟏 + 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙 )
                                                            = 𝟐𝟐𝟐𝟐( 𝟏𝟏 + 𝒚𝒚𝟐𝟐 ) = 𝑹𝑹𝑹𝑹𝑹𝑹       𝒃𝒃𝒃𝒃𝒃𝒃   𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 + 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒙𝒙  

∴𝒚𝒚 =  𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙𝒚𝒚′′ = 𝟐𝟐𝟐𝟐( 𝟏𝟏 + 𝒚𝒚𝟐𝟐) 

 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟏𝟏       ⟹   𝒚𝒚𝟐𝟐 = 𝟏𝟏 − 𝟐𝟐𝒙𝒙𝟐𝟐     ⟹    𝟐𝟐𝟐𝟐𝒚𝒚′ = −𝟒𝟒𝟒𝟒               ÷ 𝟐𝟐    
                                   ⟹    𝒚𝒚𝒚𝒚′ = −𝟐𝟐𝟐𝟐       ⟹          𝒚𝒚′ = −𝟐𝟐𝟐𝟐

𝒚𝒚  … … … (1)     
𝒚𝒚𝒚𝒚′ = −𝟐𝟐𝟐𝟐  ⟹     𝒚𝒚(𝒚𝒚′′) + 𝒚𝒚′(𝒚𝒚′) = −𝟐𝟐   ⟹     𝒚𝒚(𝒚𝒚′′) + (𝒚𝒚′)𝟐𝟐 = −𝟐𝟐  … … … (𝟐𝟐)  

(1)(2)

𝒚𝒚𝒚𝒚′′ + (−𝟐𝟐𝟐𝟐
𝒚𝒚 )

𝟐𝟐
= −𝟐𝟐  ⟹    𝒚𝒚𝒚𝒚′′ + 𝟒𝟒𝒙𝒙𝟐𝟐

𝒚𝒚𝟐𝟐 = −𝟐𝟐        𝒚𝒚𝟐𝟐 ≠ 𝟎𝟎       
⟹   𝒚𝒚𝟑𝟑𝒚𝒚′′ + 𝟒𝟒𝒙𝒙𝟐𝟐 = −𝟐𝟐𝒚𝒚𝟐𝟐  ⟹   𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟒𝟒𝒙𝒙𝟐𝟐 − 𝟐𝟐𝒚𝒚𝟐𝟐                
⟹   𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟐𝟐(𝟐𝟐𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐)                   𝑏𝑏𝑏𝑏𝑏𝑏     ∵   𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟏𝟏      
⟹    𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟐𝟐(𝟏𝟏)        ⟹           𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟐𝟐  

∴𝟐𝟐𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟏𝟏 𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟐𝟐   

𝒙𝒙𝒙𝒙 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓    ⟹     𝒚𝒚(𝟏𝟏) + 𝒙𝒙(𝒚𝒚′) = 𝟓𝟓 𝐜𝐜𝐜𝐜𝐜𝐜 𝟓𝟓𝟓𝟓    ⟹   𝒚𝒚 + 𝒙𝒙𝒚𝒚′ = 𝟓𝟓 𝐜𝐜𝐜𝐜𝐜𝐜 𝟓𝟓𝟓𝟓     
𝒙𝒙𝒚𝒚′′ + 𝟐𝟐𝒚𝒚′ = −𝟐𝟐𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓        ⟹     𝒃𝒃𝒃𝒃𝒃𝒃      ∵  𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓 = 𝒚𝒚𝒚𝒚   
 ∴   𝒙𝒙𝒚𝒚′′ + 𝟐𝟐𝒚𝒚′ = −𝟐𝟐𝟐𝟐 𝒚𝒚𝒚𝒚       ⟹    𝒙𝒙𝒚𝒚′′ + 𝟐𝟐𝒚𝒚′ + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎   

∴𝒚𝒚𝒚𝒚 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓 𝒙𝒙𝒙𝒙′′ + 𝟐𝟐𝒚𝒚′ + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎 

𝒚𝒚′ , 𝒚𝒚
 𝒚𝒚 = 𝒂𝒂𝒆𝒆−𝒙𝒙           ⟹        𝒚𝒚′ = −𝒂𝒂𝒂𝒂−𝒙𝒙

 𝑳𝑳𝑳𝑳𝑳𝑳 =  𝒚𝒚′ + 𝒚𝒚            ⟹      = −𝒂𝒂𝒂𝒂−𝒙𝒙 + 𝒂𝒂𝒆𝒆−𝒙𝒙   = 𝟎𝟎 = 𝑹𝑹𝑹𝑹𝑹𝑹         
∴𝒚𝒚 = 𝒂𝒂𝒆𝒆−𝒙𝒙 𝒚𝒚′ + 𝒚𝒚 = 𝟎𝟎 

𝒍𝒍𝒍𝒍بين أن   𝒚𝒚𝟐𝟐 = 𝒙𝒙 + 𝒂𝒂    𝒂𝒂 ∈ 𝑹𝑹       𝟐𝟐حلًا للمعادلة𝒚𝒚′ − 𝒚𝒚 = 𝟎𝟎

(𝟑𝟑) 𝑺𝑺 = 𝟖𝟖 𝐜𝐜𝐜𝐜𝐜𝐜 𝟑𝟑𝟑𝟑 + 𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔 𝟑𝟑𝟑𝟑 𝒅𝒅𝟐𝟐𝑺𝑺
𝒅𝒅𝒕𝒕𝟐𝟐 + 𝟗𝟗𝟗𝟗 = 𝟎𝟎 

 

(𝟒𝟒) 𝒚𝒚 = 𝒙𝒙 + 𝟐𝟐 𝒚𝒚′′ + 𝟑𝟑𝒚𝒚′ + 𝒚𝒚 = 𝒙𝒙 
 

(𝟓𝟓) 𝒚𝒚 =  𝒕𝒕𝒕𝒕𝒕𝒕 𝒙𝒙𝒚𝒚′′ = 𝟐𝟐𝟐𝟐( 𝟏𝟏 + 𝒚𝒚𝟐𝟐) 
 

(𝟔𝟔) 𝟐𝟐𝒙𝒙𝟐𝟐 + 𝒚𝒚𝟐𝟐 = 𝟏𝟏 𝒚𝒚𝟑𝟑𝒚𝒚′′ = −𝟐𝟐 
 

(𝟕𝟕) 𝒚𝒚𝒚𝒚 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝟓𝟓𝟓𝟓 𝒙𝒙𝒙𝒙′′ + 𝟐𝟐𝒚𝒚′ + 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = 𝟎𝟎 
 

𝟖𝟖) 𝒚𝒚 = 𝒂𝒂𝒆𝒆−𝒙𝒙 𝒚𝒚′ + 𝒚𝒚 = 𝟎𝟎 𝒂𝒂 ∈ 𝑹𝑹
 

 

    𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 ⇒        𝟏𝟏  𝒚𝒚 . 𝒚𝒚
′ = 𝟐𝟐𝟐𝟐 

   ×𝒚𝒚   
⇒    𝒚𝒚′ = 𝟐𝟐𝟐𝟐𝟐𝟐         

    𝒚𝒚′′ = 𝟐𝟐𝟐𝟐(𝒚𝒚′) + 𝒚𝒚(𝟐𝟐)        ⟹     𝒃𝒃𝒃𝒃𝒃𝒃       𝒚𝒚′ = 𝟐𝟐𝟐𝟐𝟐𝟐      ⟹    ∴   𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 
∴𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 

𝒚𝒚هل أن   =  𝒙𝒙𝟑𝟑 − 𝒙𝒙 − 𝒅𝒅𝟐𝟐𝒚𝒚هو حلًا للمعادلة التفاضلية        𝟐𝟐
𝒅𝒅𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔 =  ؟  نعم          𝟎𝟎

𝒚𝒚برهن أن   [2012]   = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝒚𝒚 =  ؟  نعم 𝟎𝟎
𝒚𝒚بين أن   [2012/2013]   = 𝒂𝒂 𝒆𝒆−𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′ + 𝒚𝒚 =  ؟  نعم  𝟎𝟎
𝒚𝒚بين أن   [2013/2014]   =  𝒙𝒙𝟐𝟐 + ′𝒙𝒙𝒚𝒚هو حلًا للمعادلة التفاضلية       𝟑𝟑𝟑𝟑 = 𝒙𝒙𝟐𝟐 + 𝒚𝒚             ؟  نعم 

 
𝒚𝒚برهن أن   [  2015]ت   = 𝟑𝟑𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝟐𝟐   هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝟒𝟒𝟒𝟒 =  ؟   𝟎𝟎

 
𝒚𝒚𝟐𝟐هل أن   [2015]   =  𝟑𝟑𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟑𝟑     يمثل حلًا للمعادلة𝒚𝒚𝒚𝒚′′ + (𝒚𝒚′)𝟐𝟐 − 𝟑𝟑𝟑𝟑 =  ؟           𝟑𝟑
𝒍𝒍𝒍𝒍𝒚𝒚بين أن العلاقة [2015]   =  𝒙𝒙𝟐𝟐 + 𝒄𝒄      هو حلًا للمعادلة التفاضلية𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 +  ؟  نعم  𝟐𝟐𝟐𝟐

𝒚𝒚برهن أن   [2016]ت   = 𝒙𝒙 𝒍𝒍𝒍𝒍𝒙𝒙 − 𝒙𝒙      هو أحد حلول المعادلة𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚 ؟ 
𝟐𝟐𝒙𝒙𝟐𝟐هل أن   [2018ح  1]  − 𝒚𝒚𝟐𝟐 = 𝒚𝒚′′𝒚𝒚𝟑𝟑هو حلًا للمعادلة       𝟏𝟏 =  ؟  بين ذلك          𝟐𝟐−
𝒚𝒚بين أن   [2018ح  2]  =  𝒆𝒆𝟐𝟐𝟐𝟐 + 𝒆𝒆−𝟑𝟑𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝒚𝒚′ − 𝟔𝟔𝟔𝟔 =  ؟            𝟎𝟎
𝒚𝒚هل أن   [2018ط 2]  = 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙       هو حلًا للمعادلة ا𝒚𝒚′′ = 𝟐𝟐𝟐𝟐(𝟏𝟏 + 𝒚𝒚𝟐𝟐) ؟ 
𝒚𝒚هل يمثل   [2018ح  3]  = 𝒙𝒙 𝒍𝒍𝒍𝒍|𝒙𝒙| − 𝒙𝒙     هو أحد حلول المعادلة𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚  ؟ بين ذلك 

  Separation of Variablesأولًا : المعادلات التي تنفصل متغيراتها :     

   𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅    ÷ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚        ⟹        𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅      

   𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅                 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃       𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 =  𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚      

  ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = ∫𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅  ⟹   𝐭𝐭𝐭𝐭𝐭𝐭𝒚𝒚 = −𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝒄𝒄     
𝒙𝒙  , 𝒚𝒚 𝒄𝒄

  𝒅𝒅𝒅𝒅 𝒅𝒅𝒅𝒅 − 𝒙𝒙 √𝒚𝒚 = 𝟎𝟎 ⟹    𝒅𝒅𝒅𝒅  𝒅𝒅𝒅𝒅 = 𝒙𝒙 𝒚𝒚
 𝟏𝟏 
𝟐𝟐   ⟹     𝒅𝒅𝒅𝒅 = 𝒙𝒙 𝒚𝒚

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅       𝒅𝒅𝒅𝒅      𝒚𝒚

  𝟏𝟏  
𝟐𝟐  

    𝒅𝒅𝒅𝒅   

𝒚𝒚
  𝟏𝟏  
𝟐𝟐
= 𝒙𝒙𝒙𝒙𝒙𝒙   ⟹    𝒚𝒚

−𝟏𝟏  
𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝒙𝒙𝒙𝒙𝒙𝒙   ⟹  ∫𝒚𝒚

−𝟏𝟏
𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫𝒙𝒙𝒅𝒅𝒅𝒅 

  ⟹       𝒚𝒚
  𝟏𝟏  
𝟐𝟐    

   𝟏𝟏   
𝟐𝟐

=   𝒙𝒙
𝟐𝟐  
𝟐𝟐 + 𝒄𝒄    ⟹      𝟐𝟐√𝒚𝒚 =

   𝟏𝟏   
𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄 ………… . (𝟏𝟏)   

𝒙𝒙 = 𝟐𝟐 , 𝒚𝒚 = 𝟗𝟗

𝟐𝟐√ 𝟗𝟗 = 𝟏𝟏
   𝟐𝟐   (𝟐𝟐)

𝟐𝟐 + 𝒄𝒄      ⟹        𝟔𝟔 = 𝟐𝟐 + 𝒄𝒄         ⟹        𝒄𝒄 = 𝟒𝟒    
𝒄𝒄 = 𝟒𝟒(𝟏𝟏)

𝟐𝟐√𝒚𝒚 =
𝟏𝟏
   𝟐𝟐   𝒙𝒙

𝟐𝟐 + 𝟒𝟒        
   ÷𝟐𝟐    
⇒          √𝒚𝒚 =

𝟏𝟏
   𝟒𝟒   𝒙𝒙

𝟐𝟐 + 𝟐𝟐      

(𝟗𝟗) 𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 𝑪𝑪 ∈ 𝑹𝑹𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 
 

 

𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅𝐲𝐲 = (𝟐𝟐𝟐𝟐 + 𝟏𝟏) 𝛑𝛑𝟐𝟐  , 𝐜𝐜𝐜𝐜𝐜𝐜 𝐲𝐲 ≠ 𝟎𝟎
 

𝒚𝒚′ − 𝒙𝒙√𝒚𝒚 = 𝟎𝟎       𝒙𝒙 = 𝟐𝟐 , 𝒚𝒚 = 𝟗𝟗
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    𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 ⇒        𝟏𝟏  𝒚𝒚 . 𝒚𝒚
′ = 𝟐𝟐𝟐𝟐 

   ×𝒚𝒚   
⇒    𝒚𝒚′ = 𝟐𝟐𝟐𝟐𝟐𝟐         

    𝒚𝒚′′ = 𝟐𝟐𝟐𝟐(𝒚𝒚′) + 𝒚𝒚(𝟐𝟐)        ⟹     𝒃𝒃𝒃𝒃𝒃𝒃       𝒚𝒚′ = 𝟐𝟐𝟐𝟐𝟐𝟐      ⟹    ∴   𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 
∴𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 

𝒚𝒚هل أن   =  𝒙𝒙𝟑𝟑 − 𝒙𝒙 − 𝒅𝒅𝟐𝟐𝒚𝒚هو حلًا للمعادلة التفاضلية        𝟐𝟐
𝒅𝒅𝒙𝒙𝟐𝟐 − 𝟔𝟔𝟔𝟔 =  ؟  نعم          𝟎𝟎

𝒚𝒚برهن أن   [2012]   = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝒚𝒚 =  ؟  نعم 𝟎𝟎
𝒚𝒚بين أن   [2012/2013]   = 𝒂𝒂 𝒆𝒆−𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′ + 𝒚𝒚 =  ؟  نعم  𝟎𝟎
𝒚𝒚بين أن   [2013/2014]   =  𝒙𝒙𝟐𝟐 + ′𝒙𝒙𝒚𝒚هو حلًا للمعادلة التفاضلية       𝟑𝟑𝟑𝟑 = 𝒙𝒙𝟐𝟐 + 𝒚𝒚             ؟  نعم 

 
𝒚𝒚برهن أن   [  2015]ت   = 𝟑𝟑𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐𝟐𝟐 + 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐𝟐𝟐   هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝟒𝟒𝟒𝟒 =  ؟   𝟎𝟎

 
𝒚𝒚𝟐𝟐هل أن   [2015]   =  𝟑𝟑𝒙𝒙𝟐𝟐 + 𝒙𝒙𝟑𝟑     يمثل حلًا للمعادلة𝒚𝒚𝒚𝒚′′ + (𝒚𝒚′)𝟐𝟐 − 𝟑𝟑𝟑𝟑 =  ؟           𝟑𝟑
𝒍𝒍𝒍𝒍𝒚𝒚بين أن العلاقة [2015]   =  𝒙𝒙𝟐𝟐 + 𝒄𝒄      هو حلًا للمعادلة التفاضلية𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 +  ؟  نعم  𝟐𝟐𝟐𝟐

𝒚𝒚برهن أن   [2016]ت   = 𝒙𝒙 𝒍𝒍𝒍𝒍𝒙𝒙 − 𝒙𝒙      هو أحد حلول المعادلة𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚 ؟ 
𝟐𝟐𝒙𝒙𝟐𝟐هل أن   [2018ح  1]  − 𝒚𝒚𝟐𝟐 = 𝒚𝒚′′𝒚𝒚𝟑𝟑هو حلًا للمعادلة       𝟏𝟏 =  ؟  بين ذلك          𝟐𝟐−
𝒚𝒚بين أن   [2018ح  2]  =  𝒆𝒆𝟐𝟐𝟐𝟐 + 𝒆𝒆−𝟑𝟑𝒙𝒙       هو حلًا للمعادلة التفاضلية𝒚𝒚′′ + 𝒚𝒚′ − 𝟔𝟔𝟔𝟔 =  ؟            𝟎𝟎
𝒚𝒚هل أن   [2018ط 2]  = 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙       هو حلًا للمعادلة ا𝒚𝒚′′ = 𝟐𝟐𝟐𝟐(𝟏𝟏 + 𝒚𝒚𝟐𝟐) ؟ 
𝒚𝒚هل يمثل   [2018ح  3]  = 𝒙𝒙 𝒍𝒍𝒍𝒍|𝒙𝒙| − 𝒙𝒙     هو أحد حلول المعادلة𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝒙𝒙 + 𝒚𝒚  ؟ بين ذلك 

  Separation of Variablesأولًا : المعادلات التي تنفصل متغيراتها :     

   𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅    ÷ 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚        ⟹        𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅      

   𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅                 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃       𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 =  𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚      

  ∫ 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = ∫𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙𝒅𝒅𝒅𝒅  ⟹   𝐭𝐭𝐭𝐭𝐭𝐭𝒚𝒚 = −𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙 + 𝒄𝒄     
𝒙𝒙  , 𝒚𝒚 𝒄𝒄

  𝒅𝒅𝒅𝒅 𝒅𝒅𝒅𝒅 − 𝒙𝒙 √𝒚𝒚 = 𝟎𝟎 ⟹    𝒅𝒅𝒅𝒅  𝒅𝒅𝒅𝒅 = 𝒙𝒙 𝒚𝒚
 𝟏𝟏 
𝟐𝟐   ⟹     𝒅𝒅𝒅𝒅 = 𝒙𝒙 𝒚𝒚

 𝟏𝟏 
𝟐𝟐 𝒅𝒅𝒅𝒅       𝒅𝒅𝒅𝒅      𝒚𝒚

  𝟏𝟏  
𝟐𝟐  

    𝒅𝒅𝒅𝒅   

𝒚𝒚
  𝟏𝟏  
𝟐𝟐
= 𝒙𝒙𝒙𝒙𝒙𝒙   ⟹    𝒚𝒚

−𝟏𝟏  
𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝒙𝒙𝒙𝒙𝒙𝒙   ⟹  ∫𝒚𝒚

−𝟏𝟏
𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫𝒙𝒙𝒅𝒅𝒅𝒅 

  ⟹       𝒚𝒚
  𝟏𝟏  
𝟐𝟐    

   𝟏𝟏   
𝟐𝟐

=   𝒙𝒙
𝟐𝟐  
𝟐𝟐 + 𝒄𝒄    ⟹      𝟐𝟐√𝒚𝒚 =

   𝟏𝟏   
𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄 ………… . (𝟏𝟏)   

𝒙𝒙 = 𝟐𝟐 , 𝒚𝒚 = 𝟗𝟗

𝟐𝟐√ 𝟗𝟗 = 𝟏𝟏
   𝟐𝟐   (𝟐𝟐)

𝟐𝟐 + 𝒄𝒄      ⟹        𝟔𝟔 = 𝟐𝟐 + 𝒄𝒄         ⟹        𝒄𝒄 = 𝟒𝟒    
𝒄𝒄 = 𝟒𝟒(𝟏𝟏)

𝟐𝟐√𝒚𝒚 =
𝟏𝟏
   𝟐𝟐   𝒙𝒙

𝟐𝟐 + 𝟒𝟒        
   ÷𝟐𝟐    
⇒          √𝒚𝒚 =

𝟏𝟏
   𝟒𝟒   𝒙𝒙

𝟐𝟐 + 𝟐𝟐      

(𝟗𝟗) 𝒍𝒍𝒍𝒍 |𝒚𝒚| = 𝒙𝒙𝟐𝟐 + 𝑪𝑪 𝑪𝑪 ∈ 𝑹𝑹𝒚𝒚′′ = 𝟒𝟒𝒙𝒙𝟐𝟐𝒚𝒚 + 𝟐𝟐𝟐𝟐 
 

 

𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅𝐲𝐲 = (𝟐𝟐𝟐𝟐 + 𝟏𝟏) 𝛑𝛑𝟐𝟐  , 𝐜𝐜𝐜𝐜𝐜𝐜 𝐲𝐲 ≠ 𝟎𝟎
 

𝒚𝒚′ − 𝒙𝒙√𝒚𝒚 = 𝟎𝟎       𝒙𝒙 = 𝟐𝟐 , 𝒚𝒚 = 𝟗𝟗
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   𝒚𝒚 = ( 𝟏𝟏   𝟒𝟒   𝒙𝒙
𝟐𝟐 + 𝟐𝟐)

𝟐𝟐
                    

 𝒅𝒅𝒅𝒅 = 𝐞𝐞𝟐𝟐𝒙𝒙+𝐲𝐲𝒅𝒅𝒅𝒅    ⟹      𝒅𝒅𝒅𝒅 = 𝒆𝒆𝟐𝟐𝟐𝟐 𝒆𝒆𝒚𝒚𝒅𝒅𝒅𝒅          ⟹    𝟏𝟏  𝒆𝒆𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝐞𝐞
𝟐𝟐𝒙𝒙𝒅𝒅𝒅𝒅      

 ⟹       𝒆𝒆−𝒚𝒚𝒅𝒅𝒅𝒅 = 𝒆𝒆𝟐𝟐𝟐𝟐𝒅𝒅𝒅𝒅    ⟹   −∫𝒆𝒆−𝒚𝒚 . −𝒅𝒅𝒅𝒅 =   𝟏𝟏   𝟐𝟐 ∫𝒆𝒆𝟐𝟐𝟐𝟐. 𝟐𝟐 𝒅𝒅𝒅𝒅      

 ⟹      −𝒆𝒆−𝒚𝒚 =   𝟏𝟏   𝟐𝟐 𝒆𝒆𝟐𝟐𝟐𝟐 + 𝒄𝒄…………… . (𝟏𝟏)        
𝑥𝑥 = 0 , 𝑦𝑦 = 0(1)𝑐𝑐

−𝒆𝒆−𝟎𝟎 =   𝟏𝟏   𝟐𝟐 𝒆𝒆𝟎𝟎 + 𝒄𝒄        ⟹      −𝟏𝟏 =   𝟏𝟏   𝟐𝟐 + 𝒄𝒄     ⟹        𝒄𝒄 = −    𝟑𝟑   𝟐𝟐
−𝒆𝒆−𝒚𝒚 =   𝟏𝟏   𝟐𝟐 𝒆𝒆𝟐𝟐𝟐𝟐 −    𝟑𝟑   𝟐𝟐         

×−𝟏𝟏
⇒          𝒆𝒆−𝒚𝒚 =   𝟏𝟏   𝟐𝟐 (𝟑𝟑 − 𝒆𝒆𝟐𝟐𝟐𝟐)

     𝟏𝟏    
𝒆𝒆𝒚𝒚 =   𝟑𝟑 − 𝒆𝒆

𝟐𝟐𝟐𝟐  
𝟐𝟐          ⟹           𝒆𝒆𝒚𝒚( 𝟑𝟑 − 𝒆𝒆𝟐𝟐𝟐𝟐 ) = 𝟐𝟐

𝒆𝒆𝒚𝒚 = 𝟐𝟐
𝟑𝟑 − 𝒆𝒆𝟐𝟐𝟐𝟐            𝑳𝑳𝑳𝑳  ⟹  𝒚𝒚 = 𝐥𝐥𝐥𝐥 | 𝟐𝟐

𝟑𝟑 − 𝒆𝒆𝟐𝟐𝟐𝟐| 

       𝒚𝒚 = 𝑳𝑳𝑳𝑳 | 𝟐𝟐
𝟑𝟑 − 𝒆𝒆𝟐𝟐𝟐𝟐|               

(𝟏𝟏 + 𝒙𝒙𝟑𝟑)𝒅𝒅𝒚𝒚 − 𝒙𝒙𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝟎𝟎        ⟹             𝟏𝟏  𝒚𝒚  𝒅𝒅𝒅𝒅 =    𝒙𝒙𝟐𝟐  
(𝟏𝟏 + 𝒙𝒙𝟑𝟑)   𝒅𝒅𝒅𝒅   

∫   𝟏𝟏  𝒚𝒚 𝒅𝒅𝒅𝒅 = ∫    𝒙𝒙𝟐𝟐  
(𝟏𝟏 + 𝒙𝒙𝟑𝟑)   𝒅𝒅𝒅𝒅     ⟹    ∫   𝟏𝟏  𝒚𝒚 𝒅𝒅𝒅𝒅 =

  𝟏𝟏   
𝟑𝟑 ∫   𝟑𝟑 𝒙𝒙𝟐𝟐  

(𝟏𝟏 + 𝒙𝒙𝟑𝟑)   𝒅𝒅𝒅𝒅      

𝒍𝒍𝒍𝒍|𝒚𝒚| =   𝟏𝟏   𝟑𝟑 𝒍𝒍𝒍𝒍|𝟏𝟏 + 𝒙𝒙𝟑𝟑| + 𝒍𝒍𝒍𝒍|𝒄𝒄|    ⟹   𝟑𝟑 𝒍𝒍𝒍𝒍|𝒚𝒚| = 𝒍𝒍𝒍𝒍|𝟏𝟏 + 𝒙𝒙𝟑𝟑| + 𝟑𝟑 𝒍𝒍𝒍𝒍|𝒄𝒄|     
𝒍𝒍𝒍𝒍|𝒚𝒚𝟑𝟑| = 𝒍𝒍𝒍𝒍|𝒄𝒄𝟑𝟑(𝟏𝟏 + 𝒙𝒙𝟑𝟑)|   ⟹    𝒍𝒍𝒍𝒍|𝒚𝒚𝟑𝟑| = 𝒍𝒍𝒍𝒍|𝒄𝒄𝟏𝟏(𝟏𝟏 + 𝒙𝒙𝟑𝟑)|                𝒄𝒄𝟏𝟏 = 𝒄𝒄𝟑𝟑 
𝒍𝒍𝒍𝒍|𝒚𝒚𝟑𝟑| = 𝒍𝒍𝒍𝒍|𝒄𝒄𝟏𝟏(𝟏𝟏 + 𝒙𝒙𝟑𝟑)|     ⟹   𝒚𝒚𝟑𝟑 =  𝒄𝒄𝟏𝟏(𝟏𝟏 + 𝒙𝒙𝟑𝟑)     ……… . (𝟏𝟏)  

𝑥𝑥 = 1 , 𝑦𝑦 = 2(1)𝑐𝑐

(𝟐𝟐)𝟑𝟑 =  𝒄𝒄𝟏𝟏(𝟏𝟏 + (𝟏𝟏)𝟑𝟑)     ⟹    𝟖𝟖 =  𝒄𝒄𝟏𝟏(𝟐𝟐)    ⟹   𝒄𝒄𝟏𝟏 =  
  𝟖𝟖  
𝟐𝟐      ⟹    𝒄𝒄𝟏𝟏 =  𝟒𝟒    

           𝒚𝒚𝟑𝟑 =  𝟒𝟒 (𝟏𝟏 + 𝒙𝒙𝟑𝟑)     ⟹          𝒚𝒚 = √𝟒𝟒 (𝟏𝟏 + 𝒙𝒙𝟑𝟑)𝟑𝟑              

  𝒃𝒃) 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 + 𝒙𝒙𝒙𝒙 = 𝟑𝟑𝟑𝟑        

  𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 =  𝟑𝟑𝟑𝟑 − 𝒙𝒙𝒙𝒙     ⟹     𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 =  𝒙𝒙(𝟑𝟑 − 𝒚𝒚)           

   𝒅𝒅𝒅𝒅 =  𝒙𝒙(𝟑𝟑 − 𝒚𝒚) 𝒅𝒅𝒅𝒅    ⟹    𝟏𝟏
𝟑𝟑 − 𝒚𝒚  𝒅𝒅𝒅𝒅 =  𝒙𝒙 𝒅𝒅𝒅𝒅      ⟹   ∫ 𝟏𝟏

𝟑𝟑 − 𝒚𝒚  𝒅𝒅𝒅𝒅 = ∫𝒙𝒙 𝒅𝒅𝒅𝒅   

  − 𝒍𝒍𝒍𝒍|𝟑𝟑 − 𝒚𝒚| =   𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄       ……… . (𝟏𝟏)            
𝑥𝑥 = 1 , 𝑦𝑦 = 2(1)𝑐𝑐

  − 𝒍𝒍𝒍𝒍|𝟑𝟑 − 𝟐𝟐| =   𝟏𝟏   𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄    ⟹    𝟎𝟎 =   𝟏𝟏  𝟐𝟐 + 𝒄𝒄       ⟹    𝒄𝒄 = −    𝟏𝟏   𝟐𝟐          

−𝑳𝑳𝑳𝑳|𝟑𝟑 − 𝒚𝒚| =    𝟏𝟏   
𝟐𝟐 𝒙𝒙

𝟐𝟐 −    𝟏𝟏   
𝟐𝟐         

  ×−𝟏𝟏  
⇒          𝑳𝑳𝑳𝑳|𝟑𝟑 − 𝒚𝒚| =    𝟏𝟏   

𝟐𝟐 (𝟏𝟏 − 𝒙𝒙
𝟐𝟐)

 
    𝒆𝒆   
⇒           𝟑𝟑 − 𝒚𝒚 = 𝒆𝒆

 𝟏𝟏  
𝟐𝟐 (𝟏𝟏−𝒙𝒙

𝟐𝟐)     ⟹                                                           𝒚𝒚 = 𝟑𝟑 − 𝒆𝒆
 𝟏𝟏  
𝟐𝟐 (𝟏𝟏−𝒙𝒙

𝟐𝟐)     

  𝒅𝒅) (𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟏𝟏)𝒚𝒚′ = (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟑𝟑)     

 (𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟏𝟏)𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = (𝒙𝒙
𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟑𝟑)  

 (𝒚𝒚𝟐𝟐 + 𝟒𝟒𝟒𝟒 − 𝟏𝟏)𝒅𝒅𝒅𝒅 = (𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟑𝟑)𝒅𝒅𝒅𝒅 
  ∫(𝒚𝒚𝟐𝟐 + 𝟒𝟒𝒚𝒚 − 𝟏𝟏)𝒅𝒅𝒅𝒅 = ∫(𝒙𝒙𝟐𝟐 − 𝟐𝟐𝟐𝟐 + 𝟑𝟑)𝒅𝒅𝒅𝒅 

                 𝟏𝟏  𝟑𝟑 𝒚𝒚𝟑𝟑 + 𝟐𝟐𝒚𝒚𝟐𝟐 − 𝒚𝒚 =    𝟏𝟏  𝟑𝟑 𝒙𝒙𝟑𝟑 − 𝒙𝒙𝟐𝟐 + 𝟑𝟑𝟑𝟑 + 𝒄𝒄             

 

 𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝐞𝐞

𝟐𝟐𝟐𝟐+𝐲𝐲       حيث𝒙𝒙 = 𝟎𝟎 , 𝒚𝒚 = 𝟎𝟎
 

 (𝟏𝟏 + 𝒙𝒙𝟑𝟑)𝒅𝒅𝒅𝒅 − 𝒙𝒙𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝟎𝟎 𝒙𝒙 = 𝟏𝟏 , 𝒚𝒚 = 𝟐𝟐
 

 

 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟐𝟐 + 𝟓𝟓 

 
 

 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟐𝟐 + 𝟓𝟓 

 

 

           𝒆𝒆) 𝒚𝒚𝒚𝒚′ = 𝟒𝟒√(𝟏𝟏 + 𝒚𝒚𝟐𝟐)𝟑𝟑 

  𝒚𝒚 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 =  𝟒𝟒(𝟏𝟏 + 𝒚𝒚
𝟐𝟐)
𝟑𝟑
𝟐𝟐     ⟹  𝒚𝒚 𝒅𝒅𝒅𝒅 =  𝟒𝟒(𝟏𝟏 + 𝒚𝒚𝟐𝟐)

𝟑𝟑
𝟐𝟐 𝒅𝒅𝒅𝒅 

 (𝟏𝟏 + 𝒚𝒚𝟐𝟐)
−𝟑𝟑  
𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝟒𝟒 𝒅𝒅𝒅𝒅                ⟹            𝟏𝟏  𝟐𝟐 ∫(𝟏𝟏 + 𝒚𝒚𝟐𝟐)

−𝟑𝟑
𝟐𝟐   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = ∫𝟒𝟒𝟒𝟒𝟒𝟒     

       𝟏𝟏  𝟐𝟐 × (𝟏𝟏 + 𝒚𝒚
𝟐𝟐)
−𝟏𝟏  
𝟐𝟐

 −𝟏𝟏  
𝟐𝟐

= 𝟒𝟒𝟒𝟒 + 𝒄𝒄    ⟹ −𝟏𝟏

(𝟏𝟏 + 𝒚𝒚𝟐𝟐)
  𝟏𝟏  
𝟐𝟐
= 𝟒𝟒𝟒𝟒 + 𝒄𝒄   

   −𝟏𝟏
√𝟏𝟏 + 𝒚𝒚𝟐𝟐

= 𝟒𝟒𝟒𝟒 + 𝒄𝒄                 

 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒆𝒆
𝒙𝒙𝒚𝒚𝟑𝟑    ⟹     𝟏𝟏𝒚𝒚𝟑𝟑 𝒅𝒅𝒅𝒅 = 𝟐𝟐𝒆𝒆

𝒙𝒙𝒅𝒅𝒅𝒅      ⟹   ∫𝒚𝒚−𝟑𝟑𝒅𝒅𝒅𝒅 = 𝟐𝟐∫𝒆𝒆𝒙𝒙𝒅𝒅𝒅𝒅 

    𝒚𝒚
−𝟐𝟐   
−𝟐𝟐 = 𝟐𝟐𝒆𝒆𝒙𝒙 + 𝒄𝒄  ⟹   −𝟏𝟏   𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟐𝟐𝒆𝒆

𝒙𝒙 + 𝒄𝒄         𝒙𝒙 = 𝟎𝟎  , 𝒚𝒚 =   𝟏𝟏  𝟐𝟐      
−𝟏𝟏

𝟐𝟐 (  𝟏𝟏  𝟒𝟒 )
= 𝟐𝟐𝒆𝒆𝟎𝟎 + 𝒄𝒄     ⟹  −𝟏𝟏

(  𝟏𝟏  𝟐𝟐 )
= 𝟐𝟐 + 𝒄𝒄     ⟹  −𝟐𝟐 = 𝟐𝟐 + 𝐜𝐜   ⟹   𝐜𝐜 = −𝟒𝟒   

 −𝟏𝟏𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟐𝟐𝒆𝒆
𝒙𝒙 − 𝟒𝟒   

  ×−𝟐𝟐  
⇒       𝟏𝟏𝒚𝒚𝟐𝟐 = −𝟒𝟒𝒆𝒆

𝒙𝒙 + 𝟖𝟖   ⟹  𝒚𝒚𝟐𝟐 =   𝟏𝟏
 𝟖𝟖 − 𝟒𝟒𝒆𝒆𝒙𝒙 

             ∴  𝒚𝒚 = √  𝟏𝟏
 𝟖𝟖 − 𝟒𝟒𝒆𝒆𝒙𝒙                       

𝟐𝟐) 

𝒙𝒙𝒙𝒙𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = (𝟏𝟏 − 𝟐𝟐𝒚𝒚
𝟐𝟐)        ⟹        𝒙𝒙𝒙𝒙 𝒅𝒅𝒅𝒅 = (𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐) 𝒅𝒅𝒅𝒅   

 𝒚𝒚
𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 𝒅𝒅𝒅𝒅 =

  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅    ⟹        ∫ 𝒚𝒚

𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫
  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅             

−   𝟏𝟏  𝟒𝟒 ∫
−𝟒𝟒𝟒𝟒

(𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐)𝒅𝒅𝒅𝒅 = ∫
  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅    ⟹    ∎ −   𝟏𝟏  𝟒𝟒 𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚

𝟐𝟐| = 𝒍𝒍𝒍𝒍|𝒙𝒙| + 𝒍𝒍𝒍𝒍|𝒄𝒄|    
 𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐| = −𝟒𝟒 𝒍𝒍𝒍𝒍(𝒄𝒄𝒄𝒄)           ⟹      𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐|  = 𝒍𝒍𝒍𝒍(𝒄𝒄𝒄𝒄)−𝟒𝟒 
𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 =  (𝒄𝒄𝒄𝒄)−𝟒𝟒      ⟹   𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟏𝟏 − (𝒄𝒄𝒄𝒄)−𝟒𝟒       ⟹  𝒚𝒚𝟐𝟐 =   𝟏𝟏  𝟐𝟐 (𝟏𝟏 − 𝟏𝟏

(𝒄𝒄𝒄𝒄)𝟒𝟒) 

𝒚𝒚 = √  𝟏𝟏  𝟐𝟐 (𝟏𝟏 −
𝟏𝟏

(𝒄𝒄𝒄𝒄)𝟒𝟒)    

  𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅       ⟹       𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚 𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒙𝒙𝒙𝒙   

 𝐬𝐬𝐬𝐬𝐬𝐬 𝒚𝒚𝐜𝐜𝐜𝐜𝐜𝐜 𝒚𝒚  
𝟏𝟏

𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒙𝒙𝒙𝒙        ⟹         −∫𝐜𝐜𝐜𝐜𝐜𝐜−𝟑𝟑 𝒚𝒚 (− 𝐬𝐬𝐬𝐬𝐬𝐬 𝒚𝒚)𝒅𝒅𝒅𝒅 = −∫𝒙𝒙𝒅𝒅𝒅𝒅    
− 𝐜𝐜𝐜𝐜𝐜𝐜−𝟐𝟐 𝒚𝒚
−𝟐𝟐 = −   𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄          ⟹        𝟏𝟏

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚 = −
  𝟏𝟏  
𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝑪𝑪     

   𝟏𝟏  𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 = −   𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄         ⟹       𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 = −𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 

    ∫ 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = ∫( 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 )( 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 ) 𝒅𝒅𝒅𝒅         

   ∫( 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒚𝒚 − 𝟏𝟏 ) 𝒅𝒅𝒅𝒅 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙) 𝒅𝒅𝒅𝒅         ⟹  𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚 − 𝒚𝒚 = −𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 +    𝟏𝟏  
𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄

𝟑𝟑 𝒙𝒙 + 𝒄𝒄

  𝒈𝒈 ) 𝒚𝒚′ = 𝟐𝟐 𝒆𝒆𝒙𝒙𝒚𝒚𝟑𝟑                  𝒙𝒙 = 𝟎𝟎  , 𝐲𝐲 =    𝟏𝟏  𝟐𝟐                    
 

𝒂𝒂) 𝒙𝒙𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 + 𝒚𝒚
𝟐𝟐 = 𝟏𝟏 − 𝒚𝒚𝟐𝟐      

 

𝒅𝒅) 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙𝒅𝒅𝒅𝒅            
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           𝒆𝒆) 𝒚𝒚𝒚𝒚′ = 𝟒𝟒√(𝟏𝟏 + 𝒚𝒚𝟐𝟐)𝟑𝟑 

  𝒚𝒚 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 =  𝟒𝟒(𝟏𝟏 + 𝒚𝒚
𝟐𝟐)
𝟑𝟑
𝟐𝟐     ⟹  𝒚𝒚 𝒅𝒅𝒅𝒅 =  𝟒𝟒(𝟏𝟏 + 𝒚𝒚𝟐𝟐)

𝟑𝟑
𝟐𝟐 𝒅𝒅𝒅𝒅 

 (𝟏𝟏 + 𝒚𝒚𝟐𝟐)
−𝟑𝟑  
𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝟒𝟒 𝒅𝒅𝒅𝒅                ⟹            𝟏𝟏  𝟐𝟐 ∫(𝟏𝟏 + 𝒚𝒚𝟐𝟐)

−𝟑𝟑
𝟐𝟐   𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 = ∫𝟒𝟒𝟒𝟒𝟒𝟒     

       𝟏𝟏  𝟐𝟐 × (𝟏𝟏 + 𝒚𝒚
𝟐𝟐)
−𝟏𝟏  
𝟐𝟐

 −𝟏𝟏  
𝟐𝟐

= 𝟒𝟒𝟒𝟒 + 𝒄𝒄    ⟹ −𝟏𝟏

(𝟏𝟏 + 𝒚𝒚𝟐𝟐)
  𝟏𝟏  
𝟐𝟐
= 𝟒𝟒𝟒𝟒 + 𝒄𝒄   

   −𝟏𝟏
√𝟏𝟏 + 𝒚𝒚𝟐𝟐

= 𝟒𝟒𝟒𝟒 + 𝒄𝒄                 

 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒆𝒆
𝒙𝒙𝒚𝒚𝟑𝟑    ⟹     𝟏𝟏𝒚𝒚𝟑𝟑 𝒅𝒅𝒅𝒅 = 𝟐𝟐𝒆𝒆

𝒙𝒙𝒅𝒅𝒅𝒅      ⟹   ∫𝒚𝒚−𝟑𝟑𝒅𝒅𝒅𝒅 = 𝟐𝟐∫𝒆𝒆𝒙𝒙𝒅𝒅𝒅𝒅 

    𝒚𝒚
−𝟐𝟐   
−𝟐𝟐 = 𝟐𝟐𝒆𝒆𝒙𝒙 + 𝒄𝒄  ⟹   −𝟏𝟏   𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟐𝟐𝒆𝒆

𝒙𝒙 + 𝒄𝒄         𝒙𝒙 = 𝟎𝟎  , 𝒚𝒚 =   𝟏𝟏  𝟐𝟐      
−𝟏𝟏

𝟐𝟐 (  𝟏𝟏  𝟒𝟒 )
= 𝟐𝟐𝒆𝒆𝟎𝟎 + 𝒄𝒄     ⟹  −𝟏𝟏

(  𝟏𝟏  𝟐𝟐 )
= 𝟐𝟐 + 𝒄𝒄     ⟹  −𝟐𝟐 = 𝟐𝟐 + 𝐜𝐜   ⟹   𝐜𝐜 = −𝟒𝟒   

 −𝟏𝟏𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟐𝟐𝒆𝒆
𝒙𝒙 − 𝟒𝟒   

  ×−𝟐𝟐  
⇒       𝟏𝟏𝒚𝒚𝟐𝟐 = −𝟒𝟒𝒆𝒆

𝒙𝒙 + 𝟖𝟖   ⟹  𝒚𝒚𝟐𝟐 =   𝟏𝟏
 𝟖𝟖 − 𝟒𝟒𝒆𝒆𝒙𝒙 

             ∴  𝒚𝒚 = √  𝟏𝟏
 𝟖𝟖 − 𝟒𝟒𝒆𝒆𝒙𝒙                       

𝟐𝟐) 

𝒙𝒙𝒙𝒙𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 = (𝟏𝟏 − 𝟐𝟐𝒚𝒚
𝟐𝟐)        ⟹        𝒙𝒙𝒙𝒙 𝒅𝒅𝒅𝒅 = (𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐) 𝒅𝒅𝒅𝒅   

 𝒚𝒚
𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 𝒅𝒅𝒅𝒅 =

  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅    ⟹        ∫ 𝒚𝒚

𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 𝒅𝒅𝒅𝒅 = ∫
  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅             

−   𝟏𝟏  𝟒𝟒 ∫
−𝟒𝟒𝟒𝟒

(𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐)𝒅𝒅𝒅𝒅 = ∫
  𝟏𝟏  
𝒙𝒙 𝒅𝒅𝒅𝒅    ⟹    ∎ −   𝟏𝟏  𝟒𝟒 𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚

𝟐𝟐| = 𝒍𝒍𝒍𝒍|𝒙𝒙| + 𝒍𝒍𝒍𝒍|𝒄𝒄|    
 𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐| = −𝟒𝟒 𝒍𝒍𝒍𝒍(𝒄𝒄𝒄𝒄)           ⟹      𝒍𝒍𝒍𝒍|𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐|  = 𝒍𝒍𝒍𝒍(𝒄𝒄𝒄𝒄)−𝟒𝟒 
𝟏𝟏 − 𝟐𝟐𝒚𝒚𝟐𝟐 =  (𝒄𝒄𝒄𝒄)−𝟒𝟒      ⟹   𝟐𝟐𝒚𝒚𝟐𝟐 = 𝟏𝟏 − (𝒄𝒄𝒄𝒄)−𝟒𝟒       ⟹  𝒚𝒚𝟐𝟐 =   𝟏𝟏  𝟐𝟐 (𝟏𝟏 − 𝟏𝟏

(𝒄𝒄𝒄𝒄)𝟒𝟒) 

𝒚𝒚 = √  𝟏𝟏  𝟐𝟐 (𝟏𝟏 −
𝟏𝟏

(𝒄𝒄𝒄𝒄)𝟒𝟒)    

  𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅       ⟹       𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚 𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒙𝒙𝒙𝒙   

 𝐬𝐬𝐬𝐬𝐬𝐬 𝒚𝒚𝐜𝐜𝐜𝐜𝐜𝐜 𝒚𝒚  
𝟏𝟏

𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = −𝒙𝒙𝒙𝒙𝒙𝒙        ⟹         −∫𝐜𝐜𝐜𝐜𝐜𝐜−𝟑𝟑 𝒚𝒚 (− 𝐬𝐬𝐬𝐬𝐬𝐬 𝒚𝒚)𝒅𝒅𝒅𝒅 = −∫𝒙𝒙𝒅𝒅𝒅𝒅    
− 𝐜𝐜𝐜𝐜𝐜𝐜−𝟐𝟐 𝒚𝒚
−𝟐𝟐 = −   𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄          ⟹        𝟏𝟏

𝟐𝟐 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚 = −
  𝟏𝟏  
𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝑪𝑪     

   𝟏𝟏  𝟐𝟐 𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 = −   𝟏𝟏  𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒄𝒄         ⟹       𝐬𝐬𝐬𝐬𝐬𝐬𝟐𝟐 𝒚𝒚 = −𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 

    ∫ 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = ∫( 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒙𝒙 )( 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 ) 𝒅𝒅𝒅𝒅         

   ∫( 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒚𝒚 − 𝟏𝟏 ) 𝒅𝒅𝒅𝒅 = ∫(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙) 𝒅𝒅𝒅𝒅         ⟹  𝒕𝒕𝒕𝒕𝒕𝒕𝒚𝒚 − 𝒚𝒚 = −𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 +    𝟏𝟏  
𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄

𝟑𝟑 𝒙𝒙 + 𝒄𝒄

  𝒈𝒈 ) 𝒚𝒚′ = 𝟐𝟐 𝒆𝒆𝒙𝒙𝒚𝒚𝟑𝟑                  𝒙𝒙 = 𝟎𝟎  , 𝐲𝐲 =    𝟏𝟏  𝟐𝟐                    
 

𝒂𝒂) 𝒙𝒙𝒙𝒙 𝒅𝒅𝒅𝒅𝒅𝒅𝒅𝒅 + 𝒚𝒚
𝟐𝟐 = 𝟏𝟏 − 𝒚𝒚𝟐𝟐      

 

𝒅𝒅) 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙𝒅𝒅𝒅𝒅            
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   ∫ 𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = ∫( 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 )( 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙 ) 𝒅𝒅𝒅𝒅     

    𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚  𝒅𝒅𝒅𝒅            ⟹        ∫ 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒅𝒅𝒅𝒅   

   ∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = ∫ (  𝟏𝟏  
𝟐𝟐 +   𝟏𝟏  

𝟐𝟐 𝒄𝒄𝒄𝒄𝒄𝒄 𝟐𝟐𝟐𝟐 ) 𝒅𝒅𝒅𝒅  ⟹    𝒕𝒕𝒕𝒕𝒕𝒕 𝒚𝒚 =   𝟏𝟏  
𝟐𝟐 𝒙𝒙 +   𝟏𝟏  

𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔 𝟐𝟐𝟐𝟐 + 𝒄𝒄

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

𝟑𝟑𝒚𝒚𝟐𝟐+𝒆𝒆𝒚𝒚
[ 𝑨𝑨𝑨𝑨𝑨𝑨:
 𝒚𝒚𝟑𝟑 + 𝒆𝒆𝒚𝒚 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 + 𝒄𝒄]

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 =   𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙  

𝟑𝟑𝒚𝒚𝟐𝟐
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒚𝒚𝟑𝟑 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 + 𝒄𝒄]

𝒆𝒆𝒙𝒙𝒅𝒅𝒅𝒅 − 𝒚𝒚𝟑𝟑𝒅𝒅𝒅𝒅 = 𝟎𝟎[𝑨𝑨𝑨𝑨𝑨𝑨:   𝟏𝟏  
𝟒𝟒 𝒚𝒚𝟒𝟒 = 𝒆𝒆𝒙𝒙 + 𝒄𝒄]

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = (𝒙𝒙 + 𝟏𝟏)(𝒚𝒚 − 𝟏𝟏)  

(𝒙𝒙 = 𝟐𝟐), (𝒚𝒚 = 𝟐𝟐)
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒍𝒍𝒍𝒍|𝒚𝒚 − 𝟏𝟏| =   𝟏𝟏  

𝟐𝟐 𝒙𝒙𝟐𝟐 + 𝒙𝒙 − 𝟒𝟒  ]

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 + 𝒙𝒙𝒙𝒙 = 𝟑𝟑𝟑𝟑  (𝒙𝒙 = 𝟏𝟏), (𝒚𝒚 = 𝟐𝟐)[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒍𝒍𝒍𝒍|𝟑𝟑 − 𝒚𝒚| =   𝟏𝟏  

𝟐𝟐 −   𝟏𝟏  
𝟐𝟐 𝒙𝒙𝟐𝟐  ]

𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 𝒅𝒅𝒅𝒅[
𝑨𝑨𝑨𝑨𝑨𝑨 ∶

𝒕𝒕𝒕𝒕𝒕𝒕 𝒚𝒚 − 𝒚𝒚 = −𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙 +   𝟏𝟏  
𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄𝟑𝟑 𝒙𝒙 + 𝒄𝒄]

 𝒚𝒚′ =   𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚  
𝒙𝒙 ; 𝒙𝒙 = 𝟏𝟏 , 𝒚𝒚 =   𝝅𝝅  

𝟒𝟒
[𝑨𝑨𝑨𝑨𝑨𝑨: 𝒕𝒕𝒕𝒕𝒕𝒕 𝒚𝒚 = 𝒍𝒍𝒍𝒍|𝒙𝒙| + 𝒄𝒄]

(𝒙𝒙 + 𝟏𝟏)𝒚𝒚′ = 𝟐𝟐𝟐𝟐  
𝐝𝐝𝐝𝐝
𝐝𝐝𝐝𝐝 = 𝐬𝐬𝐬𝐬𝐬𝐬 𝐱𝐱

𝟔𝟔𝐲𝐲𝟐𝟐+𝐞𝐞𝐲𝐲

𝒚𝒚′ − 𝒙𝒙 √ 𝒚𝒚  = 𝟎𝟎  𝒙𝒙 = 𝟐𝟐  , 𝒚𝒚 = 𝟗𝟗
  𝒅𝒅𝒅𝒅  

𝒅𝒅𝒅𝒅 = 𝒆𝒆𝟐𝟐𝟐𝟐+𝒚𝒚𝒙𝒙 = 𝟎𝟎  , 𝒚𝒚 = 𝟎𝟎
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙

𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚
𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝒚𝒚 𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝟑𝟑 𝒙𝒙 𝒅𝒅𝒅𝒅

 𝒆𝒆𝒙𝒙−𝟐𝟐𝟐𝟐 + 𝒚𝒚′ = 𝟎𝟎     
𝒙𝒙𝒙𝒙 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅 + 𝒚𝒚𝟐𝟐 = 𝟏𝟏 − 𝒚𝒚𝟐𝟐 (𝒙𝒙 = 𝟐𝟐), (𝒚𝒚 = 𝟐𝟐)

𝒚𝒚′ = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙
𝟑𝟑𝒚𝒚𝟐𝟐+𝒆𝒆𝒚𝒚

 𝒙𝒙𝒚𝒚′ = 𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒚𝒚 𝒙𝒙 = 𝟏𝟏  , 𝒚𝒚 =     𝝅𝝅    
𝟒𝟒

     𝒆𝒆)  𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒚𝒚               
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